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ADVERTISEMENT. 



Iw offering to the American Public a new edition of Pro- 
fessor Platfair's Elements of fJeometry, it may not be 
improper to enumerate a few of the considerable altera- 
tions, and, it is hoped, the important improvements, made 
in a work which has acquired great and just celebrity, not 
only in Europe, but also in the United States, since its re- 
pubUcation in this country. 

The alterations made are chiefly in the First and Third 
Books ; the arrangement of those Books is similar to that 
of Leoendre, in his Elements of Geometry and Trigono- 
metry. 

As the properties of the sections of straight lines are 
easily derived from Algebra, the demonstrations of the 
principal propositions in the Second Book are expressed 
Algebraically, by way of Scholium, to each proposition. 

Several Theorems, Lemmas, Corollaries, and SchoUums, 
are interspersed throughout the whole work, not contained 
in any previous edition. 

A few useful Problems, especially in Surveying, are also 
added to the Sixth Book ; so that this edition of Platfair's 
Geometry, it is presumed, will be found better adapted for 
the instruction of youth in the Elements of Geometry, ac- 
cording to the present state of Science, than any that has ' 
as yet been published. 

JAMES RYAN. 

JVete-York, January Ut, 1886. 
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PREFACE. 



It is a TeroaFkable fact in the history of science, that the oldest book of 
ElenientaTy Gfeometry is still considered as tba best, and that the wriiinga 
of Euclid, at the distance of two thousand years, continue to form the most 
apjiroved introduction to the mathematical sciences. This remarkable 
distinction the Greek Geometer owes not only to the elegance and correct- 
ness of hia demonstration 3 1 but to an arrftDgernent most happily contrived 
far the purpose of instruction, — advnntages which, when they reach a cer- 
tain eminence, secure the works of an author against the injuries of time 
more effectually than even originality of invention. The Elements of En- 
CLiD, however, in passing through the hands of the ancient editors during 
the decline of science, had suffered some diminution of their excellence, and 
much skill and learning have been employed by the modern mathemati- 
cians to deliver ihem from blemishes which certainly did not enter into their 
original composition. Of these maihematicianB, Dr. Sihson, as he may 
be accounted the last, has also been the most successful, and has left very 
little loom for the ingenuity of future editors to be exercised in, either by 
amending the text of Euclid, or by improving the translations from it. 

Such being the merits of Dr. Simson's edition, and the reception it has 
met with having been every way suitable, the work now offered to the pub- 
lic will perhaps appear unnecessary. And indeed, if the geometer just 
named bad written with a view of accommodating the Elements of EucLiD 
to the present state of the mathematical sciences, it is not likely that any 
thing new in Elementary Geometry would have been soon attempted. BiM 
his design was different; it was his object to restore the writings of Ecclid 
to their original perfection, and to give them to Modern Europe as nearly 
as possible in the state wherein they made their first appearance in Ancient 
Greece. For this undertaking, nobody could be better qualified than Dr. 
SiMsoK ; who, to an accurate knowledge of the learned languages, and an 
indefatigable spirit of research, added a profound skill in the ancient Geome- 
try, and an admiration of it almost enthusiastic. Accordingly, be not only 
restored the text of Eoci.in wherever it had been corrupted, but in some 
cases teicoved imperfections that probably belonged to the original work : 
though his extreme partiality for bis author never permitted him to suppose 
that such honour could fall to the share either of himself, or of any oiherof 
the moderns. 

But, aller all this was accomplished, something still remained to be done, 
since, notwithstanding the acknowledged excellence of Euclid's Ele- 
ments, it could not be doubted that some alterations might be made that 
would accommodate them better to a state of themathematicalsciences, so 
much more improved and extended than at the period when ihey were 
written. Accordingly, the object of the edition now offered to the public, is 
not 80 much to give the writings of Euclid the form which they originally 
had, as that which may at present render them most useful. 



One of the alterations made with ihia view, reapeele the Doctrine of 
Proportion, the method of treating which, as it ia laid down in the fifth of 
£ucLiD, has great ad^antagea accompanied with considerable defects ; of 
which, however, it must be obaerved, that the advantages are esaenlial, and 
the defects only accidental. To explain the nature of the former requires' 
a more minute examination than is suited to this place, and must therefore 
be reserved for the Nolea ; but, in the mean lime, it may be remarked, that 
no definition, except that of £uclid, has ever been given, from which the 
properties of proportionals can be deduced by reasonings, which, at tho 
same time that they are perfectly rigorous, are also simple and direct. Aa 
to the defects, the prolixneas and obscurity that have so often been com- 
plained of in the fifth Book, ihey seem to arise chiefly from the nature of 
the language employed, which being no other than that of ordinary dis- 
course, cannot expfeee, without much tediousness and ciicum locution, the 
relations of mathematical quantities, when taken in their utmost generality, 
and when no assistance can be received from diagrams. As it is plain thai 
the concise langoage of Algebra ia directly calculated to remedy this in- 
convenience, I have endeavoured to introduce it here, in a very simple form 
however, and without changing the nature of the reasoning, or departing 
in any thing froni the rigour of g-eometricaldetrraQstration. By this means, 
the steps of the reasoning which were before far separated, are brought near 
to one another, and the force of the wliole is so clearly and directly pot- 
ccived, that I am persuaded no more difficulty will be found in understand- 
ing the propositions of the fifth Book than those of any other of the Ele- 
ments. 

In the second Book, also, some algebraic signs have been introduced, for 
the sake of representing more readily the addition and subtraction of the 
rectani'les on which tne demonstrations ^depend. Tbo use of such sym- 
bohcal writing, in translating from an original, where no symbols are used, 
cannot, I think, be regarded as an unwarrantable liberty : for, if by that 
means the translation is not made into English, it is made into that univer- 
sal language so much sought after in all the sciences, but destined, it would 
seem, to be enjoyed only by the matbematieal. 

The alterations above mentioned are the most material that have been 
attempted on the books of Euclid. There are, however, a few others, 
which, though less considerable, it is hoped may in some degree facilitate 
the study of the Elements. Such are those made on the definitions in the 
first Book, and particularly on thai of a straight hoe. A new axiom is also 
introduced in the room of the 12th, for the purpoee-of demonstrating more 
eawly some of the properties of parallel lines. In the third Book, the re- 
marks concerning the angles made by a straight line, and the circumference 
of a circle, are left out, as tending to perplex one who has advanced no 
farther than the elements of the science. Some propositions also have 
been added ; but for a fuller detail concerning these changes, I must refer 
to the Notes, in which seveml of the more difficult, or more interestiug sub- 
jects of Elementary Geometry Kro treated al conaidMabU leiigth. 

COLLBOE OF EniKSUROH, 

Dec. 1, 1818. 
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GEOMETRY. 



BOOK 1. 

THE PRINCIPLES. 

ltXri,ANATION or TKBHB AND BISKI. 

1 . Geometry u a science which haa for its object the measuiement of mag- 
nitudes. 

Magnitudes tnaj be considered under three dimensitias, — length, breadth, 
iietght en thickneea. 

2. In Geometry there are aeveral general terms or principles ; Buch as, 
Definitions, Propoaitioiis, Axioms, Theorems, Problems, Lemmas, Scho- 
fiuma, Corollaries, dso. 

3. A Definition is the explication of any term or word in a science, show- 
ing the sense and meaning in which the term is employed. 

Every definition ought to be clear, and exf^essed in words that are 
common and perfectly well understood. 

4. An Axiom, or Maxim, is a self-evident propoeilian, requiring no formal 
demonstration to prove the truth of it ; but is received and assented lo as 
soon as mentioned. 

Such as, the whole of any thing is greater than a pajl of it j or, the 
whole is equal to all ila parts taken together ; or, two quantities that 
are each of them equtd to a third quantity, are equal to each other. 

5. A TTteorem is a demonstrative proposition ; in which some property is 
asserted, and the truth of it required to be proved. 

Thus, when it is said that the sum of the three angles of any plane iri- 
angle is equal to two right angles, this is c^ed a Theerem ; and the 
method of collecting the several arguments and proo6, and I^ing 
them together in proper order, by means of which the truth of the 
proposition becomes evident, is called a Demontlratum. 

6. A Direct Detnontiratiort is that which concludes with the direct end cer- 
tun proof of the proposition in hand. 

It is also called pogiiive or A^rmative, and sometimes an Ostataive De- 
mmitration, because it is most satis&etoiy to the mind. 
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2 ELEMENTS 

7. Ad Indirtet at Negative Demomtration is that which Bht^ws ei jHTOposituMl 
to be true, by provinj:; that some abaurdicy would neceaaajily follow if 
the propoailion advanced were ftdse. 

ThiB is Bometknes called Reduclio ad Abavrthan ; becauae it ahows th» 
absurdity and &lsehood of all suppoaitiotu contrary to that contained 
in the proposition. 

8. A Problem ia a propoailion or a question propoaod, wlrich requiisa a bo- 

Ab, to draw one line perpendicular to another ; or to divide a line into 
two equal paita. 

9. Sobilioa of a problem is the resolution t« answer given to it. 

A J^fvmaical or Ifumerai solution, is the answer given in numbers. A 

Greom«/rica/BOlution, isthe answer given by the prinoiplea of Geometry. 
And a Mechanical solution, is one obtained by ttiale. 

10. A Ltmma is a preparatory proposition, laid down in order to shorten the 
demonstration of the main proposiliot:) which fallows it. 

11. A CoroUary, ai Conseelary, is a. consequence drawn immediately from 
some proposition or other premises, 

12. A Scholium is a remark or observation made on some foregoing propo- 



13. An Hypoiheeis is a suppoaition assumed to be true, in order to argue 
from, or to found upon it the reasoning and demonstration of some pro- 
poaition. 

14. A Posiulale, or Petition, ia something required to be done, which is bo 
easy and evident that no person will hesitate (o allow it. 

15. Method is the art of disposing a train of arguments in a proper order, 
to investigate the truth or falsity of a propoailion, or to demonstrate it to 
others when it has been found out. This is either Analytical or Syn- 
thetical. 

16. Analysis, or the Analytic method, ia the art or mode of finding out the 
truth of a proposition, by first supposing the thing to be done, and then 
reasoning step by step, till we arrive at some known truth. This is also 
called ibe Method of Invention, or Resolution ; and is that which ia com- 
raonly used in Algebra. 

IT. Synlheaia, or the Synthetic MeiAod, is the searching out truth, by first 
laying down simple principles, and pursuing the consequences flowing 
Efom them till we arrive at the conclusion. This is also called the Jtfe- 
thod of Composition ; and is that which is commonly used in Geometry. 

IS' /^he sign = (or two parallel lines), is the sign of equality; thua, 
A=B, mipUes that the quantity denoted by A is equal to the quantity 
denoted by Brand is read A egual toB. -^ J 

19. Toaimify&atA«£r«(«-iAflnB,theexpreBsionA7BiBUBed. And 
to Mgm^ that A wIjM (Aati B, the expression A ^ B ii used. 
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OF GEOMETRY. BOOK I. 3 

10. The sign of Jiififlixi is an erect crow; thua A + B implies the Bum of 
A &nd B, and is called A pba B. 

21. Subtruclion is deooted by a single line; as A- B, which is read A 
foima B ; A— B represents their difference, or the part of A remaining, 
■when a part equal to B has been taken away from it. 

In Lke manner. A— B+C, or A+C-B, signifies that A and C are to 
be added together, and that B is to be aubuacted from theii sum. 

22. MuitipUcaUon is expressed by an oblique cross, by a point, or by simple 
apposition I thus, AxB, A . B, or AB, signifies that the quaniity de- 
noted by A ia to be mulllpljed by the quajitity denoted by B. The ex- 
pression AB should not be employed when there is any danger of con< 
founding it with that of the line AB, the distance between the points A 
and B. The multiplication of numbers cannot be expressed by simplo 
apposiiion. 

23. When any quantities are enclosed in a parenthesis, or have a line drawn 
over them, they are considered as one quantity with respect to other 
symbols; thus, the expression Ax(B-|-C — D), or AxB+C — D, re- 
presents the product of A by the quantity B-f-C — D. In like manner, 
(A+B) X (A— B+C), indicates the product of A+B by the quantity 
A -B+C. 

24. The Co^^fficient of a quantity is the number prefixed to it : thus, 2AB 
sigDifies that the line AB is to be taken 2 times ; i AB signifies the OHf 
of the line AB. 

25. Division, or Che ratio of one quantity to another, is usually denoted by 
placing one of the two quantities over the other, in the form of a fraction : 

thus, -^ signifies the ratio or quotient arising fi'om the division of the 

quantity A by B. In fact, diis is division indicated. 

26. The Square, Cube, dec. of a quantity, are expressed by placing a small 
figure at the right hand of the quantity ; thus, the square of the line 
AB is denoted by AB', the cube of the Une AB is designated by AB'; 

37. The Roots of quantities are expressed by means of the radical sign \/, 
with the proper index annexed ; thus, the square root of 5 ia indicated 
^5; ^(AxB) means the square of the product of A and B, or the 
mean proportional between them. The roots of quantities are some- 
times expressed by means of fractional indices : thus, the cube root of 
AxBxC may be expressed by VAXBxC, or (AxBxC)^and 
soon. 

28. Numbers in a parenthesis, such as (16. 1.), refers back to the number 
of the proposition and the Book in which it has been announced or de- 
monstrated. The espression (15. 1.) denotes the fifteenth proposition, 
first book, and so on. In like manner, (3. Ax.) designates the third 
axiom ; (2. Post.) the second postulate ; (Def. 3.) the third definition, 
and so on. 
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4 ELEailSINTS 

29. Th« wwd, tker^ore, or heaee, frequently oocun. To exprew wtlier of 
thwe worda, the mgn ,-. ie general!; used. 

30. If the quotients of two pwre of numbers, or qu«jititi««, are equal, the 
quantities are said to ho proportt^ial : thus, '^ "g = "n ' ^^"' ^ ** '" ^ 
atCloD. And the abbreviation of the proportion if, A : B : : C : D ; 

■ itiaaometimeswriiten A:B=C:D. 

DEFINITIONS. 

1. " A Point is that which has poution, but not magnitude*." (See 
Notes.) 

3. A line is length without breadth. 

" CoROLLART. The extremities of a line are points ; and the intersectiooa 
" of one line with another are also points." 

3. " If two lines are such that thej cannot coincide m any two points, with- 
" out comciding allogether, each of them is called a straight line." 

" Con. Hence two etniight lines cannot inclose a space. Neilhercan two 
" straight litiea have a common segment ; that ia, they cannot coincide 
" in part, without coinciding altogether." 

4. A superficies is that which has only length and breadth. 

" Cor. The extremities of a superficies are lines ; and the intersections of 

" one euperficiea with another are also lines." 
6. A plane superficies is that in which any two pmnts being taken, the 

straight line between them lies wholly in that superficies. 

6. A plane rectilineal angle ia the inclination of two straight lines to (me 
another, which meet together, but are not in the same straight line. 




N. B. ' When several angles are at one point B, sjiy one of them is ez- 
* pressed by three letters, of which the letter that is at the vertex of the an- 
' gle, that IS, at the point in which the straight lines that contain the angle 
' meet one another, is put between the other two letters, and one of these 
' two is somewhere upon one of those straight lines, and the other upon the 
' other line : Thus the angle which is contained by the straight lines, AB, 
' CB, is named the angle ABC, or CBA ; that which is contained by AB, 

• Tha dafiuiliaM muked with ioTaned oommw an diSwint fion IhoM ef Boolid. 
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OF GEOMETRY. BOOK I. S 

* BD, ia ntumd the angle ABD, or DBA ; wd that which is coataia«d by 
I BD, CB, ia callad the angle DBG, oi CBD ; bu^ if Uiere be only one an- 

' angle a 



7. When « straight line standing on anothn 
■traight line makes tfaa adjacent angle* equal 

to one another, each of the angles ia called 
a right angle ; and the atraight line which 
stands on the other, is called a perpendicular 



8. An obtuse angle ie that vhich is greatei than a right angle. 



9. An acute angle is that which is less than a right angle. 

10. A figure is that which is inclosed by one or more boundaries. — T7u 
word area denotes the guatUity of tpace amlM/ted m a Jigwe, without atty re- 
ference to the nature ef the Unt or Imea which bomd it. 

11. A circle is a plane figure contained by one line, which is called the 
drcumferenco, and is such that all straight lines drawn from a certain 
point within the figure to the circutDference, are equal to one another. 




12, And this point is called the centre of the circle. 

IS. A diametn of a dicle is a straight line drawn through (he centre, and 
terminated both ways by the circumference. ■ 



14. A Mmiurote is the ^nra contained by a 
se £Ut off by the diameter. 



and the part of the 
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15. Two linea ftre said to ^paraJUl, when being Bitiutted in the nme plime, 
they cannot meet, how fax soever, either way, both of them be produced. 



16. A plane figwe, terminated on all aidee by straight Knee, is called a. ree- 
tiUnealJiffwe, ot polygon, and the lines themselves taken together form 
the contour, orpenmeierof the polygon. 

IT. Thepolygonofthreeeides, the simplest of all, is called a m'an^/e,- that 
of four sides, a fvadriiaterai ; that of five, a pentagon ; that of six, a hex- 
agon ; and BO on. 

18. Of three sided figures, an equilateral triangle is that which has three 
equal sides. 

19. An isosceles triangle is that which has only two sides equal. 




20. A scalene triangle la that which has three unequal sides. 

21. Aright angled trangle is that which has a right angle, 
opposite the right angle is called the hypotenuse. 



33. An obtuse angled triangle, is that which has an obtuse angli 



23. An acute 



34. Of four sided figures, a square is that which has all its sides equal and 

all its angles right angles. 




25. An oblong, or rectangle, is that whioh has all its angUs right an^ei, 
but has not all its sides equal. 

26. A lozenge, or rhombus, is that which has all its adea equal, but its an* 
gles are not ri^ ht angles. 
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27. A pnraJlelognim, or rhombcnd, U that which hu its opposite ddu pn- 

rallel, but all its udes are not equal, not its angles light aogles. 

28. And, lastlj, the trapesoid, onlj two of whose sidea are paiallel. 

29. All other four aided figures are usually called trapeziunu. 

30. A diagonal is a line which joins the vertices of two angles not adjacent 
to each other. Thus, BC, in the diagram of Theor. 27. is a diagontxl. 

31. An egmiaieral polygon, is one which has aU its sides equal ; an equian- 
gular polygon, one which has all its angles equal. 

32. Two polygons are muiuaily eguUaleral, when they have their sides equal 
to each other, and placed in the same order ; that is to say, when follow- 
ing their perimeters in the same direction, the first side of the one is equal 
to the first side of the other, the aecotui of the one to the second of tlie 
other, the third to the third, and so on. 

The phrase mulualh/ eguiangular has a corresponding signification. In 
both cases, tho equal sides, or the equal angles, are named homokgous 
sides 01 angles. 

33. We shall give the name, equivalent figures, to such as have equal 
sur&ces. 

Two figures may be equivalent, though very dissimilar : a circle, for in- 
stance, may be equivalent to a square, a triangle to a rectangle. 

34. The denomination, ejual figures, we shall reserve for such as, when 
applied to each other, coincide in all their points : of this kind are two 
circles, which have equal radii i two triangles, which have all their mdes 
equal respectively, &c. 

POSTULATES. 

1. Let it be granted that a str^ght line may be drawn from any one pant 
to.any other point. 

2. That a terminated straight line may be produced to any length in & 
straight line. 
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AXIOMS. 
1. THUfos which are equal to th« aame thing, are equal to one anolher. 

5. If equali be added to equals, the wholes are equal. 

B. If equals bo taken from equals, the remaindera are equal. 
4. If equals be added to unequala, the wholes are unequal. 

6. If equals be taken from unequals, the lemaindere axe uoequal. 

6. Things which are doubles of the aame thing, are equal to one another. 

7. Things which are halves of the same thing, are equal to one another. 

8. Two maguitudes, lines, auihces, or solids, are equal, if, when applied to 
«ach other, they coincide throughout their whole extent They then 
fill the same space. 

9. The whole in greater than an; of its parte. 

10. The whole is equal to the sum of all its parts. 

11. All right angles are equal to one another. 

13. " Two straight liues which intersect one another, cannot be both pa- 
" rallel to the same straight line," 
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PROPOSITION I. THEOREM. 

if two triangles have two sides and ike includtd angle in ihe one, equal lo two 
aides and the included an^le in the other, the triangles will be identical, or equal 
in all respects. 

Let ABC, DEF be two triangki which have ibe two aides AB, AC 
equal to the two aides DE, DF, each to each, viz. AB to DE, and AC to 
DF ; and let the angle BAC 

be also equal to the angle -A. 4) 

EDF: theo shall the base *■ ' 

EC be equal to the bas« £F ; 
and the triangle ABC to the 
triangle DEF ; and the other 
angles, to which the equal 
Mde8 are opposite, shall be 
equal, each to.each, viz. the 
angle ABC to the angle 
DEF, end the angle ACB 
to DFE. 

FoF, if the triangle ABC be applied to the triangle DEF, so that the 
point A may be on D, and the etraight line AB upon DE ; the point B 
shall coincide with the point E, because AB ia equal lo DE ; and AB co- 
inciding with DE, AC shall coincide wilh DF, because the angle BAC ia 
equal to the angle EDF ; wherefoie also the point C aball coincide with 
the point F, because AC is equal to DF : But the point B coincides with 
the point E ; wherefore the base BO shall coincide with the base EF (cor. 
def. 3.), and shall be equal to it. Therefore also the whole triangle ABC 
shall coincide with the whole triangle DEF, bo that the spaces which they 
contain or their areas are equal ; and the remaining angles of the one shall 
coincide with the reroaioing angles of the other, and be equal to them, viz. 
the angle ABC to the angle DEF, and the angle ACB to the angle DFE. 

PROP. il. THEOR. 

When two triangles have two angles and the interjacent sides in the one, equal to 
two angles and the interjacent sides in the other, the triangles are idenlieal, or 
have their other sides and angles equal 

Let the two triangles BAC, EDF, (see the last figure,) have the angle 
B equal to the angle E, the angle C equal to the angle F, and the side BC 
equal to the aide EF ; then these two triangles will be identical. 

For, conceive the triangle BAG to be placed on the triangle EDF, in , 
aoch rnanner that the side BC may fall exactly on the equal side EF. 
Then, since the angle B is equal to the angle E {hy hyp.) the side BA must 
' " n the side ED ; and, in like manner, because the angle C is equal to 



ingle F, the side AC must fall on the aide DF, 4P*B< ^^ P°'nt A, 



angle U 



occuirin^ at tbe same time in the two atraigbt Udm ED and FD, must &H 
on their inlMBection D ; consequently, the two trianglea BAC, EDF, are 
identical, or mutualljr equal (Ax. 8.). 

CoBOLLART. Whenever in two triangles these three things are equa^ 
namelj, BC=EF, B=E, and C=F, it may he inferred that the other 
three are equal also : that is, AB=DE, AC= DF, and the angla BAC= 
DBF. 

PROP. III. THEOR. 

TAe angla at the base of an ieostxlei iriangk are ejaal to one another : namely, 
those lo which the egwd sides are opposite. 

If the triangle ABC have the side AC equal lo tbe side BC ; then will 
the angle B be equal to the angle A. 

For, conceive the angle C to be bisected, or di- 
aled into two equal parte b; the line CD, mak- 
ing the angle ACD equal to the angle BCD. 

Then the two triangles ACD, BCD have two 
sides and the contained angle of the one equal lo 
two sides and the contained angle of the other ; 
namely, the side AC equal to BC, the angle 
ACD equal to BCD, and the nde CD common ; 
therefore, these two triangles are identical, or _ 
equal in all respects, (Theor. 1.); and conse- ^ 
quently, the angle A equal to the angle B. 

Cob. Every equilateral triangle is also equiangular. 
SCHOUUM. 

The equality of the triangles ADC, BDC, proves also that AD is equal 

to BD, and the angle ADC equal to the angle BDC ; hence, these two are 
right angles : hence, the line bisecting the vertical angle of an isosceles tri- 
angle is perpendicular to its base, and divides that base into two equal 
parts. 

In a triangle which is not isosceles, any side may be assumed indifferent- 
ly as the base ; and the vertex is, in that case, the vertex c^ the opposite ar^ 
gle. In an isosceles triangle, however, that side is specially assumed as 
the base, which is not equal to either of the other Iwe. 




PROP. IV. THEOR. 

If two angiu of a triangle be egtuU to one another, the sides which stAteni, or 

are opposite to than, are also egualifi one another. 

Let ABC be ^iangle having the angle ABC equal to the angle ACB ; 
the aide AB is <^ equal to the side AC. 
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4 Fxff, if AB be not equal to AC, one of them is 
greater than tbe other: Let AB be the giealer, 
and from it cut off OB equal to AC the teaa, and 
' join DC ; therefore, because in the trianglei DBC, 
AOB, DB U equal to AC, andBC common to 
both, the two Bidee DB, BC are equal to the two 
AC, GB, each to each ; but the angle DBC U alao 
«qual to the angle ACB ; therefore the base DC 
ia equal to the base AB, and the area of the trian- 
gle DBC is equal to that of the teian^le (1. 1.) 
ACB, the leae to the greater; which u eJisuH. 
Therefore, AB is not uaequal to AC, that is, it is 
equal to it. 

Coiu Henoe evmy equiaagulat triangle is alw eqjiiUKmL 

PROP. V. THEOR. 

fF?ien two triangiea hone ail the thru sides in the one, eguai toaU the three sides 
in the other, 3te triaitgks are identkai, or Aave alao their three angles e^va^ 
each to each. 

Let the two triangles ABC, DEF, have their three sides respectively 
equal, that is, the aide AB equal to DE, AC to DP, and BC to EF ; then ' 
shall As two triangles be identical, or have their angles equal, that is, those 
angles that are oppoate to the equal aidea ; namely, the angle BAC to the 
angle EDF. the angle ABC to DEF, and the angk ACB to DFE. 
A p 




For, conceive the two triandes to be joined together by their longest 
equal sides : that is, having OB equal h> DE, GC to DF ; and draw the 
line AG. 

Then, in the triansle ABO, because the nde AB is equal to BO or DEj 
(SyAyp.) the angle BAG ia equal to the aiigle BGA,(Th.3.). In like 
AiAuner, in the triangle ACG, the angle CAG is equal to the angle CGA, • 
because the side AC is equal to CG or DF. Hence, then, the angle BAG 
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being equal to the angle BOA, and the angle GAG equal to the angle 
CGA, by equal additions, the euro of the two angles BAG, CAG, is equal 
to the sum of the two angles BOA , CGA , (Ax. 2. ) that in, the whale an- 
gle BAG equal to the whole angle BGC. 

Since, then, the two sides BA, AC, are equFil to the two sides BG, OC, 
each to each, and their contained angles BAG, BGG, also equal, the two 
tnanglea BAG, BGC or EDF, are identical (Th, 1.) and have the other 
angles equal ; namely, the angle ABC equal to GBG, and (he angle ACB 
equal to the angle GCB. 

PROP. VI. THEOR. 

T^ angles which one Straig-hi Hne makes with another upon one side of it, are 
. either two right angles, or are together egual to two right angles. 

Let the straight line AB make with CD, upon one nde of it the angles 
CBA, ABD ; these are either two right angles, or are together equal to 
two right angles. 

E A 



D 



B 



1> 



For, if the angle CBA be equal to ABD, each of them is a right angle' 
(Def. 7.) ; hut, if not, lei BE be perpendicular to DC at the point B. The 
angle DBA is the sum of the angles DBE, EBA : therefore, DGA+ABC 
is the sum of the three angles DBE, EBA, ABC : but the first of those 
three angles is a right angle ; and ihe other two together make up the 
right angle CBE ; hence the sum of the two angles DBA and ABC is 
equal to two right angles. 

CoR. The sum of all the angles, formed on the same side of a straight . 
line DC, is equal to two right angles ; because their eum is equal to that of 
the two adjacent angles DBA, ABC. 

PROP. VII. THEOR. 

lf,oXa point in a straight line, two other straight lines, upon the opposite sides 
of it, make the adjacent angles together equal to two right angles, these two 
straight lines are in one and the scone straight line. 

■ At the point B in the straight line AB, let the two straight lines BC, 
BD upon the opposite Bides of AB, make the adjacent angles ABC, ABD 
equal together to two right angles. BD is in the same straight line with 
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For if BD be not in the same atiaight 
line with CB, let BE be in ihe Bams 
straight line with it ; therefoie, because 
the Btraight line AB makes angles with 
the straight hne CBE, upon one aide 
of it, the angles ABC, ABE are to- 
gether equal (6. 1.) to two right an- 
gles ; but the angles ABC, ABD are 
hkewise together equal to two right an- 
gles : therefore the angles G6A, AB£ 
are equal to the angles CBA, ABD i 
Take away the common angle ABC, and the remmning angle ABE it 
equal (3. Ax.) to the remaining angle ABD, the less to the greater, which 
is impossible ; therefore BE ie not in the same etraight line with BO. And 
in like manner, it may be demonstrated, that no otber can be in the same 
straight tine with it but BD, which therefore is in the same straight line 

with ca 

PROP. TIU. THEOR. 

If two straight Hnes cut one another, the veriieai, or opposite tmgks are egial. 

Let the two straight hnes AB, CD, cut one another in the pomt E : the 
angle AEC shall be equal to the n 
angle DEB, and CEB to AED. *-' ^ 

For the angles CEA, AED, 
which the straight line AE makes 
with the straight line CD, are to- 
gether equal (6. 1.) to two right 
angles : and the angles AED, 
t>EB, which tbe straight line DB 
makes with the straight line AB, ^"y. 

are also together equal (6, 1,) to -^ 

two right angles ; therefore the two angles CEA, AED are equal to the 
two AED, DEB. Take away the common angle AED, and the remain- 
ing angle CEA is equal (3. Ax.) to the remaining angle DEB. In the 
same manner it may be demonstrated that the angles'CEB, AED are 
equal. 

Cor. 1. From this it is manifest, that if two straight lines cut one ano- 
ther, the angles which they make at the point of their intersection, are to- 
gether equal to four right angles. 

Cor. 2. And hence, all the angles made by any number of straight linei 
meeting in one point, are together equal to four right angles, 

PROP. IX. THEOR. 

If one side of a triangle be produced, the exterior angle is greater thatt either of 
the irUerior, and opposite angles. 

Let ABO be a triangle, and- let its sido BC be produced to D, the exte- 
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rior angle AC£> is greater than either of the interior oppaate anglu CBA, 
BAG. 

Join B and E the middle point of 
the fine AC, anil pioduce BE to F, 
and make EF equal to BE ; join also 
FC, and produce AC to G. 

Because AE is equal to EC, and 
BE to EF ; AE, EB are equal to CE, 
£F, each to each ; and the angle 
AEB is equal (8. 1.) tg the angle 
CEF, because they are veilical an- 
gles ; therefore the base AB is equal 
(1. I.) to the base CF, and (he tnaQ< 
gle AEB to the triangle CEP, and 
Uie reinaining angles to the remaining 
angles each to each, to which the 
equal sides are opposite; wherefore 
the angle BAE is equal to the angle 

ECF ; but the angle ECD is grealw G" 

than the angle ECF ; therefore the angle ECD, that is AOD, is greater 
than BAE : In the same manner, if the side BC be bisected, it may be 
demonstrated that the angle BCG, that is (8. 1.) the angle ACD, is greater 
ttum the angle ABC. 

PROP. X. THEOR. 

A^ (wo angla of a triangle oreiogeihar las thm two right angUt. 

Iiet ABC be any triangle ; any two of lu angUe together are lew than 
two right anglea. 

Produce BC to D ; and because ACD is the exterior angle of the trian- 
gle ABC, ACD is greater (9. 1.) . . 
than the interior and opposite angle •"• 
ABC ; to each of these add the angle 
ACB; therefore ihe angles ACD, 
ACB are greater than the angles A BC, 
ACB; but ACD, ACB are together 
equal (6. l.)to two right angles: there- 
fore the angles ABC, BOA arc less 
than two right anglea. In like man- 
ner, it may be demonstrated, that 

EAC, ACB, as also CAB, ABC, are 

leas than two right angles. BCD 

PROP. XL THEOB. 

Hk greater side of every triangle has the greater angle opposite to it. 
Let ABC be a triangle of which the side AC is greater than th« ade 
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AB ; the angle ABC is &!•& greater than 
the angle BCA. 

Make AD equal to AB, and ynn BD : 
Bod because ADB ia the exterior angle 
of tbe triangle BDC, it is greatei (9. 1.) 
than the interior snd opposite angle DCB ; 
but ADB is equal (3. 1.) to ABD, be- 
cause the side AB is equal to the ude 
AT> ; therefore the angle ABD ie liice- 
wise greater than the angle ACB ; wherefore much more is the angle ABC 
greater than ACB. 

PROP. XIL THEOR. 

Tfte grtater mgle of every trimgk is Bubtended hy the greater aide, or Hat the 
greater side opposite to it. 

Let ABC be a triangle, of which the angle ABC is greater than the an- 
gle BOA ; the aide AC is likewise greater than the side AB. 

For, if it be not greater, AC muet either » 

be equal to AB, or less than it ; it is not 
equal, because then the angle ABO would 
be equal (8. 1.) to the angle ACB; but 
it is not ; therefore AC is not equal to 
AB : neither is it less ; because then the 

angle ABC would be less (11. 1.) than 

the angle ACB -, but it is not ; therefore 3 O 

the side AC is not leas than AB ; and it 

has been shewn that it is not equal to AB : therefore AC is greater than 

AB. 

PROP, Xm. THEOR. 

Any two aides of a triangle are together greater thari the third side. 

Let ABC be a triangle ; any two sides of il together are greater than 
the third side, viz. the sides BA, AC greater ihan ihe side BO ; and AB, 
BC greater than AC ; and BC, CA greater than AB. 

Produce BA to the point D, and fy 

make AD equal to AC ; and join DO. 

Because DA ie equal to AC, the A 

angle ADC is hkewise equal (3. 1.) to '^ 

ACD ; but the angle BCD is greater 
than the angle ACD ; therefore the 
angle BCD is greater than the angle 
ADC; and because the angle BCD -^ 
of,the triangle DOB is greater ',jaan its ■" 
angle BDC, and that the greater (12. 1.) side is opposite to the greater 
angle i therefore rtie side DB is greater than the side BC ; hutVB is equal 
to BA and AC together ; therefore BA and AC together are greater than 




BC. In the same manner it may be demonstrated, that the udei A.B, BO 
are greatei than CA, and BC, CA greater than AB. 

SCHOLIUM. 
Thie mar be demonitrated without producing any of the eides ; thus, 
the Lae BC, for example, is the shortest dist&nce from B to C ; therefore 
BC is less than BA+AC, or BA+AC > BC. 

PROP. XIV. THEOR. 

If /ram the ends of one side of a Iriangk, there be dragon two straight lines to a 
point within the triangle, these two lines shail be less than the other two sides 
of the triangle, bta shall contimt a greater angle. 

Let the two straight Hnes BD, CD be drawn from B, C, the ends of the 
ude BC of the triangle ABC, to the point D within it ; BD and DC are 
less than the other two sides BA, AC of the triangle, but contain an angle 
BDC greater than the angle BAC. 

■ Produce BDtoE; and because two sides J^ 

of a triangle (13. 1.) are greater than the 
third side, ihe two sides BA,AE of the trian- 



gle ABE are greater than BE. To each 



\^ 




of these add EC ; therefore the sidea BA, 
AC are greater than BE, EC : Again, be- 
cause the two sides CE, ED, of the triangle 
CED are greater than CD, if DB be added 
to each, the sides CE, EB, will be greater 
than CD, DB ; but it has been shewn that 

BA, AC are greater than BE, EC ; much ^ ^ 

more thenare BA, AC greater than BD, DC. -O *-> 

Again, because (he exterior angle of a triangle (9, 1.) ia greater than the 
interior and opposite angle, the exterior angle BDC of tie triangle CDE is 
greater than CED ; for the same reason, the exterior angle CEB of the 
triangle ABE is greater than BAC; and it has been demonstrated that 
the angle BDC is greater than the angle C£B ; much more then is the 
angle BDC greater than the angle BAC. 

PROP. XV. THEOR. 

Jf two triangles have two sides of the one egual to two sides of the other, each to 
each, but the angle contained by the two sides of the one greater than the angle 
co7tlait\ed by the two sides of the other ; the base of that which has Ihe greater 
angle shall be greater than the base of the other. 

Let ABC, DEF be two triangles which have the two sides AB, AC equal 
to the two DE, DF each to each. viz. AB equal to DE, and AC to DF; 
hut the angle BAC greater than the an^le EDF ; the base BC ia also 
greater than the base EF, 

Of the twi sides DE, DF, let DE he the side which is not greater than 
the other, and at the point D, in the straight Une D£, make the angle 
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EDG equftl to Ihe angle BAC : and make DG Mual to AC oi DF, and 
join EG, OF. ■ 

Because AB ia equal 
to DE, and AC lo DG, 
the two sides BA, AC are 
equal lo the two ED, DG, 
«ftch CO eacb, and cho an- 
gle BAC is equal to the 
angle EDG, therefore the 
base BC is equal (1. 1.) 
to the base EG ; and be- 
cause DG is equal lo DF, 
the angle DFG is equal 
(3. l.)iottaeangleDGr; 
but the angle DGF ia 
^eater than the angle EGF ; therefore iho angle DFO is greater than 
EGF ; and much more is the angle EFG greater than the angle EOF ; 
and because the angle EFG of the triangle EFG is greater than its angle 
EGF, and because the greater (12. 1.) side ia opposite to the greater an- 
gle, the side EG is greater than Ihe side EF ; but EG is equal to BC ; 
and therefore also BC is greater than £F. 

^ PKOP. XVI. THEOR 

" V 
^iwo triaagies have two sides of the one egvai to two sides of the otStr, taek to 
each, hut the base of the one greater than tie base of the other ; the angU con- 
tained by the sides of that which hat the greala- base, shall be greater than the 
angle amtaimd by the tides of the other. 

Let ABC, DEF be two triangles which have the two sides, AB, AC, 
equal to the two sides DE, DF, each to eacFi, viz. AB equal to DE, and 
AC to DF : but let the base CO be greater than the base EF, the angle 
BAC is likewise greater than the angle EOF. 

For, if it be not greater, it must a ~ 

Nther be equal to it, or less ; hut 
the angle BAC is not equal to the 
angle EDF, because then the 
base BC would be equal (1. 1.) 
to EF ; but it is not ; therefore 
the angle BAC is not equal to the 
angle EDF ; neither ia it less ; 
be«iuae then the base BC would 
be less (15. 1.) than the base £F ; 
but it is not ; therefore the angle 
BAC is not less than the angle 
EDF : and it was shewn that it 




BAC is greatar than the angle EDP. 



B C 

not equal to it : therefore the angl« 
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PROP. XVII. THEOE. 

^ perpendicular is the shortest line thai can be drawn _/rom a point, situateJwi^ 
out a slraighi line, to that line : any two obligue lines drawn from the sotM 
point on different sides of the perpendicuiar, cutting off egtial distances on the 
other line, will be equal ; and any hoo other oblique lines, culling off utuguat 
distances, the one which lies farther from the perpendicular will be the longer. 

If AB, AC, AD, &c. be lines drawn from the given point A, to the inde- 
fioite straight line DE, of which AB is perpendicuUi; then shall the pei- 
pendicul&T AB be less than AC, and AC less than AD, and so on. 

For, the angle ABC beinga right 
one, the angle ACBis acute, (Th, ] 0.) A 

OT less than the angle ABC. But the 
less angle of a triangle is subtended by 
the less side (Th. 12.) ; therefore, the 
Bide AB is lees than the side AC. 

Again, if BC = BE; then the two 
oblique linea AC, AE, are equal. For 
the side AB ie common to the two tri- 
angles ABC, ABE, and the contained jj C B iS 
angles ABC and ABE equal ; lbet\t/o 
triangles must be equal (Th. 1.) ; hence AE, AC are equal. 

Finally, the angle ACB being acute, as before, the adjacent angle ACD 
will be obtuse ; since (Th. 6.) these two angles are together equal to two 
light angles ; and the angle ADC is acute, because the angle ABD is 
right ; cocsequentlj, the angle ACD ia greater than the angle ADC ; and, 
since the greater side is opposite to the greater angle (Th. 12.) ; therefore, 
the side AD ia greater than the side AC. 

Coa, I. The perpendicular measures the. true distance of a point bam 
a line, because it is shorter than any other distance. 

Con. 2, Hence, also, every point in a perpendicular at the middle point 
of a given straight line, ia equally distant from the extremities of that line, 

CoR. 3. From the same point, three equal etraig^ht lines cannot be 
drawn to the same straight hne ; for if there could, we should have two 
equal oblique Lnes on the same side of the perpendicular, which is impoa- 
BJble, 

PROP, XVIIL THEOR. 

When the hypotenuse and one side of a right angled triangle, are respectively 
equal to the hypotenuse and one aide of another ; the two right angled Irian- 
gles are equal. 

Suppose the hypotenuse AC^DF, and the side AB=:DE; the rights 
angled triangle ABC will be equal to the right-angled triangle DEF. 

Their equality would be manifest, if the third sides EC and EF were 
equal. If possible, suppose that those aides are not equal, and that BC is 
thegrcftter. TakeBH=EF; andjoinAH, Thetriangle ABH=:DEF; 
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for the right anglee B and E 
are equal, the side AB=DE, 
and BH=EF; hence, these 
triangles are equal (Th, 1,), 
and consequently AH^DF. 
Now (Sy fiyP'), we have DP 
=AC: and therefore, AH= 
AC. But by the last propom- 
tion, the oblique line AC can- 
not be equal lo the oblique line 
AH, which lies nearer to the 
perpendicular AB; therefore 
It is impossible that BC can differ from EF : hence, then the triangles 
ABC and DEF are equal. 

PROP. XIX. THEOR. 

If a ttraiglUlmefaiimgvpm two otfm-ttraighlliTiea makes the aUenuUe angle* 
ejual lo one another, these two straight lines are parallel. 

Let the straight line EF, which &11b upon the ti 
CP make the akeinate angles AEF, £FD equal tc 
parallel (o CD. 

For, if it be not parallel, AB 
and CD being produced shall 
meet either towards B, D, or 
tovaida A, C ; let them be pro- 
. duced aod meet towarda B, D 
in the point «; therefore GEF 
is a triangle, and its exterior 
angle AEF is greater (9. 1.) 
than the interior and opposite 
angle EFG ; but it is al^o equal lo it, which is impossible : therefore, AB 
and CD being produceil, do not meet towards B, D. In like manner it 
may be demonstrated that they do not meet towards A, C ; but thoefl 
etmight lines which meet neither way, though produced ever so for, ara 
parallel (15 Def.) to one another. AB therefore is parallel to CD. 

PROP. XX. THEOR. 

If a straight line falling upon two other straight lines makes the exterior angle 
equal to the interior and oppotite upon the eame side of the Hne ; or maket the 
interior angles upon the same side together egual lo two right angles ; the two 
straight lines are parallel to one another. 

Let the straight line EF, which falls upon the two straight lines AB, 
CD, make the exterior angle EGB equal to QHD, the interior and oppo- 
site angle upon the same side ; or let it make the interior angles on tba 
same aide BOH, QHD together equal to two right angles ; AB is parallel 
to CD. 
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Because the KOgle EQB is equ&I 
to the angle GHD, and aUo (8. 1 .} to 
the angle AOH, the angle AGH is 
equal to the angle GHD ; and the; 
are the alternate angles ; therefore 
ABispamUei(19.1.}toCD. Again, 
because the angles BGH, OHD era 
equal (by Hjp.) to two right angles, 
and AGH, BGH,aie also equal(6.1.) 
to two light angles, the angles AGH, 
BGH are equal to the angles BOH, 
GHB : Take away the common angle BGH ; therelbce the iemainii>|r 
angle AGHis equal to the remaining angle OHO; and they aie alternate 
an^es ; therefore AB is parallel to CD. 

Cor. Hence, when two straight lines are perpendicular to a third line, 
they will be parallel lo each other. 

PBOP. XXI. THEOR. 

If a ttraighl Um feM upon txpoperoM straight liitM, it fnaktitMe aUmtatttn- 
glet ejtial lo otte anoAf ; and the exterior angle equal lo the inUrior and op- 
posite upon the same side ; and Itkevnse the two interior anglet upon the same 
tide together egua! to ttoo right angles. 

Let the straight line EF foil upon the parallel straight lines AB, CD ; 
the alternate angles AGH, OHD are equal to one another ; and the exte- 
rior angle £GB is equal to the interior and oppoate, upon the. same aide, 
OHD ; and the two interior abgies BOH, OHD up<»i the stiitte side are 
together equal lo two right angles. 

For if AOH be not equal to ~ 

GHD, let KG be drawn making 
the angle KOH equal to GHD, 
and produce KG to L ; then KL 
will be paiellel to CD (19. 1.) ; 
but AB is also parallel to CD ; 
therefore two straight lines are 
drawn through the same point 
O, parallel to CD, and yet npt 
coinciding with one another, 
which is impossible [11. Ax.) 
The angles AOH, OHD therefore are not unequal, that is, they are equal 
to one another. Now, the angle EGB is equal to AGH (S. 1.) ; and AGH 
is proved to be equal to OHD ; therefore £OB is likewise equal to GHD ; 
add to each of these the angle BGH ; therefore the angles EGB, BGH are 
equal to the angles BOH, GHD ; but EGB, BOB, are equal (6. 1.) to 
two right angles ; therefore also BGH, GHD aje equal to two riglit an- 
gles. 

Cor. 1. If BGH is a right angle, GHD will be a right angle ftbo ; 
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therefore every line perpendicular to one of two paialleia, is penfeodicular 
to the other. 

Cor. 2. ainceAGE=BGH,RndDHP=CHG; heDce the four acnle 
angles BGH, AGE, GHC, DHF, are eoual to each oiher. The aame is 
the CMB with the four obtliae anglea EGB, AGH, GHD, CHF. It may 
be aiao obeeived, that, in adding one of the acute angles to one of the oh- 
tuae, the sum will always be equal to two right angles. 

SCHOLIUM. 
The aoglee juat spoken of, when compared with e&ch otker, tuuume dif- 
ferent names. BGH, GHD, wo have .already nanaed iitterwr anglaa on the 
game side; AGH, QHC, have the same name ; AGH, GHD, are called 
oUemale inlerior angles, or simply altenuite ; so also, are BGH, GHC : and 
lastly, EGB, GHD, or EGA, GHC, are called, respeciively, the opposite 
exurior and inUrior angles ; and EGB, CHF, or AGE, £)HF, the aUemate 
exterior angles. 

PROP. XXH. THEOR. 

If a atrmght tine, cutting two other lines, make the mm of the tmo interior «n- 
ffles on the tame tide, legs tkm two right angles, those two tinet icttf meet if 



Let the straight line EF (see last figure,) njalce with the two lines KL. 
and CD, the two angles KOH, GHC together less (has two right anglea, 
KG and CH will meet on the aide of EF, on which the two angles are 
that are less than two right angles. 

For, if not, KL and CD are either parallel, or they meet on the other 
side of EF ; but they are not parallel ; for the angles KGH, GHC would 
then be equal to two right angles. Neither do they meet on the other side 
of EF ; for the angles LOH, GHD would then be two angles of a trian- 
gle, and'less than two right angles ; but this is impossible ; for the four 
angles KGH, HGL, CHG, GHD are together equal to four right anglea 
(6. 1.) of which the two, KGH, CHQ, are by supposition less than two 
right angles ; therefore the other two, HGL, GHD are greater than two 
right angles. Therefore, since KL end CD are not paraUal, and sinca 
tbey do not meet towards L and Dt they must meet if produced towards 
KandC. 

Cor. Through a given point G, no more than one line can be drawn 
parallel to a given line CD, For there is but one line AB, which makes 
the sum of the two angles AGH, GHC, equal to two right angles. Every 
other line, KL for example, would make the sum of the two interior angl^ 
less or greatOT than two right angles ; therefore it would meet CD. 

PROP. XXUI. THEOR. 

Strai^ imw vkieh are parallel to Ihe same straight Une, are parailel to one 
another. 

LatAB,CD,baeachoftheinpaiRlkltoSP; AB is alao paiallal to GD. 




Let th# straight line GHK cut AB, 
EF, CD ; and because GHK cuta the 
parallel straight Unes AB, £F, the an- 
gle AOH is equftl (21 . l.)ia the angle 
GHF. Again, becaiiae the atraight 
line GK cuts the parallel straight lines 
EF, CD, the angle GHF is equal {2J. 
1.) to the angle GKD; and it vaa 
shewn that the angle AGK is equal 
to the angle GHF ; therefore also 
AGK is equal to GKD ; and they are 
alternate angles ; therefore AB is pa- 
taJlel(19. l.)toCD. 

PROP. XXIV. THEOR. 

Two mgles are efualif their sides be paraSel, each to each, and h/ing in the 
same direction. 

If the straight lines AB, AC be parallel ' 
to DF, DE ; the angle BAC is equal to 
EOF. 

For, draw GAD through the vertices. 
And since AB is parallel to DF, the ex- 
terior angle GAB is (21. 1.) equal to 
GDF ; and, for the same reason, GAC is 
equal to GDE; there consequently re- 
main the angle BAC=EDF, 

Cos. If BA, AC be produced to I and 
H, the angle BAC=HAI; hence, the 
angle HAI is alBO equal to EDF. 

SCHOUUM. 
The restnotion of this proposition lo the case where the side AB lies in 
the same direction with DF, and AC in the same direction with DE, is 
necessary j because the angle CAI would have its sides parallel to those 
of the angle EDF, but would not be equal to it. In that case, CAI and 
EDF would be together equal to tvo right angles. 

PROP. XXV. THEOR. 

^ a side of any triangle be produced, the exterior angle is egual to the two inte- 
rior and opposite angles ; and tht three interior angles of every triangle are 
egaal to two right angles. 

Let ABC be a triangle, and let one 'of its sides BC be produced to D ; 
the exterior angle ACD is equal to the two interior and i^poeite angle* 
CAB, ABC ; and the three interior angles of the triangle, viz. ABC, BCA, 
CAB, ue togetbar eqoal to two right angles. 
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Through the point C draw CE 
parallel to th a straight lineAB; 
and. becauHB AB is parallel to 
CE, and AC meeta them, the al- 
ternate aoglea BAG, ACE are 
equal {21, 1.) Again, becauBe 
AB ia paraUel to CE, and BD 
fells upon them, the exterior an- 
gle ECD is equal to the interior and opposite angle ABO, but the angle 
ACE was shewn to be equal to the angle BAC ; therefore the whole ex- 
terior angle ACD is equal to the two interior and opposhe angles CAB, 
ABC ; to these angles add the angle ACB. and the angles ACD, ACB 
are equal to the three angles CBA, BAC, ACB ; but the angles ACD, 
ACB are equal (6. 1.) to two right angles; therefore also the angles CBA, 
BAC, ACB are equal to two right angles. 

Cob. 1. Two angles of a triangle being given, or merely their sum, 
the third will be found by subtracting that sura from two right angles. 

Cor. 2. If two anglea of one triangle are respectively equal lo two an- 
gles of another, the third angles will also be equal, and the two triangles 
will be mutually equiangular. 

CoR. 3, In any triangle ihere can be but one right angle ; for if there 
were two, the third angle must be nothing. Still less can a triangle have 
more than one right angle. 

Cor. 4, In every right-angled triangle, the sum of the two acute an- 
gles is equal to one right angle. 

Cor. 5. Since every equilateral triangle (Cor. 3. 1.) is also equian- 
gular, each of its angles will be equal to the third part of two right angles ; 
so that if the right angle is expressed by unity, the angle of aa equilateral 
triangle will be expressed by j of one right angle. 

PROP. XXVI. THEOR. 

.AS the interioT angles of am/ rectilineal _figitre are equal to Iteice as many right 
angles as the figure has sides, wanHng/mtr right angles. 

For any rectilineal figure ABCDE can be divided into as many trian- 
gles as the figure has sides, by drawmg straight lines from a poml F within 
the figure to each of its anglea. And, by the preceding proposition, all 
the angles of these triangles are equal to j) 

twice as many right angles as there are tri- '- 

angles,thati8,a8thereare sides of the figure; 

and the same anglea are equal to the angles / I ^"^C 

of the figure, together with the angles at the _, / 
point F, which is the common vertex of tho E^ 
triangles; that is, (2 Cor. 8. 1.) together 
with four right angles. Therefore, twice as 
many right angles as the figure has sides, 

are equal to ftll the angles of the figure, to- 

gMber witb four right angles, that is, the aa- -A. B 
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glea of the figure are equal to twice as many right aliglea ad tl 
Bidea, wanting four. 



) figure has 



iQglea of ftuy rectilineal figure are togeUie*' 




Cor. 1. All the o: 
equal to four right angles 

Because every interior an- 
gle ABC, with its adjacent 
exterior ABD, is equal (6. 1.) 
to two light augles ; (bere- 
fiire all the interior, together 
with all the exterior anglea of 
the figure, are equal to twice 
as many right angles aa there 
are sides of the figure ; that 
is, tfaey are equal to all the 
interior angles of the figure, 
together with four right an- 
gles; therefore all the exte- 
rior angles are equal to four right an^es. _ 

Cor. -2. The sum of the angles in a quadrilateral is equal to two right 
angles muliiplied by 4 — 2, which amounts to four right angles ; hence, if 
all the angles of a quadrilateral are eqnal, each of them will be a right an- 
gle ; a conclusion which sanctions the Definitions 24 and 25, where the 
four angles of a. quadrilateral are said to be right, in the case of the rectan- 
gle and the square. 

Con. 3. The sum ofthe angles of a pentagon is equal to tvo right an* 
glea mullipled by 5 — 2, which amounts to six right angles ; hence, when 
apeniBgon is equiangular, each angle is equalto the fifth part of six right 
angles, or i of one right angle. 

Cor. 4. The sum of the angles of a hexagon is equal to ix{^-^), 
or eight right angles ; hence, in the equiangular hexagon, each angle ia 
the sixth part of eight right angles, or f of one right angle. 
SCHOLIUM, 

When this proposition ia applied to polygons, which hare re-entrant an- 
gles, as ABC, each re-entrant an- 
gle must be regarded as greater 
than two right angles. 

And,byjoiningBD,BE,BF, the 
figure is divided into four triangles, 
which contain eight right angles; 
that is, as many times two right 
angles as there are units in the 
number of sides diminished by two. 

But 10 avoid !^l ambiguity, wo 
shall henceforth fimit our reaaoniiig 
to polygons with salient angles, 
which might otherwise be named 
convex polygons. Every convex polygon is such that a straij^t Kao, drawn 
at pleasure, cannot meet the contour of the foijgm in mote than two 
points. 
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PROP. XXVII. THEOB. 




The Ormght Htut which join the extremitia of two tpml andparaiiel itraighl 
Unes, tmoarde the eame porta, are alio themaelvee equal and portal. 

Let AB, CD, be equal and paiallel straight lines, and joined towarda the 
same paits hy the stiaight lines AC, 6D ; AC, BD are also equal and pa- 
rallel. 

Join BC ; and becauee AB is parallel 
to CD, and BC meetB them, the alternate 
angleaABC,BCDareeGtial(21. 1.); and 
because AB ie equal to CD, and BC com- 
mon to the two triangles ABC, DCB, the 

two sides AB, BC are equal to the two >, . - 

DC, CB ; and the angle ABC is equal to C S 

the aogle BCD ; therefore the base AC is equal (1. 1.) to the base BD, 
and the tnangle A BC to the triangle BCD, and the other angles to the 
othec angles (1, 1.) each to each, to which the equal sides are opposite; 
therefore the angle ACS is equal to the angle CBO ; and because the 
straight tine BC meets the two straight lines AC, BD, and tnakes the alter- 
nate angles ACB, CBD equal to one another, AC is parallel (19. I.) to 
BD ; and it waa shewn to be equal to iu 

Cor. 1. Hence, if two opposite sides of a quadrilateral are equal and 
parallel, the remaining sides will also be equal and parallel, and the figure 
will be a parallelogram. 

Cor. 2. And every quadrilateral, whose opposite aides are equal, is a 
parallelogram, or has its opposite sides parallel. 

For, having drawn the diagonal BC ; then, the triangles ABO, CBD, 
being mutually equilateral {hyp.), they ara also mutually equiangiilar 
(Th. 6.), or have their corresponding angles equal ; consequently, the op- 
posite sides are parallel ; namely, (he side AB parallel lo CD, and BD pa- 
rallel to AC ; ond, therefore, the figure is a parallelogram. 

Cob. 3. Hence, also, if the opposite angles of a quadrilateral be equal, 
the opposite sides will likewise be equal and parallel. 

For all the angles of the figure being equal to four right angles {Cor. 2. 
Th. 26.), and the opposite angles being mutually equal, eacfa pair of adja- 
cent angles must be equal (o two right angles; therefore, the oppoHte sides 
must be equal and parallel. 

PROP. XXVIII. THEOR. 

Me oppotiie tide* and attght of aparaUdogram we tgwd to out anothtr, and 
Iht diagonal bitecti it ; that it, divukt U into two eptal parts. 

Let ACDB be a paiallelograio, of which BC is a diameter ; the opposite 
.sides and angles of the figure are equalto one another ; and the diameter 
SC bisects iu 
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Bscauie AB ia panllel to CD, and BC 
meets thein, the alternate angles ABC, 
BCD are equal (31. 1.) to one another; 
and because AC is parallel to BD, and BC 
iheela them, the altemale angles ACB, 
CBD are equal (21. 1.) to one another ; 
wherefore the two triangles AfiC, CBD 
have two angles ABC, W^A in one, equal 
to two angles BCD, CBD in the other, each to each, and the eido BC, 
which is adjacent to these equal anglei, common to the two triangles ; 
therefore theii other sides are equal, each to each, and the third Rngle of 
the one to the third angle of the other (Th. 2.) ; viz. the side AB to ihe 
side CD, and AC to BD, and the angle BAG equal to the angle BDC. 
And because the angle ABC is equal lo the angle BCD, and ihe angle 
CBD to the ansle ACB, the whole angle ABD is equal to the whole an- 
|ta ACD: And (be angle BAG has been shewn lo be equal to Ihe angle 
BDC ; therefore the opposite sides and angles of a parallelogram are equal 
to one another ; also, its diaioater bisects il ; for AB b^ng equal to CD, 
and BC common, the two AB, BC are equal to the two DC, CB, each to 
each ; now the angle ABC is equal to the angle BCD ; iberefbre the tri- 
angle ABC is eaual (1. 1.) to the triangle BCD, and the diameter BC di- 
vides the parallelogram ACDB into two equal parts. 

CoE. 1, Two parallel lines, included between two other parallels, are 

equal. 

CoR. 3. If one angle of a paralletogram be a right angle, alt the other 
three will also be right angles, and the parallelogram will be a rectangle. 

CoR. 3. Hence, two parallels are every where equally distant. 

CoR. 4. Hence, also, the sum of any two adjacent angles of a paral- 
lelogram'to equal to two right angles. 

PROP. XXIX. THEOR. 



(bbk tbb 2d AMD 3d rtGDREs.) 

Let the pandlelogmms ABCD, EBCF be upon the same base BC, luid 
between the awne parallels AF, BC ; the 

Eirallelogram ABCD ia equal to the paral- 
lograro EBCF. 

■ IfihesideBAD|DFoftheparallot(^amB 
ABCD, DBCF opposite to the base BC be 
terminated in the same point D ; it is plain 
that each of the paralielogrBms is double 
(2B. 1.) of the triangle BEX? ; and they are 
^erefore equal to one another. 

But, if (he sides AD, EP, opposite to the base BC ortheparallelogrania 
ABCD, EBCF, be not terminated in the eamepoint ; then, because ABCD 
iaa,paialleloeraii],ADia«qual(38. l.)toBC!; fin the aams reaam EF & 
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equal to BC; wherer(»e AD ia equal (1. Az.) toEF; and! DE ie com- 
mon ; therefore the whole, of the remainder, AE is equal (3. or 3. Ax.) to 
the whole, or the remainder DP ; now AB is also equal to DC ; tbenCu'a 
the two EA, AB are equal to the two FD, DC, each to each ; but the «x- 




C B C 

tenor angle FDC ia equal (2] . I.) to the interior EAB, wherefore the bate 
£B ia equal Co the base PC, and the triangle EAB (1, 1.) to the triangle 
FDC. Take the triangle FDC from the trapezium ABGF, and from the 
same trapezium take the triangle EAB ; the letnaindera will then be equal 
(3. Ax.), that IB, the parallelogram ABCD ia equal to the parallelogram 
EBCF. 

PROP. XSX. THEOR. 

It parailela, on lyuiMiad 

Let ABOD, EFGH be paraMo^ranie upou equal haaea BC, FQ, and 
between the same parallels AH, . -r\ -c -rr 

Ba ; the parallelogram ABCD -^ -^ -K S- 

is equal to EFGH. 

Join BE, CH ; and because 
BC is equal co FO, and FO to 
(38. 1.) EH, BC ia equal to EH ; 
and thej are parajlela, and join- 
ed towards the eame parta bj -nT n ' 'rnT' — «. 
the siraighi lines BE, CH : But ■" Kj M «■ 
Btiaigbt lines which join equal and porallBl Etraight lines towards the larae 
paris, are theraselvea equal and parallel (27. 1.) ; therefore, EB, CH are 
both equal and parallel, and EBCH is a parallelogram ; and it ia equal 
(29. 1.) to ABCD, because it m upon the eameboae BC, and between the 
same parallela BC, AH ; For the hke reason, iho parallelogram EFQH 
ia equal to the same EBCH : Th«efore alao the parallelogram ABCD ia 
equal to EFGH. 

PROP. XXXI. THEOB. 




Xiet t^e triani^lee ABC, DBC be upon the same base BC, and between th» 
^me ptirall^, AD, BC : The triangle ABC ia equal to the triangle GBO. 
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Produce AD both waya to the „ 

Eiinto E, F, and through B draw -St 
E parallel to CA. ; and through C 
draw CF pamUel to BD: There- 
fora, each of the figure* EBCA, 
DBCF u a parallelograin ; and 
EBCA is equal (29. 1.) to DBCF, _ 

becauae they are upon the same g 

base BC, end between the same pa- 
rallels BC, EF ; but the triangle ABC is the haK of the patallelogram 
EBCA, because the diameter AB biaecta (28. 1.) it; and the '"aDgla 
DBC is the half of the parallelogram DBCF, because the diamaler DO 
biaecta it ; and the halvae of equal things are equal (7. Ax.) ; therefore 
the triangle ABC is equal to the triangle DBC. 

PROP. XXXII. THEOR. 

lYimglea up™ equal iose*, and between the same paraliels, are egvivaient to one 
another. 

Let the triangles ABC, DEF be upon equal bBses BC, EF, and be- 
tween the same paraUela BF, AD : The triangle ABC ia equal to the tiv 
angle DEF. 

Produce AD both ways to the ptnnta G, H, and through B draw Bu 
parallel to CA, and through 
F draw FH paraUel to ED : 
Then each of the figures 
GPCA, DEFH is a parallel- 
ogram ; and they are equal 
to (30. 1.) one another, be- 
cause they are upon equal 
bases BC, EF, and between 
the same parallela B F, GH ; 
and the triangle ABC ia the 

half (28. l.)of the parallelogram GBCA, because the diameter AB biaecta 
it; and the triangle DEF ia the half (3S. 1.) of the parallelogram DEFH, 
bocauae the diameter DF biiecta it ; But the halves of equal things 
are equal (7. At.) ; therefore ibe triangle ABC ia equal to the triangia 
DEF. 

PROP. XXXIII. THEOR. 

EguiaaierU triangles upon the same base, and upon the tame tide of U, are 
between the same parallels. 

Let the equal triangles ABC, DBC be upon the same base BC, and upon 
the same side of it ; they arc between the same parallels. 

JoiA AD : AD is parallel to Rd ; for, if it ia not, through the point A 
dntwAE parallel to BC, and join EC: The triangle ABC, isequal (SI. 1.) 
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to the triangle EBG, because it ie upon (he 
Bcime base BC, and between the same parallels 
BG, AE ; But the tiiangle ABC ia equal to the 
triangle BDC; therefore also the triangle B DC 
is equal to the triangle EBC, the greater to the 
lesa, which is impossible ; Therefore AE is not 
parallel to BC. In the same manner, it mav 
be demonstrated that no other line but AD is 
parallel to BC ; AD is therefore parallel to it. 

PROP. XXXIV. THEOR. 

EqviviJenl triangles on tie tame side of bases wMch aft egnai and m the sMme 
slreught line, are bU%Beai the same pafolkk. 

. al 
I straight 
wards the same parts ; thej are be- 
tween the same parallels. 

J<»iiAD; AD U parallel to BC ; 
For.ifitisnot, through A draw AG 
parallel to BF, and join GF. The 
triangle ABC ia equal (32. 1.] to 
the triangle GEF, because they are ^ 
upon equal bases BC, EF, and bft- 
tween the same parallels BF, AG ; But the triangle ABC is equal to the 
triangle DEF ; therefore also the triangle DEF is eQual to the triangle 
0£F, the greater to the less, which is imposaible ; Theiefore AG ia not 
p&rallel (o BF ; and in the same manner it raaj be detoonatrated that there 
is no other parallel to it but AD ; AD is therefore parallel to BF. 

PROP. XXXV. THEOR. 

If a paraUelogram and a triangle be vpon the same base, and beluten the taitu 
paralleis; the parallelogram is dottle of the triangle. 

Let the parallelogram ABCD and the tri- 
angle EBC be upon the same base BC and A D M 

between the same parallela BC, AE ; the 
parallelogram ABCB ia double of the trian- 
gle EBC. 

Join AC ; then the triangle ABC u equal 
(31. ].) to the triangle EBC, because they 
are upon the same base BC, and between the 
same parallels BC, AE. But the parallel- 
ogram ABCD is double (28. 1.) of the trian- 
gle ABC, because the diameter AC divides 
it into tTO equal parts ; wherefore ABCD is also double of the triangle 
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PROP. XXXVI. THEOfi. 

1^ eomplemtnU of the paratUlograms which are ^mU the duimeier of any pwsl- 
ktogram, are eqvivaUnt to one another. 

Let ABCD be a parallelogiam of which the diameter is AC ; let EH, 
FG be the paralielograms about AC, that ie, through which AC puaiw, 
and let BK, KD be tho other paxallelo- 
graou, which make up the whole figure 
ABCD, and ajre therefore called the com- 
plementaj Tbe complement UK is equal 
lo the complement KD. 

Beca,use ABCD is a paTallelogTem 
and AC iis diameter, the triangle ABC 
is equal (28. 1.) to the triangle ADC; 
And Wcauae BKHA ie a parallelogram, 
and AK its diameter, the triangle AEK 
ia equal to the triangle AHK : For the 
same reason, the triangle KGC is equal to tbe triangle KFC. Then, be- 
cause the triangle AEK ie equal to tbe triangle AHK, and the triangle 
KGC to the triangle KFC ; the triangle AEK, together wilb Ihe trian^ 
KG)C, is equal to the triangle AHK, together with tbe triangle KFC: 
But the whole triangle ABC ia equal to Che whole ADC ; therefore tbe re- 
juuning complement BK ia equal to the remaining cpmplement KD. 

PROP. XXXVII. THEOR. 

In any right angled triangle, the square which is described upon lie side sui- 
tendirtg the right angle, is equivalent to the iquaret described t^xm the sides 
which cotaain the right angle. 

Let ABC be a right angled trian- 
gle, having tbe right angle BAC ; 
the square described upon tbe side 
BC ia equal to the square* deacribed 
upon BA, AC. 

OnBC describe thesquare BDEC, 
and oo BA, AC theaquares GB, HC ; 
and tbrougb A draw AL parallel to 
BD or CE, and join AD, FC ; then, 
because each of the angles BAC, 
BAG is a right angle (24. def.), tbe 
two strught lines AC, AO upon the 
opposite aidea of AB, make wiib it at 
tbe point A be adjacent angles equal 
to two right Angles ; therefore CA 
is in the same straight line (7! l.) 
with AG ; for the aame reason, AB 
and AH are in the same straight line. 
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Now becauBe the angle DBG is equal to the angle FBA, each of them 
being a right angle, addiug to eaeh ihe angle ABC, the whole angle DBA 
will be equal (2. Ax.) to the whole FBG ; and because the two aides AB, 
BD, are equal to the two FB, BC each to each, and Ihe angle DBA equal 
to the angle FBC, therefore iho base AD is equal (1. 1.) to the base IfC, 
and the triangle ABD to the triangle FBG. But the parallelogram BL, 
is double (35. 1 .) of the tiiangle ABD, because they are upon the same 
base, BD, and between the same pareltslB, BD, AL ; and tbe equate QB 
is double of the triangle BFC because these also are upon the same base 
FB, and between the same parallels FB, GC. Now the doubles of equals 
are equal (6. As.) to one another ; therefore the parallelogram BLia equal 
to the square GB : Aod in the same manner, bj joining AE, BK, it is de- 
monstrated, that the parallelogram CL is equal to the square HO. There- 
fore, the whole square BDKC is equal to tbe two squares GB, HC ; and 
the square BDEC is described upon (be straight line BC, and tbe squaiH 
GB, HC upon BA, AC : wherefore the square upon the sde BC ie equal 
to the squares upon the sides BA, AC. 

Cor. 1. Henco, the square of one of the sides of aright angled tcian^e 
is equivalent to the square of the hypotenuse diminished by the square of 
the other side ; which is thus, expressed; AB'=BC' — AC. 

Cor. 2. IfAB=AC; that is, if the triangle ABC beright angled and 
iaosceies; BCr^2AB'=2AC=; therefore, BC=ABV2. 

Cor. 3. Hence, also, if two right angled triangles have two aides of 
the one, equal to two coirespnding sides of the other ; thwi third sides 
will also be eqaal, and the triangles will be identical. 

PBOP. XXXVIII. THEOR. 

tf the sjBore descHierf upon one of the sides of a irimgle, be egtdvaleni to tie 
sifitofee deter&>ed i^m the other turn sides of it I the angle contained by the$e 
iteo sides is a right angle. 

If the equate described upon BC, one of the eidea of the triangle ABC, 
be equal to the squares upon the other aides BA, AC, the angle BAG ia a. 
right angle. 

From the i»int A draw AD at right angles to AC, and make AD equal 
to BA, and jnn DC. Then because DA is equal 
to AB, the square of DA is equal to the square of 
AB ; to each of these add the square of AC ; there- 
fore the squares of DA, AC are equal to the 
squares of BA, AC. But the square of DC is 
equal (37. I.) to the squares of DA, AC, because 
t>AC is a. right angle ; and the square of BC, by 
hypothesis, is equal to the squares of BA, AC; 
therefwe, the square of DC is equal to tbe square 
of BC i and therefore also the side DC is equal to 
Ae side Be. And because the side DA is equal 
to AB, and AC common to the two Uianglea DAC, BAG, and the base 
DC hkewise equal to the base BC, the angle DAC b equal (6. 1.) to the 
MgleBACi Bat DAC ia & ti^t uj^; thtnfere alto BAC if a licht 
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PROBLEMS 

RELATING TO THE FIRST BOOK. 



PROP. I. PROBLEM. 

To describe an ejuHaieral triangle vpmt a given_fimte straighi Une. 



n equila- 




Let AB be the giveo straight line ; it is required to describe a 
letal triangle upon it. 

From the centre A, (tt the dia- 
tance AB, describe (3. Postulate) 
the circle BCD, and from the cen- 
tre B, at the diatance BA, describe 
the circle ACE ; and from the point 
C, in wUich the circles cut one 
another, draw the straight lines 
(1. Poat.) CA, CB to the points A, 
B ; ABC ia an equilateral triangle. 

Because the point A is the cen- 
tre of the circle BCD, AC is equal 

(11. Def.) to AB ; and because lAe point B is the centre of the circle ACE, 
BC is equal to AB : But it hasoeen proved that CA ia equal to AB ; there- 
fore C A, CB are each of thetn equal to AB ; now things which ate equal 
to the same are equal to oneanolher, (1. Ax.) ; therefore C A is equal to 
CB ; wherefore, CA, AB, CB are equal to one another ; and the triangle 
ABC is therefore equilateral, and it ia described upon the given strught 
line AB. 

PROP. II. PROB. 

JiVom a given foint lo draw a straight line egwU to a given straight Une. 

Let A be the ^ven point, and BC the gi- 
ven straight iine ; it is required to draw, from 
the point A, a straight line equal to BC. 

From the point A to B draw (1. Post.) the 
straight line AB ; and upon it describe (Prob. 
l.)theequilater^triangleDAB,and produce 
(2. Post.) the straight lines DA, DB, to E 
arid F ; from the centre B, at the distance 
BC, describe (3. Post.) the circle CGH, and 
from the centre D, at the distance DG.describo 
the circle GKL. AL is equal to BC. 

Because the point B is the centre of the cir- 
cle CGH, BC is equal (11. Def) to BGj and 
becttuM D is the centre of tiw circle GKLt 
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DL is equal to DO, and DA, DB, parts of them, ore equal ; thtiafara tha 
rerotunder AL is equal to the lena&iniie; (3. Ax.) BG : But it hu baen 
shewn that BC ia equal to BQ ; wherefore AL and BC are each of them 
equal to BG ; and thin^ thnt are equnl to the eune are equal to one an- 
otber; iherefora cbestrai^ht line AL uequalto BC. Whenfiite, ftom the 
given point A, a atiaight hne AL baa been dnwn equal to the given Mraight 
ItneBC. 

PROP. UI. FROB. 

From lAe gretOer <^ tvo gwen tmighl Imu to eat popart tgtulhAe hit. 

Let AB and C be the twagiven straight 
lines, whereof AB is the greater. It is re- 
quired to cut off from AB, the greater, a 
part equal to C, the lesa. 

I>ora the point A draw (Prob. 2.) (ho 
straight line AD equal to C ; and from the 
centre A, and &t the distance AD, describe 
(8. Post,) the circle OEF ; and because 
A is the centre of the circle DEF, AE is 
equal to AD ; but the straight line C is 
likewise equal to AD; whence A£ and 

C are each of them equal to AD ; wherefore the straight line AE is equal 
U> (1. Ax.) C, and fiom AB the greater of two abaight Iibm, a paA AE 
baa been cut off equal to C the Iras. 

PROP. IV. PROB. 

To Oseet a gmn ndHiitMi angle, tiatU.U *oW» itinUHfo etna! a^Ua. 




I lequiied to bi 



Let BAG be the given rectiHneal angle, it 
Take any point D in AB, and from AC 
cut (Prob. 3.) of AE equal to AD; joio 
DE, and upon it cteecribe (Prob. 1.) an equi- 
lateral triangle DEF ; then jmn AF ; the 
straight line AF bisecte the angle BAC 

Because AD ia equal w AE, and AF is 
common to the two triangles' DAF, EAF ; 
the two Mdes DA, AF, are equal (o the two 
wdes EA, AF, each to each ; but the baee 
DF ia also ^ual to the base EF ; thwe- 
foro the angle DAF ia equal [6. \.) to the 
angle EAF; wherefore the givei* rectilineal 
angte BAC ia bi»eoi*i by tba aawght koa 



SCHOLIUM. 
By the same construction, each of the halves BAF, CAP, may be divid- 
ed into two equal parts ; aod thus, by sijccessive subdivisions, a given an- 
gle may be Svideiimo four equal parts, into eight, mlo sixteen, and so on. 
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PROP. V. PROB. 

Tb hittet » giomfiMU ilraight liM,Aatu,U> divide it mlo two egualparU. 

Let AB be the given etraight line ; it ia required to divide it into two 

*^DoaOTbe (Prob. 1.) «P<"n il an equilaterftl triangle ABC, and biMcl 
(Prob. 4.) the angle ACB by the straight lino 
CD. AB ia cut into two equal perl* in the 
point D. 

Because AC ia equal to CB, and CD com- 
mon to the two trianglee ACD, BCD : the two 
■idee AC, CD, are equal to the two BC, CX>, 
each to each ; but the angle ACD is also oqual 
to the angle BCD ; therefore the base AD is 
equal to the base (1. 1.) DB, and the straight 
line AB is divided into two equal parts in the 
point D. 

PROP. VI. PROB. 

3b drm> a ttrtaght line at right angUa to a given straight Sne, from a given 
point tn that line. 

' Let AB be a ff ven stmigbt line, and C a point pven in it ; it is required 
to draw a straight Lne from the point C at nght angles to AB, 

Take any point D in AC, and (Prob. 3.) make CE equal to CD, and 
upon DE describe [Prob. 1.) the equi- -p 

latwal triangle DFE, and join FC ; ■'^ 

the Birai^bt line FC, dtawn from the 
given point C, is at right angles to the 
given straight line AB. 

Because DC is equal to CE, and 
PC common to the two triangles DCF, 

ECr, the two sides DC, CF are equal _ „ _ _ 

to the two EC, CF, each to each ; but A D C KB 

the base DF is also equal to the base EF ; therefore the angle DCF is 
equal (5. 1.) to theangle ECF ; and they are adjacent angles. But, when 
the adjacent angles which one straight line makes with another straight 
Ene are equal to one another, each of them is called a right (7. def.) angle ; 
therefore each of the angles DCF, ECF is a right angle. Wherefore, 
£rom the given point C, in the given atrai^t line AB, FC has been drawn 
at ri^ht anglea to AB. 
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PROP. Vn. PROB. 

To draw a straight Hne perpendicular to a given straight Utu, of an unSmiled 
iengihifrom a given point u>ilhoul it. 

Lot AB be a given etraighc line, which may be produced to any length 
both ways, and let C 6b a point without it. It u required to draw a Btiaight 
line perpendicular to AB from the point C. 

Take any point Dupon the Other 
eide of AB, and from the centre C, 
at the distance CD, describe (3. 
Post.) ihe circle EGP meeting 
AB in F, Q ; and bisect (Prob. 5.) 
FG in H, and join CF, CH, CO ; 
the straight line CH, drawn from 
the given point C, is perpendicular 
lo the given straight line AB. 

Because FH is equal to HQ, and HC common to the two triangles FHC, 
GHC, the two sides FH,HC are equal to the twoGH,HC, each to each; 
but the base CF is also equal (11. Def. I.) to the base CG; thereforo ih« 
angle CHF is equal (5. 1.) to the angle CHG; and they are adjacent 
angles ; now when a straight line standing on a straight line makes the 
adjacent angles equal to one another, each of them is a right angle, and 
the straight line wbich stands upon the other is called a perpendicular to 
it ; therefore from the given pmnt C a perpendicular CH has been drawn 
to the given straight Imo AB, 




PROP. Vni. PROB. 

To amstrvct a triangle af which the Bides sAall be equal to three given straight 
lines ; but atty two whatever of these lines must be greater than the third. 

Let A, B, C be the three given etiaight lines, of wbich any two what- 
ever are greater than tbe third, 
viz. A and Bgreater than O ; A 
«nd C greater than B ; and B 
and C than A. It is required to 
make a triangle of which the 
sides shall be equal to A, B, C, 
each to each. 

Take a straight line DE, ter- 
minated at the point D, but un- 
limited towards E, and make 
{Prob. 3) DF equal to A, FQ 
lo B, and GH equal to C ; and 
lirom the centre F,at the distance 
PD, describe (3. Post.) the cir- 
cle DKL i and from the centre 
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G, at the dUtance GH, daecribo (3. Poet.) anolher circle HLK | and join 
KF, KG ; the triangle KFG baa ila adea equal to the three •traight line*, 
A,B,C. 

Because the point F is the centre of the circle DKL, FD is ftqual (11. 
Def.) to FK ; but FD ia equal to the atraight line A i therefore FK ia equal 
to A : Again, beeauBe G is the centre tA tba circle LKH, OH ia equal (11. 
Def.) to QK ; but GH ia equal to C ; therefore, alao, GK ia equal to C ; 
and FG ia equal to B 'therefore the three slraight lines KF, FG, GK, are 
equal to the three A, B, C : And thwefore the thdHgle KFQ has ita Ihiea 
ndea KF, FO, OK equal to the three givea atraight lines, A, B, C. 

SCHOLIUM. 

If oite of the «dea were greater than the autn of the other two, the arcs 
would not intersect each other : but the solution will always be possible, 
when the sum of two aide*, any how taken {13, 1.) ia greater than the 
third. 

PROP. IX. PROB. 

Atagiumpoint^mgiDmilTfaghiUm, to makt a re e i i li n ea l )»gk egntl te a 
givtn reefUineal attgle. 

Let AB be the given Btmight Una, vid A the given poiBt in it, and DCS 
the given lectiliD^ angle ; it ia ToquinA to iiiak« an angla at the givon 
point A in tha given atraight lina 
AB, that shall be equal to the given 
rectilineal angle DOE. 

Take in CD, CE any points D, 
E, and join DE ; and make {Prob. 
8.) the triangle AFG, the sides of 
which shall be equal to the three 
etrught lines, CD, D£, OE, so that 
CD be equal to AF, CE to AG, 
and DE to FG ; and because DC, 
CE are equal to FA, AG, each to 
each, and the base DE to the base 
PG; the angle DCE is equal (S. 

1.) to the angle FAG. Therefore, at tha given pwnt A i^ „.t, jj.,™ 
•traight Kne AB, the angle FAG is made equal to the itiven rectilineal an- 
glaDCS, ° 
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PROP. X. PROS. 

TSoe angles of a triangle being given, to find the third. 

Draw any straight line CD ; at a j\. 

point therein, as B, make the angle / 

CBA equal to ona of the given an- / 

glaa, and the angle ABE equal to / 

the other; the remaining angle / 

EBD will he the third angle requir- / 

ed ; because those three angles (Cor. / 

6. 1.) are togetber equal to two right 
angles. 

iZ JO u 

PROP. XI. PROB. 
Two mgle$ ofu triangle mdatide being givm, to omsfrMcf tU ttimgk. 

The two ftOglM will either be both adjacent to the gmn side, or tha ona 
adjacent and the other •pporito : in the lattw ease, find the third angle 
(R-ob. 10.) ; and the two adjacent angles will thus be known. 

Draw the straight line EC equal to the 
given side ; at the point B, make an an- 
gle CBA equal to one of the adjacent an- 
gles, and at C, an angle BCA equal to 
the other ; the two lines BA, CA, will in- 
tersect each other, and form with BC the 
triangle required; for if thej were paral- 
lel, the angles B, C, would be together 
equal to two right angles, and therefore 
could not belong to a triangle ; hence, BAG will be the triangle required. 

PROP. XII. PROB. 

Ttao aidea and an angle opposite to one of them being given, to amtntct lie 
* triangle. 

This Problem admits of two cases. ^ 

First. When the given angle 
is obtuse, make the angle BCA 
equal to the given angle j and take 
CA equal to that side which ia 
adjacent to the given angle, the 
arc described from A as a centre, 
with a radius equal to AB, the 

Other given ride, wouE cut BC on ^:l— — — i^j^___^^ _ 

oppbsita rides of C ; so that only -" *-■ ■ — -""^C 

one obtuse angled triangle could beftrmed ; Aat ia, the UiftBgb BCA wiS 
be t&e triangle raqmred. 
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And, if the given angle were right, although two irianglefi would be 
farmed, jet, aa tbe h;)>potenuae would meet BC at equal dislaaces lioin the 
commoa perpendicular, these triangles would be equal. 

Seamdiy. If the given angle be acute, and tbe aide opposite to it greater 
than the adjacent ride, the eame mode of construction will Apply : for, mak- 
ing BCA equal to the given angle, and AC equal EC tbe adjacent side ; 
then, firom A as centre, with a radius equal to the other given eide, describe 
an arc, cutting CB in B; draw AB, and CAB will be the triangle re- 
quired. 

But if the given angle is acute, and the side opposite to it less than the 
other given side ; make the angle GBA equal to the given angle, and take 
BA equal to the adjacent mde ; then, the arc described from the centre A, 
with tbe radius AC equal to the opposite side, will cut the straight line 
BC in two points C and C, lying on the same side of B : hence, there will 
be two triangles BAC, BAC, either of which will satisfy the coadilions of 
the problem. 

SCHOLIUM. 

In tbe last case, if tbe opposite side was equal to the perpmdicular from 
the point A on the line BC, a. rigbl angled triangle would be formed. And 
the problem would be impossible in all cases, if the opposite side waa lesa 
th&n the peipendicular let lall from the point A on the straigbt line BC. 

PROP, XIII. PROB. 

To ifrau a straight line through a given point paraliei to a given straight line. 

Let A be the given point, and BC the given straight line, it is required 
to draw a straight line through the . 

point A, paiallel to the straight Une iS^ ,„ 

BC. E 7 » 

In BC take any point D, and / 

join AD ; and at tbe point A, in the ^ 

straight line AD, make (Prob. 9.) B D C 

the angle DAE equal to the angle 

ADC ; and produce the straight line EA to F. 

Because the straight line AD, which meets the two straight lines BC, 
EF, makes the alternate angles £AD, ADC equal to one another, EF ia 
parallel (19. 1.] to BC. Therefore the straight line EAFisdrawn through 
the given point A parallel to the given straight line BC. 

PROP. XIV. PROB. 

To deserve a parallelogram that shall be egttivaleni to a given trimgie, and hoot 
one of its angles egval to a given rectilineal angle. 

Let ABC be the given triangle, and D the given rectilineal angle. It i» 
required to dMcribe a parallelogram that shall be equal to the given than- 
rie ABO, and have one of its angles equal to D. 

Bisect (Prob. 5.) BC in E, join AE, and at the paint E in the etraighl 



OF OEOMETBT. K)OK L U 

line EC make (Prob. 9.) tbe an^ CEF eqaal (o D ; and ihnugh A draw 

(Prob. 13.) AG parallel to BC, and through C d»w CO (Prob. 13.) pamt 

lalloEF; therefore FECX3 is a pa- 

lallelogram : And because BE is 

equal to EC, the triangle ABE is 

likewise equal (32. 1) to Ifaa trion- 

g:le AEC, since thej are upon equal 

bnAea BE, EC, and between the 

same parallels BC, AG; therefore 

th« triangle ABC is double of the 

triangle AEC. Ajid the parallel- 

ogram FECO is likewise double 

(35. 1.) of the triangle AEC, be- 




\me paralli 

fore the parallelogram FECO is equal to the triangle ABC, and it has ona 
of its angles CEP equal to the given angle D ; Wherefore there has been 
described a parallelogram FECG equal to a given triangle ABC, having 
one of ita angles CEF equal Co the ^ven angle D. 

CoH. Hence, if the angle D be a right angle, the parallelogram EFQC 
will be a leclaogle, equivalent to the triangle ABC ; and tbenfora tba 
oame construction will apply to the problem : lo make a Irimglt tfuwaimt 

to a given rectangle. 

PROP. XV. PROB. 

Ta a given siraig/il line lo apply a parallMogram, vhick ahidl be egwaknl te a 
given triangle, and have one of iia anglee equal to a given reetUineal angle. 

Lot AB be the given straight line, and C the given triangle, and D th« 
(^ven rectilineal angle. It is required to apply to the straight line AB a 
parallelogram equal to the triangle C, and having an angle equal to D. 
Make (Prob. 14.) the parallelogram BEPG equal to the triangle C, having 




the angle EBCr equal to the angle D, and the side BE in the same straight 
Una with AB: produce FO to H, and through A draw (Prob. 13.) AH 
parallel to BQ or EF, and join HB. Then because the straight tine HF 
feUfl upon the paraUels AH, EF, the anglee AHF, HFE, are togethet 
equal (21. 1.) to two right angles; wherefore the angles BHF, HFE ar« 
1«M than two ligb} angles ; But uitaight lines which with another straight 
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luw nmk« tho interior aeglea, upon the Mima uie less than two right wi- 

flw, do meet if produced (22. 1.) : Therefore HB, FE wiU meel, if pro- 
uced ; let them meet in K, and tbrougti K draw KL parallel to £A or 
FH, and produce HA, QB to the points L, M : Then HLKF is a parallel- 
ogram, of which the diameter ia HK, and AO, ME are ibe pwullslagmms 
about HK; and LB, BF are the oomplenientB ; therefore LB is equal (36. 
1.) to BF : but BF is equal to the triangle C ; wherefore LB is equal to 
the triangle C ; and because Ibe angle GBE is equal (8. 1.) to the an^a 
ABM, and likewise to the angle D ; the angle ABM is equal to the angle 
D : Therefore the paraUelogram LB, which is applied to the straight Ueo 
AB, in equal to the triangle C, and hae the angle ABM equal to the (ms- 
gleD. 

Con. Hence, a tiiangh mat/ be converiert ittlo an egvivalent reelangle, Aov* 
ing a aide ef a gitm length ; for, if the angle D be a right angle, and AB 
the given side, the paraUelogiacn ABML will be a rectangle equivalent to 
the triangle C. 

PROP. XVI. PROB. 

Tb deteribe a paraBelogram egyaeaknt to a given recUlmeai figure, and iMvatg 
wt angle egual to a given reeliSneal angle. 

Let ABCD be tho given rectilineal figure, and E the given rectilineal 
angle. It ia required to desciibe a panlleiognun equal to ABCD, and hav- 
ing an angle equal to E. 

Join DB, and describe (Prob. 14.) the paraUeiogratn FH equal to the 
trisngle ADB. and having the angle HKF equal to the angle E ; and to 
the straight line GH (Prob. 15.) apply the parallelogram GM equal to lbs 
triangle DBC, having the angle GHM equal to the angfe E. And be- 
cause the angle E is equal to each of the angles FKH, GHM, the angW 
FKH is equal to GHM ] add to each of these the angle KHQ ; therefi»« 
the angles FKH, KHG are equal to the angles KHG, GHM ; but FKH^ 
KHG are equal (21. 1.) to two right angles ; therefore also KHG, GHM 



D 



O 




ntt en^ to two right angles : and because at the point H in the itiiBi^ 
line GH, the two straight lines KH, HM, upon the opposite sides of GI^ 
make the adjacent angles equal to two right angles, KH is in the same 
Htrai^tttitoftlT. 1.) witkHM- AndbecaiW thatimaght line HG nweu 
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the pftTftUela tf:M, FG, the ftltemate angles MHO, HGF are equal (31. 1.) ; 
add to each of these tbe «n^ HGL ; therefore the ang'les MHG, HGL, 
are equal to the anglea HGF, HGL : But the aoglea MHG, HGL, are 
equal (21. 1.) to two right angles ; wherefore also the angles HGF, HGL, 
are equal to two right angles, and FG is therefore in the aame straight line 
vith GL. And because KF is parallel to HG, and HG to ML, KF is pa- 
rallel (23. 1.) to ML ; but KM, PL are parallels : wherefore KFLM is & 
paiallelogram. And because the triangle ABD ie equal to the pamUel- 
ogramHF, and the triangle DBG to the parallelogram GM, then hols 
reclilineal figure ABCD is equal to tbe whole paraUelogram KFLM ; 
therefore the parallelogram KFLM has been described equal to the gives 
rectilineal figure ABCD, havmg the angle FKM equal to the given an- 
gle E. 

CoR. From this it is manifest how to a g^ven straight hne to apply a 
parallelogram, which shall have an angle equal lo a given rectilineal an- 
gle, and shall be equal to a given rectilineal figure, vie. by applying fProb. 
15.) to ibe given straight line a parallelo^iam equal to tbe first triangl* 
ABD, and having an angle equal to the given angle. 

PROP. XVn. PROB. 

Tbjbtd a triangle thai ahaU It egmvahU to m^ giotit rtetiBneal figure. 

Let ABODE he the given rectilineal figure. 

Draw the diagonal CE, cutting off the triangle CDE ; draw DF paral- 
lel to CE, meeting AE produced, and join CF: the polygon A&3DE 
will be equivalent to the polycon 
ABGF, -nrhich has one side lesa 
than the original polygon. 

For the triangles CDE, CFE, 
have the base CE common, and 
they are between the same paral- 
lels ; wncB their vertices D, F, are 
situated in a hne DF parallel to 
the base : these triangles are there- 
fore equivalent. Draw, now, the 
diagonal CA and BQ parallel lo it, 
meeting EA produced: join CG, 
and the polygon ABGF will be re- 
duced lo an equivalent triangle; 
and thus the pentagon ABODE 
will be reduced to an equivalent triangle GCF. 

The same process may be applied to every other polygon ; for, by suc- 
ceauvely dimimshing the ntunber of iu sidee, one being retreached at each 
Btep of the ptocttM, tbe eqwvalent Uuuigle will at langth ha found. 

CoK. Since a triangle may be converted into an equivalent rectaof^i 
)t followi that amy polygon may fte redawd to on ejvivaierU rtcUmgk. 
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PROP. XVUl. PROB. 

To deicriie a sjua-e upwi a gweit itraight line. 

Let AB ba th* given atraight line ; it is Tequiied to describe a, aquais 
upon AB. 

From the pcrint A draw (Prob, 6,) AC at right angles to AB ; and maka 
(Prob. S.) AD eqnal to AB, and through the point D draw DE parallel 
{Prob. 13.) to AB, and through B draw BE parallel to AD ; therefore 
ADEB ia & parallelogram ; whence AB is — 
eqiial(28,l.)ioDE,andADtoBE; butBA 
is equal to AD ; therefore the four etraight 
lines BA, AD, DE, EB are equal to one ano- 

ther, and the ]^allelogram ADEB ia equjla- !D[— |IB 

terai ; it ia likewiae rectangular ; for the 
straight line AD meeting tbe parailela, AB, 
DE; makes the angles BAD, ADE equal (21. 
1.) to two right angles ; but BAD ia a right 
angle ; therefore also ADE is a right angle 
now the oppowte angles of parallelograma are 
equal (28. 1.) ; therefore each of the opposite 
angles ABE, BED is a right angle ; where- 
fore the figure ADEB is rectangular, and it has been demonstiated that it 
IS ecjuilateral ; it is therefore a square, and it is described upon the ffiven 
Straight line AB. 



PHOP. XIX. PROB. 

Tafitdlhetide of a tjuare that sAaU be eqmiaUnt to the mm of two squares. 

Draw the two indefinite lines AB, AC, 
perpendicular to each other. Take AB 
equal to the side of one of the given square*, 
and AC equal to the other ; join BC : this 
will be the side of the aqusje required. 

For the triangle BAG being right angled, 
theaquare constructed upon BC (Th. 37. 1.) 
is equal to the sum of the squares described j)" 
upon AB and AC. 

SCHOLIOM. 

A square may be thus formed that ahaU be equivalent to the eum of any 
number of squares ; for a similar conatmctioD which reduces two of them 
to one. will reduce three of them to two, and these two to one, and so of 
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PROP. XX. PROB. 
ToJutdtherideofaipiaratpdvaUnttothe^fferetetBftwo gitmigtara. 

Draw, u in the lut problsm, {see the Jig.) the linea AC, AD, at right 
angles to each other, making AC equal to the atde of the lees equara ; then, 
from C as centre, with a ndius equal to the sido of the other Miiiare, d»- 
scribe an arc cutting AD in D ; the square described upon AD will bs 
equivalent to the differeoce Of the squares constructed upon AC and CD. 

For the triangle DAC is right angled ; tberefbre, the square described 
upon DC is equivalent to the squares constructed upon AD uid AC: hoDco 
(Cor, I. Th. 37. 1.), AD'=CD'-AC 

PROP. XXI. PROB. 

A rectangle being givm, ta cmubtM an eftdvalent one, Aaviitg a rick of a gwtn 

length. 

Let AEFH be the given rectangle, 
and produce one of its ddea, as AH, 
till HB be the given length, and draw 
BFD meeting the prolongation of AE 
inD; then produce EF till FGis equal 
toHB: draw BGC, HFK, parallel to 
AED, and through the point D draw 
DKC parallel lo AB or EG ; then, 
the rectangle QFKC, having the side 
FG of a given length, is equal to the 
given rectangle AEFH (Th. 36. 1.). 

CoK. J poii/gon may ie converted into m eguivaknt rectangle, hating om 
of iU sidti of a given Unglh. 
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DEFINITIONS. 

1. Evert right angled phraU'elograin, or reclangk, ig Baid to be contained 
by any two of the sUaigbt liaes which are about one of the right an- 
gles. 

" ThuB the right angled pEtrallelagram AC v> called the rectangle contain- 
" ed b7 AD and DC, or bj AD and AR 4ie. For the sake of brevity, 
" instead of the nclangU conlained by AD and DC, we shall simply say 
" the rectangle AD . DC, placing a point between the two Bides of the 
" rectangle. 

3. In Qeometry, the product of two lines means the same thing as their 
rectangle, and thi* expression has passed into Aiithmetic and Algebra, 
where it serves to designate the product of two unequal numbers or 
quanuiies, the expression tguare being employed to de^nate the product 
of g, quaatity multipUed by it«el£ 
The arithmeticeJ squares of 1, 



3, 8, Sec. are 1, 4,' 9, &c. 
likewise the square describ- 
ed on the double of a line is 
evidently four times the 
square described on a single 
one ; on a triple line nine 
tiroes that on a single one. 



3. In every parallelogram, any of the 
parallelogTams about a diameter, 
together with the two complements, 
is called a Gnomon. >' Thus the 
" parallelogrttm HO, together with 
" the complements AF, FC, is the 
" gnomon of the parallelogram AC. 
" This gnomon may also, for the 
"sake of brevity, be called the gno- 
"nwnAGKorEHO." 
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PROP. L THEOB. 

J^ there be two tlreight linet, om of which is divided into any number ofpartt; 
Aie reeCmgie contained by the two ilToight linfS is eqiud to the rectangles con- 
taitted by the undivided Une, and the several parts of the divided Une. 

Let A and BC ba two attftight lines ; aiid let BC be divided into wiy 
parts in the pointe D, E ; the rectangle A.BC ia equal to the »ev«ral rectr 
anglea A,BD, A.DE, A.EC. 

From the point B draw (Prob. 6. 1.) 
BF at right angles to BC, and make 
BG equal (Prob. 3. 1.) to A; and 
through Gdraw (Prob. 13, 1.}GH pa- 
rallel to BC ; and through D, E, C, 
draw DK, EL, CH parallel to BG; 
then BH, BK, DL, &nd EH are rect- 
anglea, and BH=BK+DL4-EH. 

But BH=BG.BC^ A.BC, because 
BG=A: Al8oBK=BG.BD=A.BD, 
because BG=A ; and DL=DK.DE 
=A.DE, becauie(28. 1.) DK^BG 
=A. Jn like manner, EEI=A.EC. Therefwe A.BC=A.BD-)-A.DE 

tA.EC ; that is, the rectangle A.BC is equal to the several rectangles 
BD, A.DE, A.EC, 

SCHOLIUM. 
The propsTtiea of the sections of lines, demonelrated in this Book, are 
easily derived irom Algebra. In this proposition, for instance, let the seg- 
ments of BC be derwted by 6,c,and d; then, A(S+c-i-if)=Ai+Ac-}-Arf. 

PROP. II. THEOR. 

Jf a straight line be divideiinto any two parts, the rectangles contained by lie 
vhok and each of the parts, are together equal to the sgmre of jAe whole line. 

Let the straight line AB be divided into any 
two parts in the point C ; the rectangle AB.BC, 
together with the rectangle AB.AC, is equal to 
the square of AB; or AB.AC+AB.BC=AB'. 

On AB describe (Prob. 13. I.) (he acjuare 
ADEB, and through C draw OF (Prob. 13. 1,) 

ejallel to AD or BE; then AF-[-CE=;AE. 
ut AFi: AD .AC= AB.AC, because AD= 
AB; CE=BE.BC=AB.BC; andAE=AB'. 
Therefore AB.AC-f AB.BC=AB'. 

SCHOUCM. 
This {iroperty is evident from Algebra : let AB be denoted by o, and the 
eegraents AC, CB, by b and i^ respectively ; then, a=b+d ; therefore, mul- 
tiplying both members of this equahty by a, we shall have tf=ai+ad. 




PROP. III. THEOB. 

If a straight Une be divided into any two paiig, the reetangte eonbdned by thi 
whole and one of ike parts, is equal to the rtdangk contained by the two parts, 
together with the square of the aforesaid part. 



Let the straight hne AB be divided ii 
leclangle AB.BC is equal to the rect- 
angle, AC.BC, together with BC 

Upon BC describe (Prob. 18, I.) the 
square CD&B, and produce ED to F, 
and through A draw (Prob. 13. 1.) AF 
parallel to CD or BE; thenAE=AD 
4-CE. 

But AE = AB.BE = AB.BC, be- 
cause BE=BC. ■8oal8oAD=AC. 
CD=AaCB; ttndCE=BC'j there- 
fore AB.BC=AC.CB-|-BC'. 



3 two parta, ia th« pcant C ; the 
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In this proposition let AB be denoted bj a, and tha eegmentH AC and 
CB, hy iand c; then a=b-\-c: ihereibte, multiplying both members of 
this equality by e, we shall have oc=Ae+c". 

PROP. IV, THEOR. 

If a straight Utk be divided into any lino parts, the Sfuare of (he whole line is 
equal to the squares of the two parts, together with twice the rectangle conlata- 
ed by the parts. 

Let IhR straight line AB be divided into any two parte in C ; the square 
of AB is equal to the squares of AC, CB, and to twice the rectangle con- 
tained by AC, CB, that is, AB'= AC'+CB'+2AC.CB. 

Upon AB describe (Prob, 18, 1,) the square ADEB, and jMn BD, and 
through C draw (Prob. 13. 1.) CGF parallel to AD or BE, and through G 
draw HK parallel to AB or DE. And because CF is parallel to AD, and 
BD fells upon them, the exterior angle BGC 
is equal (21. 1.) to the interior and opposite 
angle ADB; but ADB is equal (3. 1.) to the 
angle ABD, because BA is equal to AD, be- 
ing sides of a square; wherefore the angle 
CGB is equal ta the angle Q6C ; and there- 
fore the side BC is equal (4. 1.) to the side 
CG; but CB is equal (28. 1.) also to GK and 
CO to BK ; wherefore the figure CGKB is 
equilateral. It is likewise rectangular ; for 
the angle CBK being a right angle, the other 
angleaof the parallelogram CGKB are also right angles (Cot. 2, 28. 1,) 
Wherefore CGKB is a square, and it is upon the side CB. fw the eama 




:,q,t,MDvG00g[C 



OF GEOMETRY. BOOK 0. -47 

reason HF also is a square, and it ia upon the iride HO, 'which is equal to 
AC : therefore HF, GK are the squares of AC, CB. And because ths 
complement AG ia equal (36. 1.) to ibe complement QE; and because 
AG=AC.CG=AaCB, therefore also GE=:AC.OB, and AG+GE= 
2AC.Ca. Now, HF^AC'and CK=CB"; therefore, HF+CK4- AG 
+GE=AC''+CB'+2AC.CB. 

But HF+CK4-AG+GE=lh8 figure AE, or AB»i therefore ABis 
AC"+CB"+2AC.CB. 

Cor. From the demonstralioQ, it ia manifeat that the paraUelognuns 
about the diameter of a square are likewise squares. 
SCHOLIUM. 

This property is derived from the square of a binomial. For, let the two 
parts into which this line is divided be denoted by a and i ; theD, (^a-^bf 
=ffl»+2oi-|-4». , 

PROF. V. THEOB. 

^a straight line be divided into two egval parts, and also into tiea tmejvalpartg ; 
the rectangle contained by the unequal parts, together loith the agvare of tAe 
line between the poifOs of section, is equal to the square of half the line. 

Let the straight line AB be divided into two equal parts in the point G, 
and into two unequal parts in the point D; the rectangle AD. DB, together 
■with the square of CD, ia equal to the square of CB, or AD.DB-I-CD'= 

Upon CB describe [Prob, 19. 1 .) the square CEFB, join BE, and through 
D draw (Prob. 13. 1 j DHG parallel to CE or BP ; and through H draw 
KLM paraUe! to CB or EF ; and _ 

also through A draw AK parallel to A, V ^<— 

CLorBM; And because CH=rHF, 

if DM be added to both, CM=DF. 

But AL= (30, 1 ,) CM, therefore AL 

=DF, and adding CH to both, AH 

=gnomonCMa. But AH=AD. 

DH=:AD.DB, because DH=DB 

{Cor. 4. 2.) ; therefore gnomon CMG 

=AD.DB. To eachadd LG^CD'.then, gnomon CMG+LG=AD.DB 

4-00". ButCMG+LG=BC"; therefore AD. DB+C1>'=BC». 

" Cob. From this proposition it is manifeat, that the difference of the 
" squares of two unequal lines, AC, CD, is equal lo the rectangle conlain- 
»"ed by their sum Mid difference, or that AC"-CD'=(AC4-CD) (AC — 

SCHOLIUM. 
In this proposidon, let AC be denoted by a, and CD by S ; then, A D= 

o-fft, and DB=a-J; therefore, by Algebra, (a-}-4)x(ii 4)=a'— i»- 

that is, the product of the sum and lUferenoe ef two juantitiet, is ejuivaleni ta 
the ^irma if their tjusret. 
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PROP. VI. THEOE. 

Jf a straight line be bisected, and produced to any point ; the rectangle contained 
hy the whole Une thus produced, and the pari of it produced, together with tie 
square of half the line bisected, is ejual to the square of the itraight line which 
ia node up of the half and the part produced. 

Let the straight line AB be bisected in C, and produced to the point D ; 
the rectangle AD.DB together with the square of CB, ia equal to the 
Bquare of CD. 

Upon CD describe (Prob. IS. 1.) the square CEPD, join DE, and 
through B draw (Prob. 13. 1.) BHO parallel to CE or DP, and through H 
draw KLM parallel to AD or EF, and also through A draw AK ptut^el 
to CL or DM. And because AC is 
equal to CB, the rectangle AL is 
equal (30. 1.) to CH j but CH is 
equal (36. 1.) to HF ; therefore aloo 
ALisequal toHF: Toeachoftheae 
add CM; therefore the whole AM is 
equal to the guomon CMQ. Now 
AM=AD.DM=AD.DB, because 
DM=DB. TtaerefotegnomonCMG 
=AD.DB, and CMa+LG=AD. 
DB+CB*. But CMG+LG=CF 
=00", vhereiwe AD.DB-(-CB'=CD-. 

SCHOLIUM, 

This property is evineed algebraicaUr ; thus, let AB be denoted by 2a, 

and BD by S ; then, AD— 2a-|-6, and CD=a-(-4. Now by multiplioaiioa, 

t(2o+i) = 2o4+&'; Iherefwfl, 
by adding a* to each member of tbe equality, we shall have, 
i(aii-l-J)+a'=a»J-2o*+6'j 
.■.6C2«4-i)+a' = (B+*)'. 

PROP. VII. THEOR. 

If a straight line be divided into any two parts, the squares of the whole line, and 
of one of the parts, are equal to traice the rectangle contained by the whale and 
thalpart, together with the equareofthe other pari. 

Let the straight line AB be divided into any 
two parts in the point C ; ihe squares of AB, 
BC, are equal to twice the rectangle AB.BC 
together with the square of AC, or AB'-j-BC" 
=2AB.BC+AC". 

Upon AB describe (Prob, 18. 1.) the square 
ADEB, and construct the figure as in the Re- 
ceding proposition* : Because AG=QE, AQ 
a-CK=GE-t-OK, that is, AK=:CE, and 
therefore AK+CE=2AK. But AK-fCE 
■sgnomon AICF+CK ; and th«nfi)» AEF 
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+ CK=2AK=2AaBK=2AB.BC, because BK = (Cor. 4. a > BO 
Since then, AKF+CK=;2AB.BC, AKF+CK+HF=SA&BC4-HF ■' 
and becauM AKP+HF=AE=AB'. AB'+CK=3AB.BC+HF, that 
is, (since CK=CB', anil HP=AO',) AB'+CB'=:3AB.BC+AC'. 

" Cob. Hence, the •ncn of ihe Rquttrea of any two lines is equej to twic« 
" the raciangle contained by the lines togeibei with the squaie of the dif- 
" ference of the lines," 



SCHOLIUM. 



In this proposition, lei AB be denoted by a, and tha segnunts AC uid 

CB by A and c ; 

theno'=J'4.2*c+c'; 
adding c" to each member of this equality, we ehall have, 

oto'-j-.*'=2<io-f.ft'. 

Cor. From this proposiiion it is evident, that the agvatt detcriied on lie 
differeiKt of tma lines is efwvalenl la ike sum of Ihe squares described an ihe 
lines respecttvely, minus lurice the reeiangle eontaijted by Ihe bies. For a~e 
=4; therefore, by involution, o'—2oc+(^=i'- This may bealsodedved 
from the above algebraical equality, by transposition. 

PROP. VUI. THEOR. 

ff a straight line be divided into any two parts, four limes the rtciangle eontain- 
ed by the whole line, and one of the parts, together with the square of the other 
pari, is equal to the square of the straight Une which is made up of the wAob 
and the first-mentioned part. 

Let the straight line AB be divided into any two parts in the point C - 
lour timea the rectangle AB.BC, together with the square of AC, i« equal 
to the square of the straight line made up of AB and BC together. 

Produce AB lo D, so that BD be equal to CB, and upon AD deecribe 
the squaie AEFD ; and construct two figures such as in the preceding. 
Because GK is equal (28. 1.) to CB, and CB lo BD, and BD to KN, GK 
isequalloKN. For iheaamereason, PR 
is equal to HO ; and because CB is equal 
to BD, and GK to KN, the rectangles 
CK and BN are equal, as also the reclan- 
glee GR and BN : But CK is equal (36. 
1.) to BN, because they are the comple- 
ments of the parallelogram CO : ther^ore 
also BN ie equal to GR ; and the four 
rectangles BN, CK, GR, RN are there- 
fore equal to one another, and so CK-iU 
BN + Gil -f RN = 4CK. Agfun, he- —f 
MUse'CB is e^ual to BO, and ^D eijual K 
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(Cor. 4, 2.) to BK, th»t is, to CO ; and CB equnl to OK, thit ie, to GP ; 
therefore OG is •qual to GV ; and becauae CG is equal to GP, and PR t» 
RO, the rectangle AG is equal to MP, and PL to RF : but MP ia equal (86. 
1.) to PL, because they are tbe complemenls of the parallelogram ML ; 
therefore AG is equal also to RF- Therefore the four reclangles AG, MP, 
PL, RF, are equal to one another, and so AG+MP+PL+RF = 4AG. 
And it w»8 demonstrated, that CK+BN+GR+RN=4CK ; wherefore, 
addinj; equals to equals, the whole gnomon AOH=4AK. Now AK=: 
AB.BK=AB,BU,and 4AK=4AB.BC ; therefore, gnomon A0EJ=4AB. 
BC ; and adding XH, or (Cor. 4. 2.) AC=, to both, gnomon AOH+XH= 
4AB.BC+AC\ But AOH+XH=AF=AD' ; therefore AI>'=4AB. 
BC+AC< 

"CoH. 1. Hence, because AD is the sum, and AC the difference of the 
" lines AB and BC, four times the rectangle contained by any two Lnes, 
" togeiber with the square of their difference, is equal to the square of the 
" sum of the lines." 

" CoR. 2. From the demonstration it is manifest, that since the square 
" of CD is quadruple of the square of CB, the square of any line ia quadru- 
"pie of the square of half that line." 

SCHOLIUM. 
In this proposition, let the line AB be denoted by a, and the parts AC 
and CB by c and b ; then AD::^e-|-26, Now, since a=b-{-c, multiplying 
both members by 4^, we shall have 

4a*=4t'+4ie; 
and adding i? to each member of this equality, we ehall have, 
4o*+e'= c'-{-4tc-{-44*, 
or4ai-fe»=(c4.2i)< 

PROP, IX. THEOR. 

^attraiffhl Utu be dtvideditOe Mo egual, and alto into two untgwU parts ; tie 
ajvareg of the two uneguai parU are together double of the tguare of half the 
hne, and of the gguare of the Hne between the points of section. 

Let the straight line AB be divided at the point C into two equal, and 
at D into two unequal parts ; The squares of AD, DB are together double 
of the squares AC, CD. 

From the point C draw (Prob. 6, 1.) CE at right angles to AB, and make 
it equal to AC or CB, end join EA, EB: through Udraw (Prob. 13. ],) 
DF perallel to CE, and through F draw FG parallel to AB : and imn AF. 
Then, because AC is equal to CE, the 
angle EAC is equal (3. 1.) to the angle 
AEG ; and because the angle ACE is a 
right angle, the two others AEC, EAC 
together make one 'right angle (Cor. 4. 
S5. 1.) ; and thoy are equal to one ano- 
ther ; each of them therefore is half of a ^ 
light angle, For the same icaeon each •«■ 
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of the angles CEB, EBO ie half a right angle; tinil therefore the wholo 

AEB is a right angle ; And because tbe angle GEPis half a right angle, 
and EGP a right angle, for it ia equal (2!. 1.) lo the inierinr and oppcsite 
angle ECB, the remaining angle EFX] is half a right angle; Jhereforo the 
angleGEF is equnl to the angle EFG, and the side EG equal (4. I.) to the 
side GF ; Again, because the angle at B is half a right angle, and FDB a 
right angle, for it is equal (21. 1.) to tbe interior and opposite angle ECB, 
the remaining angle BlTDishalf a right angle; therefore the angle at Rja 
equal to the angle BFD, ami the side DF to {4. 1.) Ihe side DB. Now, be- 
cause AC=CE, AC'=CE", and AC'+CE'=:2AC'. Bui (37 !.) AE'= 
AC+CE»; ihereforeAE'=2AC', Again, because EG=GF,EG"=G^ 
and BG=+GF'=2GF'. But EF'=EG'+GF'| therefore, EF'=2GF* 
=2CD',becauBe[28. 1,)CD=GF. Andit was shown that AE'=2AC»; 
therefore AE'+EP=2AC'+2CD". But (37. 1.) AP=AE»4-EF», 
and AD'+DF'=AF',or AD'+DB'=AP'; therefore, also, A D'+DB' 5; 
2AC'4-2CI>'. 

SCHOLIUM. 
This property ia evident from the algebraical expresrion, 
(a+i)'+(a_i)'=2fl'+26'; 
where a denotes AC, and b denotes CD ; hence, a-^i=A'D, a— i=DR 

PROP. X. THEOR. 

^ a itraight line be bisected, and produced to any povtt, the sgvare of the whole 
Hue thus produced, and ike square of the part 0/ it produced, are together double 
of the square of half the tine bisected, and of the square of the Hne made up of 
ihe half and the part produced. 

Let the straight line AB be bisected in C, and produced to the point D ; 
the squares of AD, DB are doubleof the squares of AC, CD. 

From the point C draw (Prob. 6, 1.} CE at right angle* to AB, and make 
it equal to AC or CB; join AE, EB ; througlf E draw (Prob. 13. 1.) EF 
parallel to AB, and through D draw DF parallel to CE. And because 
the straiEht Mne EF raeeli the paralleU EC, FD, the angles CEF, EFD 
are equal {21. 1.) to two right angles ; and therefore the angles BEF, EFD 
are less than two right angles; But straight hnee, which with anoihw 
straight line make the interior angles upon the same side less than two 
right angles, do meet (22. 1.), if produced fiir enough ; therefore EB, FD 
will meet, if produced, towards B, D : let them meet in G, and join AG. 
Then because AC ia equal to CE, 
tbe angle CEA is equal (3. 1.) to 
tbe angle EAO ; and tbe angle 
ACE ia a right angle ; therefore 
each of the angles CEA, EAC ia 
half a right angle (Cor. 4. 25. 1.) ; 
For the same reason, each of the 
angles CEB, EBC is half a right 
angle; therefore AEB is a right an- 
gle ; And because EBC is half & 
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riglil angle, DBG is »bo (8, 1.) half a right angle, for Ihej are vertically 
opposite: but BDG is n ri^bt angle, hectiuee it is equal (iil. 1.) to the al- 
ternate an pie DCE; therefore the remaining angle DGB is half a right 
angle, and is ihererore equal to the angle DBG; wherpfore also the side 
DB i» eq>ial (4 1 .] to the side DG, Agnin, because EOF is half a right 
angle, anii the angle at F a right anErle, being equal (SS. 1 .) to the opposite 
angle SCD, the remaininf^ angle FEG is half a right angle, anil equal to 
the angle £GF; whererorealso the siiHeGF is equal (4. 1.) lo the side FE. 
Anrt because EC=CA, EC'4-CA'=2CA". Now AE»=(37. I.) AC"+ 
CE=; therefore, AE'=2AC=. Affain, because EF=FG, £F"=FG=,and 
EF'+FC^aKF'. But EC's fST. 1.) EF'-UFG'; Iherrfore EG»= 
2EF'; and since EF=CD, ¥.G':=2CTy. And it wasdetnonBiiated, that 
AE»=2AC"; therefore, AE'+EG'=2AC+aCD^ Now,AG'=AE'+ 
EG', wherefore AG''=2AC'+2CD». But AG' (37. 1.) =:AD'+DG'=: 
AEKf DB', because DG=DB : Therefore, AI>'+DB'=2AC"+3CD». 



SCHOLIUM. 
J, and BD, the part produced, by b 



then AD= 



Let AC be denoted bj 
2fl4-i, and CD =a+b. 
. Now, {2a-\-by+b-' = ia'-\.4ab+2b'; but 4o'+4aJ+2i'=2fl''+2 a+ 
i)'; hence, (2(i + i)'-^-J' = 2o'+2(a-j-i)', and the proposition is evident 
Jroin this algebraical equalit J, 

PROP. XL THEOR. 

In oiUise angltd triangles, if a perpendicular be draten from tan/ of the acute 
angles to (he opposite tide produr.eil, the sgaare of the side fubtending the ob- 
tuse angle is greater than the squares of the sides containing the obtuse angle, 
by twice the rectangle contained by the tide upon which, when produced, the 
perpendicuiar faUt, and the aWaight line interested between the perfeadieul*r 
and the obtuse angle. 

Let ABC be an obtuse angled triangle, having the obtuse angle ACB, 
and from the point A lot AD be drawn (Prob. 7. 1.) perpendicular to BC 
■ produced : The square of AB is greater ilian the squares of AC, CB, by 
twice the rectangle BC.OD. 

Because the siraighi line BD is di- 
vided into two parts in ibe point C, -A. 
BD'=(4.2.) BC"4-CD+2B0.CD; 
add AD'iohoih: Then BD'+AD» 
= BC'4-CD' + AD'+2BC.CD. 
But AB'=BD'-i-AD" (37. 1.), and 
AC' = C'D'+AD'(37. 1.); therefore, 
AB'=BC»+AC4-2BC.CD; that 
is, AB' is gre&tei than BC'-UAC* by 
SBC.CD. B-^ 
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PROP. XII, THEOB, 



Ih every triangle the square of the tide tvbteKding any af tie amtt amgkt, m 
less than the tguareg of the sidts eotUaining lAat angle, by twice the rtetangk 
CBiitaimd by either of these sides, and the straight &ne intereepled bettoeea iJte 
perpendicular, ietfaU upon ilfrom the opposite angle, arid the acute angle. 

Let ABO be any triangle, and the angle at B one of ita acute angles, 
and upon BC, one of the aides containing il, lei fall the perpendiaiilar(PTab. 
7. 1.) AD fron^ the opposite angle : The square of AC, oppoeile lo Ib« an- 
gle B, is less than the eqiiares of CB, BA by iwice the rectangle CB.BD. 

First, let AD fall wilhin the triangle A 

ABC ; and because the straight line CB 
is divided inio two pans in the point D (7. 
2), BC'+BD'=2BC.BD-f-CD'. Add 
to each AD'; then BC'+BD=4-AD'= 
2BC.BD+CD"-|-AD'. But BD'+AD" 
=AB', and CD'+DA'=AC' (37. 1.); 
therefore BC + AB'=2BC.BD + AC; 

that is, AC is less than BC'-XAB' by 

2BC.BD. B 

Secondly, Let AD fall without the triangle ABC ;<* Then becauae tha 
an^le ac D ia a light angle, the angle ACB ig grenier (9. 1.) than a right 
anglo.and AB'=(U. 2.) AC-(-BC+2BC.CD. Add BC to each ; then 
AB=-f-BC"=AC'-f2BC+2BC.CD. But becainb BD is divided into 
two pans inC, BC+BC.CD=i{3. 2.)BC.B0, and 2BC4.2BC.CD= 
2BC.BD; therefore AB'+BC=AC'+2BC.BD ; and AC is lew ibftn 
AB'+BC, by 2BD.BC. 

Lastly, Let the side AC be perpendlculai ,A_ 

to BC ; then is BC the straight line between 
the perpendicitliir and the acme angle at B ; 
and it is manifest that (37, l.)AB'+BC' 
=AC'+2BC=AC+28C.BC. 





PROP. A. THEOR. 

■ y one aide of a iriangk be hisecied, the sum of the tptaret of the other two sides 
it double of the square of half the side bisected, and of the square of the line 
draimfroyiuhe point of bisection lo the apposite angle of the triangle. 

Let ABC be a triangle, of .which the side BC is bisectfid in D, and DA 
drawn to the opposite angle ; the squares of BA and AC are together dou> 
ble of the squares of BD and DA. 

* Bee Agart of tbo lait 



.rit^^=vGoOg[c 



84 



ELEMENTS, &c. 




From A dmw AE perpendicular to BC, 
and becRuae BEA ia a fight angle, AB' 
= (37. l.)BE'4-AE'and AC'=CE'+ 
AE"; wherefore AB»+AC'=BE»-4-CE» 
4-2 AE', But because the line BC is cut 
equally in D, and unequally in E, BE*-|- 
CE'=(9. 2.) 2BD'-|-2DE'; therefore 
AB'+AC'=2BD'+2DE"+2AE'. 

Now DE'+AE'=(37. 1.) AD', and 
2DE' + 2AE'=2AD'; wherefore A B' 
+AO'=2BD'+2AD'. 



PROP. B. THEOR. 

In my parallelogram, the two diagonals bisect each other ; and the sitm of their 
ifuarea i« eguttl to the svm of the squares of aU the four sides of the paraHel- 

Let ABCD be a parallelogram, of which the diameters are AC and BD ; 
the Hum of the equarea of AC and BD is equal to the sum of the equarea 
ofAB, BC, CD, DA. 

Let AC and BD intersect one another in E : and because the vertical 
angles AED, CEB are equal (8. 1.), and also the allemaie angles EAD, 
ECB (21 . 1.), the triangles ADE, CEB have two angles in the one equal 
to two angles in the other, each to 
each ; but the sides AD and BC, 
which are opposice to equal an- 
gles in these trumgles, are also 
equal [28, ].) ; therefore (he other 
sides which are opposite lo the 
equal angles are also equal (26. 
1.), viz. AE to EC, and ED to 
ER 

Since^therefore, BD is bisected in E, AB>+AD» = (A. 2.) 2BE»-J- 
2AE'; ftid for the same reason, CD*-[-BO'=2BE'4-2EC''=2BE» J- 
2AE», because EC=AE. Therefore AB»+ADs+DC»-f-BC«=4BE« 
+4AE' . But 4BE' =BD* , and 4AE» = AC (2. Cor. B. 2.) because BD 
and AC are both bisected in E: therefore ABa-f-AC'+CDi+BC's 
BD'-fAC. 

SCHOLIUM, 

In the case of the rhombus, the sides AB, BC, being equal, the triangles 
BEC, DEC, have all the sides of the one equal to the corre.B ponding sidea 
of the other, and are therefore equal : whence it follows that the angle* 
BEC, DEC, are equal ; and, therefore, that the two diagonals of a ihom- 
bus cut each oUier at right angles. 
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DEFINITIONS 



1. The radius of a circle ia the Btraight line drawn from the centra to tha 

circumference. 



cle, and being produced does 

not cut it. 

And that hne which haa but 
one point in common with 
the circumference, ia called a 
langenl,axid the point in com- 
mon, the point of eontact. 

3. Circles are said to touch one 
another, which meet, but do 
not cut one another. 

4. Straight Unea are said to be equally dis- 
tant from the centre of a circle, when the 
perpendiculars drawn to them irom the 
centre are equal. 

5. And the efraight line on which'the great- 
er perpendicular hlls, ia said to be farther 
from the centre. 

6. Any portioa of the circumference ia called an are. 

Tbe cAoTEJ or miMruti of an aro is the straight line which jcuu itfl two ex- 




7. A strmght line is said to be imer^d in a circle, when the extremities of 
it are in the eiroumference of the circla. And any atraight Hna which 
meets the circle In two points, ia called a sec™' 

8. A eegment of a circle is the figure con- 
tained by a straight ^e,and Unarc whic^ 

it tmfm nfF. 



Is the circle In two points, ia called a steant. 

idbyi 

it oaU off. 
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9. An angle in a segment is the angle contained 
by two straight lines drawn fcorn any point in 
the circumference of the segment, to ihe extre- 

■ milies of tha Biraigbt line which is the base of 
Ihe segment. 
An inscribed Iriangk, is one which has ila three 

angular poinla in the circumference. 
And, generally, ftn inscribed figure is one, of 

which all the angles are in the circumference. 

The circle is said to ctrcanwcriie such a figure. 

10. And an angle ia said to insist or slsnd upon 
the arch intercepted between the straight lines 
which conwin the angle. 

This is uaualfy called on angle at the centre. The 
angles at the circumference and centre, are 
both said to be subtended by the chorda or 
' - arcs which their sides include. 

U. The sector of a circle is the figure contained, 
by two straight lines drawn from the centre, 
and the arc of the circumference between them. 

12. Similar segments of a circle, 
are those in which the angli 
equal, or which 
gks. 




a circle, --'''" ^^. 



PROP. I. THEOR. 

A diameter dtvidex a circle and Us circumference into two eyual parte ; land, cm- 
versely, the line which dividti the circle into two unequal parts is a diameter. 

Let AB be a diameter of the circle 
AEBD, then AEB, ADB are equal in 
surface and boundary. 

Now, if the figure AEB be applied to 
the figure ADB, their common base AB 
retaining its position, the curve line AEB 
nmat (allon thecurvaUne ADB; other- 
wise there would, in the one or the other, 
be points unequally distant from the cen- 
tt«t which M cdntHHy to the definitioa of 
a circle. 

ComitrUlf. He line dividitig Ihe EiTBie inle hea tfuai jmrlt ia a diamelei: 

For, let AB divide the circle into two equal parts ; then, if the centrfe » 
not in AB, let AF be drawn through it, which is therefore a dianneter, and 
consequently divides the circle into two^uaL parts ; hence, the jMrtion 
AEF IS squftl to the pvtioa AEFB* which ii Ktwuid, 
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Cob. The tkfc of a circle whose chord is a diameter, ia a Bemi-cirouia- 
ference, and Ihe included eegmeot ie a semi'Circle. 

PROP. IL THEOR. 

tj any two point* be taken in tie drcum/ert»ee of a cirete, the slraigAl Utie vhick 
jotna them ahalifaU within 'the drde. 

LM AIIC b« a circle, and A, B any .two points in ihe ciicmnference ; . 
the atfaight line dmwn &om A to B ghall fall -, 

within the circle. j^ 

Take any paint in AB aa E ; find D the con- 
Ue of the circle ABC ; join AD, DB and D£, 
AndletDEmeetihecircumferenceinF, l^en, 
because DA is equal to DB, the an^e DAB is 
equal (3. 1.) to the angle DBA ; aod because 
AE, a erne of the triangle DAE, ia produced to 
B, the an^« DEB ia greater (9. 1.) than Ae 
angle DAE ; but DAE ia equal to the angle 
DB£ ; therefore the angle DEB is greater 
than the angle DBE : Now to the greater an- 

ele the greater nde ia opposite [12. 1,) ' DB ia therefore greater than D£ ; 
but BD is equal to DF ; wherefore DF is greater than DE, and the point 
E is therefore within the circle. The aame ma^ be demonatrated of any 
other point between A and B, therefwe AB ie within the circle. 

Cor. Every point, mereoper, in the production of AB, is farlher from the 
ceiUre than the drem^erenee. 

PROP. m. THEOR. 

If a itraight line drawn throvgk the centre of a etrele biaect a ilraight line in tie 
circle, which does not pais through the centre, it will cut that line at right m- 
gles ; and if it out it at right angles, it will bisect it. 

Let A BC be A circle, and let CD, a straight line drawn through the cen- 
tre, biaect any straight Une AB, which does not pasa through the centre, 
in the point F ; It cute it also at right angles. 

Take E the centre of the circle, and join EA, EB. Then because AF 
is equal to FB, and F£ common to the two 
tiianglea AFE, BFE, there are two sideH in 
the one equal to two rides in the other : but 
the baae EA ia equal to the baae EB ; there- 
fore the angle AFE ia equal (6, 1.) to the an- 
gle BFE. And when a atraight Ime standing' 
upon another makes the adjacent angles equal 
to one another, each of Ihem ia a right (7. Def. 
1 .} an^le : Therefme each of the angles AFE, 
BFE la a right angle ; wherefwe this straight 
line CD, drawn through the centre biaecting 
AB, which doee not pass through the centre, cuts AB at right uxgim. 
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AgEiii],lotCDcutAB&triglittuigl«i; CDabobiMots AB,tbatis, AF 
ui equal to FB. 

The same conatnietion being made, because the radii EA, EB ar« equal 
to one oDoihet, the angle EAF is equal (3. 1.) to the angle EBF ; and the 
righl angle AFE ii equal to the right angle BFE : Therefore, in the two 
triangles EAF, EBF, there ore two anglee in one equal to two angles in 
the other ; now the ude EF, which ia opposite to one of the equal angles 
ineach, iicominoDloboth; theiefois the othsi sides are equal to (26. 1.}: 
AF therefore is equal to FB. 

Cor. 1. Hence, tite perpauhatlar througk the mddU of a thori, patiet 
threvgh the centre ; for this perpendiciilaT is the same U the one let &1I from 
the centre on the ujim chord, since both of them passes through the middle 
of the chord. 

Con. 2. It likewise follows, that the perpendieuler rbvten through the mid- 
die of a chord, and terminated both woye by the areumference of the circle, ia a 
diameler, and the middle point of that diameter it therefore the centre of Ihedrde. 

PROP. IV. THEOR. 

If in a circie tMo tiraighi tinea aU one (mother, which do not both pat» through 
the centre, they do wit bisea eocA ether. 

Let ABCD be a circle, and AC, BD two straight lines in it, which cut 
one another in the point E, snd do not both pass through the centre : AC, 
BD do not bisect odc Another. 

For if it is poeeible, let AE be equal to EC, and BE tb ED; If one of 
the lines pass through the centre, it is plain 
that it cannot be bisected b; the Other, which 
<loes not pass through the centre. But if 
neither of them pass through the centre, take 
F the centre of the circle, and join EF : and 
because F£, a straight hue through the cen< 
tie, bisects another AC, which does not pass 
through the centre, it must cut it at right (3. 
3.) angles ; wherefore FEA is a right angle. 
Again, because the straight line FE bisects 
the straight Une BD, whidi does not pass through the & 
it at right [3. 3.) angles ; wharelbre FEB is a right angle ; and FEA was 
shown to be a right angle ; therefore FEA is equal to the angle FEB, the 
less to the greater, which is impossible ; therefore AC, BD do not lusect 
one another. 

PROP. T. THEOR. 

If two circlet cut one mother, they emnot hate tht time centre. 

Letthetwocircles ABC, CDG out one another in the point B,C; the; 
han not the sftme centre. 
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For, if it be possible, let E be their cealie : jcnn EC, and drsv any 
straight line EFG meeting the circles in 
F and G : and becauee E ia the centre 
of the circle ABC, CE is equal to EF : 
Again, because E ia the centre of the 
circle CDG, CE is equaj to EG : but 
CE was shown lo be equal to EF, there- 
fore EF is equal to EG, the less lo the 
f eater, which ia impoasible : therefore 
ia not the centre of the circles ABC, 
CDG. 



PROP. TI. THEOR. 
If hBQ drdes tnuA one another miemaily, titey catmot have iht tame centre. 




Let the two circles ABC, CDE, touch one 
point C ; they have not the same centre. 

For, if thej have, let it be F ; join FC, and 
draw any straight line FEB meeting the cir- 
cles in E and B ; and becauae F ia the centra 
of the circle ABC, CF is equal to FB ; also, 
becauae F is the centre of the circle CDE, 
CF ia equal to FE : but CF was shown to be 
«qual to FB ; therefore FE ia equal lo FB, 
the less to the gieatei, which ia impoaaible ; 
Wherefore F is not the centre of the circlea 
ABC, CDE. 



another intemallj in the 




PROP. VII, THEOR. 

If any point be taken in the diameter of a circle which it not the centre, of ail 
the straight lines which eon he drawn from it Is the dreumference, the great- 
est u thai t» tehich the centre is, and the other part of that diameter ie the 
least ; and, of any others, thai which is nearer lo the line passing through - 
the centre is always greater than one more remote from it ; And from the 
. tame point there can be drawn only two strcagkt Imes thai are e<fual to one 
Mother, one upon each tide of the shortest fine. 

Let ABCD be a circle, and AD its diameter, in which let any point F 
be taken which is not the centre : let the centre be E ; of all the atraight 
lines FB, FC, FG, &c. that can be drawn flrom F to the circumference, 
FA is the greatest; and FD, the other part of the diameter AD, ia the 
least ; and of the others, FB is greater than FC, and FC than FG. 

Join BE, CE, GE J and becauae two sides of a triangle are greater (13, 
1.) than the third, BE, EF are greater than BF ; but AE is equal to EB ; 
theiefora AE and £F, that ia, AF, ia greater than BF ; again, becausq 
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BE is equal \o CE, and FE common to the 
Uiangles BEF, CEF, the two Bides BE, EF 
are equal to the two CE, EF : but the angle 
BEF is greater than the ang-le CEF ; there- 
fore the hue BF is greater (15. I.) than the 
base FC ; for the same reason, CF is greater 
than GF. Again, because GF, FE are great- 
er (13- 1.) than EG, and EG ia equal to ED; 
GF, FE are grealer than ED ; take away 
the common part FE, and the remainder OF 
is greater than the remainder FD : therefore 
FA is the greatest, and FD the least of all the straight lines from F to the 
cireumference ; and BF is greater than CF, and CF than GF. 

Also there can be drawn onlj two equal straight lines from the point F 
to the circumference, one upon each side of the ehortaat line FD : at the 
point F in the straight line EF, make (Prob. 9. 1.) the angle FEH equal 
to the angle GEF, and join FH : Then, bscause GE is equal to EH, and 
EF common to the two triangles GEF, HEF ; the two sides GE, EF are 
equal to the two HE, EF ; and the angle GEF is equal to ths angt« 
HEF ; therefore the base FG is equal (4. 1.) to the base FH ; but besides 
FH, no straight line can be drawn ftom F to the circumference equal to 
FG : for, if there can, let it be FK ; and because FK is equal to FG, and 
FG to FH, FK is equai to FH ; that is, a line nearer to that which passes 
through the centre, is equal to one more remote, which is impossible. 

Cox.]. Theiefcae, _from any poirU not lAe centre, more than two ejval line* 
eatmot be drawn So ike drctanference. 

CoK- 2- Consequently, thai point Jrom which three equal Hnes can be dratcn 
it the centrt. 

PROP. Vm. THEOB. 

If any point be taken unlhoul a circle, and etraight lines be draion Jrom it ti> 
Uie drcumference, whereof one pastes through the centre ; of those which fait 
upon the concave eircumference, the greaUtt is thai which passes through the 
centre ; and of the rest that which it nearer to that through the centre is aaeaya 
greala- than the more remote; Bui of those which faS upon the convex cir- 
cumference, the least it thai between the point without the circle, and the diame- 
ter ; and of the rest, that which is nearer to the least is aboayt less than the 
more remote : And only two equal straight lines can be drawn from the paint 
unto the circumference, one upon each side of the least. 

Let ABC be a circle, and D any point without it, from which let the 
straight lines DA, DE, DF, DC be drawn to the circumference, whereof 
DA passes through the centre. Of those which fall upon the concava 
part of the circumference AEFC, the greatest is AD, which passes 
through the centre ; and the line nearer lo AD is always greater than the 
more remote, viz, DE than DF, and DF than DC ; bul of those which 
fijl upon the convex circumference HLKG, the least is DG, between tho 
point D end the diameter AG ; and the nearer to it is always less than tha 
tnore remote, viz. DK thaA DL, and DL than DH. 
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Take M lift cantro of the ciicle ABC, and join ME, MF, MC, 
MK, ML, MH : And because AM ii •qual to ME, if MD b« added lo 
each, ADiiequal toEMftDdMD; but EM KndMD are greater (13. 1.) 
ttMn ED; therefore also AD is greatei than ED. Again, because ME 
is equal to MF, and MD common to the triangles EMD, FMD ; EM, MD 
are equal lo FM, MD ; but the angle 
EMD is greater than the angle FMD ; 
therefore the base ED is greater (IS. 1.) 
than the base FD. In like manner it 
may be ahewn that FD is greater than 
CD. Therefore DA is the gtealeat; 
and DE greater than DF, and DF than 
DC. 

An] because MK, KD are greater 
(13. 1.) than MD, and MK is equal to 
MO, the remainder KD ia greater (K. 
Ax.) than the remainder OD, that is, 
GD is less than KD: And because MK, 
DK are drawn to the point K within 
the triangle MLD ftom M, D, the oitre- 
mitiesofitsBideMD; MK,KDareleBa 
(14. 1.) than ML, LD, whereof MK ia 
equal lo ML ; therefore the remainder _ - 

DK is leaa than the remainder DL : In -Q- 

like manner, it may be shewn that DL is less than DH : Tharetbre DO ia 
the least, and DK less than DL, and DL than DH. 

Aiaa there can be drawn only two equal straight lines from the point D 
to the circumference, one upon each side of the least : at the point M, in the 
straight line MD, Riake the angle DMB equal to the angle DMK, and 
join DB ; and because ia the triangles KMD, BMD, the side KM is equal 
to the side BM, and MD common to both, and also the angle KMD equal 
to the angle BMD, the baas DK is equal (1.1.) to the base DB, But, be- 
sides DB, no straight line can be drawn from D to the circumference, equal 
to DK : for, if there can, let it be DN ; then, because DN is equal to DK, 
and DK equal to DB, DB is equal to DN ; that is, the line nearer to DQ, 
the least, eqval la the more remote, which has been shewn to ba impoa- 

PROP. IX. THEOR. 

TArotigh three given foinit tohich are not in Ihe tame Blraighl line, one cireumfe- . 
T&ice Sf a circU nmy be made to pass, and btit one. 




Let A, B, C, be three points not in the i 
all lie in the same circumference of a circle. 

For, let the distances AB, EC be bisected by the perpendiculars DF, 
which must meet in some point F ; for if they were parallel, the lines 
CB, parpandicular to thetn would also be parallel (Coi. 1, Th, 21, 1. 
else form but one straight line : but they meet in B, and ABC is r 
straight lioe by hypothesis. 



e straight line : they shall 
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Let then, FA, FB, and FC be drawn ; 
then, becaiue FA, FB meet AB at equal 
distances from the perpendicular, they are 
equal. For similar reasans FB, FC, are 
equal ; hence the points A, B, C, are all 
equally distant from tba point F, and con- 
■equently lie in the cireumfotence of the 
circle, whose centre is F, and radius FA. 

It is obvious, that besides this, no other 
circumference can pass through the same 
points j for the centre, lying in the per- 
pendicular DF bisectiQjf the chord AB, 
and at the same time in the perpendicular 
EF bisecting the chord BC (Cor. 1. Th. 3. 3.), niual be at the intersectioa 
of these perpendiculars ; ho that, as there is but one centre, there can he 
but one circumference. 

Cor. As two circumterences cannot have three points in common, it 
follows that one circumference cannot cut anether in more points then Iteo. 

PROP. X. THEOR. 

If Mo drcks cat each othtr, the Une which passes through their centres will be 
perpendicular lo the chord v/hich joins the points of intersection, and will divide 
it into Una ejual parti. 

Let CD be the line which passes through the centres of two circles cut- 
ting each other, it will be perpendicular to ihe chord AB, and will divide it 
into two equal parts. 

For the Lne AB, which joins the points of intersection, is a chord com- 




mon to the two circiea. And if a perpendicular be erected from (he middJe 
of this chord, it will pass {Cor. 1. Th. 3. 3.) through each of the two cen- 
tres C and D, But no more than one straight line can be drawn through 
two points ; hence, the straight line which passes through the centres will 
bisect the chord at right angles. 

Cob, Hence, the linejoimng the intersections ef the ciraai^ereiuxs of two 
circles, will be perpendicuiar to the line which joins their centres. 

SCHOUUM. 
1. If two circles cut each other, the distance between their centres will 
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lie leaa than the sum of their radii, and the grettter ladiua will be aJao lew 
than the sum of the smaller and the clistancB between the centres. For, 
CD is leu (13. I.) than CA-f-AD, and for the same reaMn, ADZ.AC-1- 
CD. 

2. And, converselj, if the distance betwten tbe centres of two circles be 
lees than the sum of their radii, the greater ladliu being aX the same time 
leas than the sum of the emaller and the distancB between the centres, the 
two ciidea will cut each other. 

For, to make an intersection possible, the triangle CAD must be possi- 
ble. Hence, not only must we have CD<AC-4-AD, but also the greater 
radius AD<AC-|-CD; And whenever (he triangle CAD can be con- 
structed, it ie plain that the circles described ftoln the centres C and D, will 
cut each other in A and B. 

Cor. 1. Hence, if the distance between the centres of two circles be 
greater than the sum of their radii, the two circles will not intersect each 
other. 

Cob. S. Hence, also, if the distance between the centres be lew than 
the difference of the radii, the two circles will not cut each other. 

For,AC+CD>ADj therefore, CD>AD-AC; thatis,any sideof a 
triangle exceeds the difference between the other two. Hence, the trian- 
gle is impoBuble when the distance between the centres is less than the 
mffereoce of the tadh ; and consequently the two circles cannot cut each 
other. 

PROP. XI. THEOH. 

Jj^ tan dreUt touch eaek other intemalh/f the ttraigkt fine v>hkh joita their cen- 
trei bemg -produced, will pass through the pwU ef amtact. 

Let the two circles ABC, ADE, touch each other intemall; in the point 
A, and let F be the centre of the circle ABC, and O the centre of the urcle 
ADE j the straight line which joins the cen- a 

tree F, Q, being produced, passes through the - - 

point A. 

For, if not, let it fall otherwise, if possible, 
as FODH, and join AF, AG ; And because 
AG, OF are greater (13. 1.) than FA, that 
is, than FH, for FA ie equal to FH, bemg 
nidn of the same circle ; take awaj the com- 
mon part FG, and the remainder AG ia great- 
er than the remainder GH. But AG ia equal 
to GD, therefore GD ia greater than GH ; -=- 

and it is also less, which iaimposBible. There- " 

fore the straight line which joins the points F and G cannot bil otherwise 
than on the point A ; that is. it must paas through A. 

Con. 1 . If two circles touch each other intemallj, the distance between 
th«r centre must be equal to the difference of their radii : for Uie circum- 
feiencea pass through the same point in the line joining the centres. 
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Cor. S. And, convereelj, if the diitance between the centiea bs eqtut] 
to iha diferenca of the ndii, [he I vro ciiciei will touch each other inteniaUy. 

PROP. m. THEOR. 

i/lwo eirda touch each etier eiternaUg, tAt i^mght litu whieijoiiw their ecu- 
trti wilipasi through the point ofconlaet' 

Let the two circles ABC, ADE, touch each other extanuJIj in the poiat 
A ; Kod let F be the ceotie of the circle ABC, &nd G the centre of ADE ; 
The ctraighl line which joiiu the pointe F, Q ehall pass through the point 
of contact. 

For, if not, let it pass otherwise, if ponifale, FCDG, and join FA, AG : 
and because F is the centre of the circle ABC, AF is equal to FC : Also 
because G is the centre of 
the circle, ADE, AG is 
equal to GD> Therefbrtt 
FA, AG Bie equal to FC, 
DG ; wherefore the whole 
FO is greater than FA, 
AG; butitiBalsole9s(I3. 
I.), which is imposEible : 
Therefore the stralghl tine 
which joina (he points F, 
O cannot paaa otberwiaa 
than through the point of contact A i that is, it posses through A. 

Cob. Hence, if two circles touch each other extemallj, the distanco be- 
tween their ccntrea will be equal to the sum of their radii. 

And, couvflTselj, i/ the distance between the centra be equal ttt the sum 
of the radii, the two circles will touch each other eztemall;. 

SCHOLIUM. 

In order to ezpresa the Scholium and Corollaries to Propoailicfls X., XT, 
XII, algehraicaUji let R and r denote the radii of the two circles, and d 
the distance between their centres. 

1. If the two circles cut ; then, rf<R-|-r. 

And, conversely, if rf<R+r, the two circles will out each other. In 

Q ^.tf' *'■<''+';; "'?«"' ^ <!«"«"" the radius of the greater circle. 

a. If the two curcJes will touch each other intemallv: than rf=R-r 
nauj! ' '""'""*'y' If ''=R-^ the two circles will touch each other iut«- 

3. If two circles touch each other extemallT; then J— R_Lr 
nal^. ■ '«»'^««»J'•''''=R+^ th« two circle. wiU to^h ea<^oU.e» exter- 

ncitJcf.r.S.'i'rhS^ih'.^ '=^'«*'«'«-of tbotwo circle, will 
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PROP. XIII. THEOB. ■ 

Mn lie same circk, e^ual angla at the centre are suitendedl'^ eguat arcs ; md, 
amuersdi/, ejtial ares su&lend equal angles at the centre. 

Let C be the centra of a circle, and let the angle ACD be equal to (he 
angle BCD ; then the aica AFD, DOB, subtending then anglei, ue 
equal. 

Join AD, DB ; then the trianglea ACD,' 
BCD, having two sidea and the included an- 
gle in the one, equal to two aides and the in- 
duded angle in the other, are eqiiaJ : bo that, 
if ACD be applied to BCD, there shall be 
an en,tire coincidence, the point A coinciding 
with B, and D common to l>oth arcs ; the 
two extremities, therefore, of the arc AFD, 
thuB coinciding with those of the arc BGD, 
all the intermediate parte must coincide, in- 
asmuch as they are all equally distant from 



thee 




c AFD be equal to thearcBGD; then the «9< 



Ccnversely. Let the a 
gle ACD ia equal to the angle BCD. ' 

For, if the arc AFD be applied to the arc BGD, they would coincide ; 
BO that the extremities AD of the chord AD, would coincide with thoM o(. 
ttie chord BD ; these chords are therefore equal : hence, the angle ACD ia 
equal to the angle BCD (Th. V. B. I.). 

Cor. 1. It follows, moreover, that equal angles at the centre are sub- 
tended by equal chords: and, conversely, equal chords subtend equal an- 
gles at the centre. 

Cob. 2. It is also evident, that equal chords subtend equal arcs; and' 
conversely, equal area are aubtcnded by equal chorda. 

Cob. 3. If the angle at the centre of a circle be bisected, both ths arc 
and the chord which it eubteoda shall alao be bisected. 

Cob. 4. ll fbllowa, likewise, that a perpendicular through the middle of 
the ch«d, bisects theaugle at the centre, and passes through the middle of 
the arc subtended bj that chord. 

SCHOLIUM, 

The centre C, the middle point E of the chord AB, and ttte middle poiqt . 
D of the arc subtended by this chord, are three poiata aituated in the sant* 
line perpendicular to the chord. But two points are sufficient to deterroiae 
the position of a straight line ; hence every straight line which pUH# 
through two of the points just mentioned, will necessarily pus ttumi^ 
the third, and be perpendicular to the chord. 
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PROP. XIV. THEOP. 

Emai itrsigM liius in a eirek are equaUy distant from tht centre ; md thaie 
which are egvaUy distant from tht eenlre, are equal to one another. 

Let the Btraight lines AB, CD, in tha circle ABDC, be equal to one 
another : they are equally distant ftom the centre. 

Take E the centra of the drcle ABDC, and from it draw EF, EG, per- 
pendicultira to AB, CD ; join AE and EC. Then, because the Btraight 
lioe EF passing through the centre, cuts the 
Btraight line AB, which doea not pass through 
the centre at right angles, it also bisects (3. 
a) it : Wherefore AF is equal to FB, and AB 
double of AF. For the same reason, CD ia 
.double ofCG: ButABiaequaltoCD; there-. 
fore AF ia equal to CG : And because AE is 
equal to EC, the square of AE ia equal to the 

square of EC : Now the squares of AF, FE 

ate equal (37. 1.) to the square of AE, be- IQ 

ea-use the angle AFE ia a right angle ; and, 
for the like reason, the squares of EG, GC are equal to the square of EC : 
Therefore the squares of AF, FE are equal to the squarea of CG, GE, of 
which the equate of AF is equal to the square ofCG, because AF is equal 
to CG ; therefore the retnaining square of FE is equal to the remaiuing 
square of EG, and iheflttaight line EF is therefore equal to EG : But 
straight lines in a circle are said to be equally distant from the centre when 
the perpendiculars drawn to them from the centre are equal (4. Def. 3.) : 
therefore AB, CD are equally distant from the centre. 

Next, if the straight lines AB, CD be equally distant from the centre, that 
is, if FE be equal to EG, AB ia equal to CD. For, the same construction 
bang made, it may, as before, be demonstrated, that AB ia double of AF, 
and CD double of CG, and that the squares of EF, FA are equal to the 
squares of EG, GC ; of which the square of FE is equal to the square of 
EG, because FE is equal to EG ; therefore the remaining square of AF i« 
equal to the remaining square of CG; and the straight line AF is therefore 
equal to CG : But AB U double of AF, and CD double of CG ; wherefore 
AB is equal to CD. 

PROP. XV. THEOR. 

The diameter is the greatest straight line in a circle ; and of aS others, that which 
'is nearer to the centre is akeiays greater than one more remote ; and the greater 
is nearer to the centre than the less. 

Let ABCD beadrcle, of which the diameter is AD, and the centre E; 
and let BC be nearer to the centre than FG ; AD is greater than any 
straight line BC which is not a diameter, and BO greater than FG. 

From ^e centre draw EH, EK perpendiculars to BC, FG, and join EB, ' 
£C, EF ; and because AE is equal to EB, and ED to EC, AD is equal 
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to EB, EC : But EB, EC are greater (13. J.) 
than BC ; wherefore, atao, AD ia greater than 
BO. ^ 

And, because BC is nearer to the centre than 
FG, EH is loss (9. Def 3.) than EK ; But, as 
was demonstrated in the preceding, BC is dou- 
ble of BH, and FG double of FK, and the 
squares of EH, HB are equal to the squares of 
EK, KF, of which the square of EH is less than 
the square of EK, because EH is less than EK ; 
therefore the square of BH is greater than the 
aquare of FK, and the straight lioe BH greater than FK i and therefore 
BC ia greater than FG. 

Next, let BC be greater than FG ; BC is nearer to the centre than FQ: 
that is, the same construction being made, EH is less than EK ; BecauM 
BC is greater than FG, BH Ukewise is greater than KF : but the squares 
of BH, HE are equal to the EquaTes of FK, K£, of which the square of 
BH is greater than the square of FK, because BH is greater than FK ; 
therefore the square of EH is leas than the square of EK, and the straight 
Uoe EH less than EK. 

Cor. The shorter the chord is, the forther it is from the centre ; and, 
conversely, the farther the chord ia from the centre, the shorter it is. 
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PROP. XVI. THEOR. 

The straight line drawn at right angles to the diameter of a circls, fiem the ex- 
tremity of it, falls without Ihecirck; andno straight line can ^ drawn be- 
tween thai straight line and the <arcumfere7Ke,from the extremity of the diame- 
ter, so Oi not to cut the circle. 

Let ABC be a circle, the centre of which ii 
and let AE be drawn from A perpendicular to 
the circle. 

In AE take any point F, join DF and let DF meet the circle in C. Be- 
cause DAF is a right angle, it is greater 
than the angle AFD (3 Cor. Th. 25.1.); 
but the greater angle of an^ triangle is 
subtend^ by the greater side (12. 1,), 
therefore DF is greater than DA ; now 
DA is equal to DC, therefore DF is 
greater than DC, and the point Fis there- 
fore without the circle. And F is any 
point whatever in the line AE, therefore 
AE tails without the circle. 

Again, between the straight line AE 
and the circumference, no straight line 
eaa be drawn from the point A, which 
does not cut the circle. Let AG be 
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drawn in the angla DAE : Irom D draw 
DH at rigbt nngles to AG ; and because 
th« angle DHA ie a right angle, and (he 
angle DAH lew than a rigbt angle, the side 
DH of ihe triaogle DAH is leas than the 
Bide DA (12. 1,). The point H, therefore, 
is within the circle, and therefore the straight 
line AQ cuts the circle. 

Cor. ]. From this it is manifest, that the 
Btraight line which is drawn at right angles 
to the diameter of a circle from the enlremity 
of it, touches the drcle ; and that it touches it onlj in one point ; because, 
if it did meet the circle in two, it would &I1 within it (2. 3.). Also it is evi- 
dent that there can be but one straight line which touchea the circle in the 
■ame point. 

CoK. 2. Hence, a perpendicular at the extremitj of a diameter is a tan- 
gent to the circle ; and, conversely, a tangent to a circle ia perpendicular 
4o the diameter drawn from the point of contact. 

Cor. 3. It follows, hkewise, that tangents at each extremity of the dia- 
meter are parallel (Cor. Th. 20. B. I.) ; end, conversely, paraUel tangents 
are both perpendicular to the same diameter, and have their points of con- 
tMt at its extremitiee. 

PROP. XTII. THEOR. 

7Se arcs of a drek inlercepud hy two paraUeis are egual; and, converted, if 
two straight lines intercut egtial arcs of a circle, and d> not cut ea*k other 
vnthin the circle, the lines will be parallel. 

There may be three cases. 

First. If the parallels are tangents 
to the circle, as AB, CD ; then, each 
of the arcs intercepted is a semi-cir- 
cumference, as tbeir points of contact 
(Cor. 3. Th. 16. B. 3.) coincide with 
the extremities of 'the diameter. 

Second. When, of the two parallels 
AB, GH, one is a tangent, the other 
a chord, which being perpendicular to 
FE, the arc OEH is bisected by FE 
(Th. 13. Cor. 4. B. 3.) ; so that in (his 
cas« also, the intercepted arcs GE, 
EH are equal. 

Third. If the two parallels are chords, as GH, JK ; let the diameter 
FE be perpendicular to the chord GH, it will also be perpendicular to JK, 
since they are parallel ; therefore, this diameter must bisect each of the 
arcs which thejr subtend: that iB,GE=EH, and JE=EK; therefore, 
JE— OE=EK— EH ; or, which amounts to the same thing, JG is equal 
loHK. 
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Conversely. It the two lines be AB, CD, which touch the urcumference, 
«nd if, at the same tine, the intercepted arui EJF, EKF aie equal, EF 
must be a. diameter, (Th. 1. 3.) ; and therefore AB, CD (Cor, 3. Th, 16. 3.), 
«re parallel. 

But if onlj one of the lines, as AB, touch, while the other, GH, cucslbtt 
circumference, making the arcs EQ, EH equal; then the diameter FE, 
which biaecto the arc GEH, is perpendicular (Schol. Th. 13. 3.) to its 
chord QH : it is also perpendicular to Che tangent AB ; therefore AB, QH 
are parallel. 

If both lines cut the circle, as OH, JK, and intercept equal arcs QJ, 
HK ; let the diameter FE bisect one of the chords, aa GH : it will also 
bisect the arc 0£H, so that EG is equal to EH ; and since GJ is (by hyp.) 
squal to HK, the whole arc EJ ia equal to the whole arc EK ; therefore 
the chord JK is bisected by the diameter FE : heuce, as both chords ale 
bisected br the diameter FE, they are peipendicular to it ; that is, they ue 
parallel (Cor. Th. 20. 1.). 

SCHOLIUM. 

The restriction in the enunciation of the cooverse proposition, namely, 
that the lines do uot cut each other within the circle, is necessary ; for Unee 
drawn through the points G, K, and J, H, will intercept equal area GJ, 
HK, and yet not he parallel, since they will intersect each other withih Iba 
<»rcle. 

PROP, XVIU. THEOR. 

Jfa Btraighl line touch a circle, the straight line dravmfrom the cenirt to the 
poita of contaa, is perpendicular to the Une Umching the circle. 

Let the straight line DE touch the circle ABC in the point C ; take Aa. 
centre F, and draw the straight line FC : FC is perpendicular to DE. 

For, if it be not, fi-om the point F draw FBQ perpendicular to DE ; and 
because FGC is a right angle, GCF must j^ 

be (10. I.) an acute angle; and to the 
greater angle the greater (12. l.)BideiBop- 
poffite : Therefore FC is greater than FG ; 
but FC is equal to FB ; therefore FB is 
greater than FO, the less than the greater, 
which ia imposiuble ; wherefore FG is not 
perpendicular to DE : In the eame manner 
it may be shewn. Chat no other line but FC 
can be perpendicular to DE ; FC is thero- 
fhia perpendicular to DE. 

PROP. XIX. THEOR. 

If a straight Ene touch a circle, and from the point of contact a straight Une U 
drawn at right angles to the touching Une, the centre of the drcle is in thai Hoe. 

l^et the straight hue DE touch the circle ABC, in C, and from C let CA 
be drawn at right angles to DE ; the centre of the circle ia in CA. 
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For, if not, let F bo the centre, if possible, 
and join CF. Because DE touches the cir- 
cle ABC, and FC is dmwn &om the cenUe 
U> the point of contact, FC is perpendicular 
(18. 3.) to DE; therefore FCE ie a right 
anglt; ; But ACE is aleo a right an^le ; 
therefore the angle FCE ia equal to the an- 
gle ACE, the le»a to the greater, which is 
imposflible ; Wherefore F ia not the centre 
of the circle ABC : In the same manner it 
may ba shewn, that no other point wliich is 
not m CA, ia the centie j that ia, the centre 
isinCA. 



PROP. XX. THEOR. 




7^ angle at the eewtre of a drek ia dovbU of the angle at the ciramfertTKe, 
Vfon the same base, that is, t^on the same part of the eirmm/trence. 

Let ABC be a circle, and BDC an angle at the centre, and BAC an an- 
gle at the circumference which have the same aic EC for the baee ; the 
angle BDC is double of the angle BAC. 

First, let D, the centre of the circle, be within the angle BAC, and join 
AD, and produce it to E ; Because DA is 
equal to DB, the angle DAB is equal (3, 1.) 
to the angle DBA: therefore the angles DAB, 
DBA together are double of the angle DAB ; 
but the angle BDB is equal (25. 1.) to the 
angles DAB, DBA ; therefiHe also the angle 
BDE is double of the angle DAB ; For the 
same reason, the angle EDC is double of the 
angle DAC: Therefore the wholeangle BDC 
is double of the whole angle BAC. 

Again, let D, the centre of the circle, be 
without the angle BAC ; and join AD and 
produce it to E, It may be demonstrated, 
as in the first case, that the angle EDC is 
double of the an^le DAC, and that EDB, a 
part of the first, u double of DAB, a part of 
the other ; therefore the remaining angle 
BDC is double of the remaining angle BAC. 



Cor. If, in a circle, two chords drawn firom a point in the oircumfinence, 
be respectively equal to two chords drawn from another point, they shall 
include equal angles ; tor, the equal chords subtending equal arcs, (2. Cor. 
Th. 13. 3. J, each angle must include the same poitioa of the circuinfereiice. 
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PROP. XXL THEOB. 

. The angles m the tame s^mmt of a circle are equal to one 

Let ABCD be a circle, and BAD, BED Euigles 
BAED: The angles bad, bed are equal to 
one another. 

Take F the centre of the circle ABCD : 
And, first, let the segment BAED be greater 
than a semicircle, and join BF, FD : And be- 
oausa the angle BFD js at the centre, and the 
angle BAD at the circumference, both having 
the same part of the ciicumfeience, viz. BCD, 
for their base; therefore the angle BFD is 
double (20. 3.) of the angle BAD : for the 
same reason, the angle BFD is double of the 
angle BED : Therefore the angle BAD is 
equal to the angle BED. 

But, if the Bogment BAED be not greater 
than a aeroicircle, let BAD, BED be angles 
in it ; these also are equal to one another. 
Draw AF to the centre, and produce it to C, 
and join CE : Therefore the segment BADG 
U greater than a aemiciicle ; tcad the angles in 
it, BAC, BEC are equal, by the first case : 
For the game reason, because CBED is great- 
er than a semiciicle, the angles CAD, CED 
are equal ; Therefore the whole angle BAD 
is equal to the whole angle BED. 

PROP. XXIJ. THEOR. 

7%c oppotUe mgits ef am/ quaAilateral figure inserted in a circle, are togeAo' 
equal to boo right angles, 

\jA ABCD be a quadrilateral figure in the circle ABCD ; any tvo of its 
opposite angles are together equal to two right angles. 

Join AC, BD. The angle CAB is equal 
(21. 3.) to the angle CDB, because they are 
ia the same segment BADC, and the angle 
ACB is equal to the angle ADB, because 
they are in the same aegnient ADCB ; there- 
fore the whole angle ADC is equal to the an- 
gle* CAB, ACB : To each of these eqnab 
add the angle ABC ; and the angles ABC, 
ADC, are equal to the angles ABC, CAB, 
BCA. But ABC, CAB, BCA are equal to 
two right angles (25. 1.) ; therefore tdso the 
angles ABC, ADC are equal to two right angles ; In the same mann^, tha 
angles BAD, DCB may be shewn to be equal to two riglU anglei. 






Cor. 1. If anvsideof aquadrilatertil beprodaced, the «ct«ioraa^l0 
will be equal to the interior opposite an^. 

Cor. 2. It follows, likewise, that a quadrilateral, of which the oppocile 
onglea are not equal to two right angles, cannot be inscribed in a circle. 

PROP. XXm. THEOR. 

Upon the tame ttraig/U Une, and upon the same side of it, iMere eamot be twa 
siTJtilar stgmenU ofdrdea, not eoirKiding mlh one another. 

Ifitbeposnble, let the two mmilar segments of circles Tiz. ACB, ADB^ 
be upon the same aide of the same atraigbt line AB, not cdndding with 
one another ; than, because the ciiclea ACB, 
ADB, cut one anotlier in the two points A, B, 
they canoot cut one another in any other point 
(10. 3.) : one of the segments must therefore 
&1I within the other: let ACB [all within ADB, 
draw the straight line BCD, and join C A, DA ; 
and because the segment ACB is similar to the 
segment ADB, and similar segments of circles 
contain (12. def. 3.) equal angles, the angle ACB is equal to the angle 
AD^ liie ezterioi to the interior, which is impossible (18. 1,), 

PROP. XXIT. THEOR. 
Strnt^ tegmenta of circles i^jon egual straight Hties are egual to one another. 

Let AEB, CFD be similar segments of circles upon the equal strai^t 
lines AB, CD ; the segment AEB is equal to the segment CFD. 

For, if the segment AEB be applied to the segment CFD, so ae tba 
pointAbBonC,andthe 

straight line AB upon E V 

CD, the point B shall " 

coindda with the point 
D, because AB is equal 
to CD : Therefor^ the 
straight line AB coin- 
ciding with CD, the segment AEB must (23. 3.) coincide with the seg- 
meat CFD, and therefore is equal to it. 

PROP. XSV. THEOR. 

In egual drcies, equal angles stand upon equal ares, whether they be at the 
centres or dramtfa^ences. 

Let ABC, DEF be equal circles, and the equal angles BGC, EHF at 
their cenUes, and BAG, EDF at their circumferences : the arc BKC is 
equal to the arc ELF. 

Join SC, EF y and becau6« the orclea ABC, DEF a» eq,ii|ili tha Btnught, 
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' linea drawn from t&eir 
«n «qual to [he two E 
at H ; iherefore the bai 



tharefen ths two tides BGt, QC, 
ngl« at O is equal to the angje 
.) to the base EF : and b. 




the angle at A is equal to the angle at D, the segment BAC is umilar (12. 
def. 3.) to the segment EOF ; and ihey are upon equal straight hnes BC, 
EF ; but similar segments of circles upon equal straight lines are equal 
(24. 3.) to one another, tberafore the segment BAC is equal to the segment 
EDF I but the whole circle ABC ia equal to the whole DEF ; therefore 
the remaining segment BKC ia equal to the remaining segment KLF, and 
the arch BKC to the arch ELF. 



PROP. XXVI. THEOR. 

In egual drcki, tke anglet which stand upon egual ara are egval to one another, 
whether they he at tke ceatret or ciramferencea. 

Let the angles BOC, EHF at the centres, and BAG, EDF at ^ oir- 
onmTerences of the equal drcles ABC, DEF, stand upon the equal tatm 
BC, EF : the angle BOC is equal to the angle EHF, and the an^e BAC 
U the angle EDF. 

If the angle BGC be equal to the angle EHF, it is manifc^^ao. 8.) that 
ths angle BAC is also equal to EDF. But, if nc 
greater : let BGC he Ibo greater, and at the point < 
BG, make the angle {Prob. 9. 1.) BGK equal to th 
because equal angles stand upon equal arcs (2fi. 3.], 
cenire, the arc BK is equal to the arc EF ; but EF if 
fbre also BK is equal to BC, the less to the greater, 
Therefore the angle BGC ia not unequal to the angj 




- equfti to it : and tlia angle at-A is half the angle BGC, and the angle st 
D half of the angle EHF j therefore the angle at A is equal to the angle 



PROP. XSVn. THEOR. 

In egual eirek$, equal ttraight lines cut off egual arcs, the gnater egtud to the 

greater, and tke kas to the less. 

Let ABC, DEF be equal circles, and BC, EF equal straight lines in 
them, which cut off the two ^eater arcs BAC, EDF, and the two less 
BGC, EHF : the greater BAG ia equal to the greater EDF, and the leaa 
BGC to the lesB EHF. 

Take K, L, the centres of the cirolea, and join BK, KC, EL, LP- ; and 
bacauBV the circles are equal, the straight lines from their centres ate equal ; 




therefore BK, KC are eqiial to EL, LP ; but the base BC ii also equal to 
the base EF; therefore the angle BKC is equal (5. 1.) to the angle ELF: 
and equal angles stand upon equal (2S. 3.} arcs, when they are at the cen- 
tres ; therefore the arc BGC is equal to the arc EHF, But the whole cir- 
cle ABC is equal to the whole EDF ; the remaining part, therefore, of the 
circumfeience, viz. BAC, is equal to the remaining part EDF. 

PROP. XXVBL THEOR.' 

J» egual cMes, equal arcs are subtended bi/ equal straight Hues. 
Let ABC, DEF be equal circles, and let the ores BGC, EHF also be 

A D 
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equal; and join BC,EF: the atntight line BO is equal to the etniglit liiia 
EF. 
. Take K, L, the centres of the circles, and join BK, KC, EL, LF : and 
because the arc BGC is equal to the are EHF, the angle BKC is equal 
(26. 3.) to the angle ELF : also because the circles ABO, D£F are equal, 
their rariii are equal : therefore BK, KC are equal to EL, LF : and they 
contain equal angles : therefore the base BC is equal (1. 1.) to the baea 
EF. 

PEOP. XXIX. THEOH. 

In a circle, lAe angle in a semicircU is a right angle ; but the angle in a legtnait 
greater than a semicircle is less tkan a right angle ; and the angle in a seg- 
ment less than a semicircle is gnater than a right angle. ■ 

Let ABGDbeacircle,of which tbcdiameteiisBC,andcentreE; draw ' 
CA dividing the circle into the aegments ABC, ADC, and join BA, AD, 
DO ; the angle in the semicircle BAG is a right angle ; and the angle in 
the segment ABC, which is greater ihan a semicircle, is less than a right 
angle -, and the angle in the segment ADC, which ia lees than a semicucle, 
is greater than a right angle. 

Join AE, and produce BA to F ; and be- 
cause BE is equal to EA, the angle EAB is 
equal (3. 1.) to EBA : also, because AE is 
equal lo EC, the angle EAC is equal lo 
ECA ; wherefore the whole angle BAG is 
'equal lothe two angles ABC, ACB. But 
FACjthe exterior angleof the triangle ABC, 
is also equal (25. ].)jo-the two angles ABC, 
ACB ; therefore the angle BAG is equal to 
the angle FAC, and each of them is there- 
fore a right (7. Def 1.) angle; wherefore 
the angle BAG in a semicircle is a right an- 
gle. 

And because the two angles ABC, BAC of the triangle ABC are to- 
gether less (10. 1.) than two right angles, and BAC is a right angle, ABC 
must be less than a right angle; and therefore the angle in a segment 
ABC, greater than a semicircle, is less than a right angle. 

- Also because ABCD is a quadrilateral figure in a circle, any two of its 
opposite angles are equal (22. 3.) lo two right angles ; therefore the angles 
ABC, ADC are equal to two right angles ; and ABC is less than a right 
angle ; wherefore the other ADC is greater than a right angle. 

CoR. From this it is manifest, that if one angle of a triangle be equal 
to the other two, it is a right angle, because the angle adjacent to it is ei^ual 
to the same two ; and when the adjacent angles are equal, they are nght 
angles. 
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, PROP. XXX. THEOR. 

|r a straighl line tottch a circle, and from the fwirU of contact a straight line he 
drawn cutting the circle, the angks made by l/as hne witA the line loAieA 
tottcAes the circle, shall be equal to the angles in the aliemate segments of the 
circle. 

Let tba etrtiight line EF loiich llie ciicle ABCD in B, and from tba 
paint B l6t the straight line BD be drawn cutting the circle : The angles 
which BD makeB with the touching hne EF ehall be equal to the angles 
in the alternate eegments of the circle : that ie, the angle FBD is equal 
to the angle which ia in the tegment DAB, and the angle DBE to tb« 
angle ia the segment BCD. 
. From the point B draw (Prob. 6. 1.) BA at right angles to EF, and 
take any point C in the arc BD, and join AD, DC, CB ; and because 
&e Btraight line EF touches the circle ABCD in the point B, and BA is 
dtavD at right angles to the toliching hue, from the point of contact B, 
the centre of the cucle is (19. 3.) in BA ; * 

thorefbre the angle AOB in a semicircle, 
ia a right (i9. 3. ) angle, and consequent- 
ly the other two angles, BAD, ABD, are 
equal (25. 1.) 10 a right angle ; but ABF 
ia likewise a right angle ; therefore the 
angle ABF is equal to the angles &AD, 
ABD : take from these equals the com- 
mon angle ABD, and there will remain 
the angle DBF equal to the angle BAD, 
which is in the alternate segment of tb« 
cirde. Aud because ABCD is a quadri- 
lateral figure in a circle, the opposite angles BAD, BCD are equal (2«. 
3.) to two right angles ; therefore the angles DBF, DEE, being likewise 
equal («. 1 .) to two right angles, are equal to the angles BAD, BCD ; 
. and DBF has been proved equal to BAD ; therefore the remaining angle 
DBE is equal to the angle BCD in the alternate segment of the circle. 

PROP. XXXI. THEOR. 

^ two straight Urns vnthin a circle cut one another, the reetangk emlaiiudif 
the segments of onto/ them is equal to tke rectangle coRlained by the teg- 
ments of the ether. 

Let the two straight lines AC, BD, within the circle ABCD, cut c 
another in the point E ; the rectangle contained 
>j AE, EC is equal to the reciancle Contained 
h; BE, ED. 

, If AC, BD pass each of ttum through the 
centre, so that £ is the centre, it is evident that 
AE, EC, BE, ED, being all equal, the rectan- 
gle AE.EC is hka«isB equal to the rectangle 

But let ons of tham BD paxs ttaivugh the 
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centre, and cut the otbei AC, whicli does not pass ttuough the centrfl, 
at right angles in the point E ; then, if BD b^ biiected in F, F is the 
centre of the ciicle ABCD ; join AF : and becauie BD, which paoaee 
through the centre, cuts the straight line AC, "" 

vhichdoee not pass through the centre at 
right angles, in E, AE, EC are equal (3, 3.) 
to one another ; and because the sUaight line 
BD is cut into two etiual parte in the point F, 
and into two unequal in ihe point E, BE. ED 
(6. 2.)-|-EF'=FB'= AF*. But AF'=AE» 

i. (37. 1.) EP*, therefore BE.ED + EF' = 
E'+ E F», and taking EF^ ftom each, BE. 
ED=AE'=AE.EC. 

Next, Let BD, which passos through the c«itre, cut the other AC, 
which does not pass through the centre, 
in E, but not at right angles ; then, as be- 
fore, if BD be bisected in P, F is the cen- 
tre of the circle. Join AF, and from F 
draw(Prob.7. 1.) FG perpendicular to AC; 
therefore AG is equal (3. 3.) to GO; where- 
fore AE.EC4-(5. 2.) EG'=AG*, and add- 
ing GP to both, AE.EC+ EG'+GP'= 
AG'-faF*. Now EG'+GF'=EF', and 
AG'-faF»=AF'; therefore A£,EC-f EF"=AP=FB'. ButFB"= 
BE.ED+(5. 2.) EF", therefore AE.EC+EP'=BE.ED+EF», and tak- 
ing EP from both, AE,EC = BE.ED. 

La,8lly, Let neither of- the straight linea ■jr 

AC, BD pass throcgh the centre : lake the ■^=— 

centre F, and through E, the intersection of 
the straight lines AC, DB, draw the t^ame- 
ter GEFH ; and because, as has been shown, 
- AE.EC = GE.EH, and BE.ED=GE.EH ; 
theiefoia AE.EC=BE.ED. 
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PROP. XXXn. THEOE. 

If from any point without a circle two straight lines be drmon, one of vUch 
aits the arete, and the other touches it;, the rectangk contain^ iy the viholt 
iim whieh euti the circle, and the part of it KHhwU the circle, is oqval to the 
tjtiare of the line whith touches il. 

Let D be any point without the circle ABC, and DC A, DB two straight 
lines drawn tiom it, of which DCA cuts the circle, and DB touches it : 
the ractangle AD.DC ie equal to th« square of DB. ' 
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Either DCA puaea through the ventre, or 
it do«8 not ; first, Let it paw through the cen- 
tre E, and join EB; therefore the angle 
EBDia a ri^t (18. 3.)angla: and because 
the straight line AC is bieected in E, and pro- 
duced to the point D, AD.DC + EC' = 
ED* (6. a.)- ^ut EC = EB, therefore AD. 
DC + EB' = ED". Now ED' = (87. 1.) 
EB* + BD', because EBD is a right angle : 
thetelbre AD.DC + EB"=EB'-f BD', (ind 
taking EB'frora each, AD.DC=:BD*. 

But, if DCA dMB not pau through the cen- 
tre of the cirola ABC, take the centre E, and 
dr4w£Fperpendiculu(Prob,7. 1.)toAC, and 
join EB, EC, ED: and becauavthe straight line 
£F, which passes through the centre, cuts the 
Bir&ight Itna AG, which does not pass through 
the centre, at right angles, it likewiae bisects 
(3, 3.) it ; therefore AF is equal to FC ; and 
because the elraigbt line AC is bisected in F, 
and produced lo D (6. 2.), AD.DC + FC'= 
FD" ; add FE' to both, then AD.DC + FC* 
_|_FE'=FD' + FE*. But (37. 1.) EC»= 
FC* + FE', and £0*= FD' + FE', because 
DFE is a right angle; therefore AD.DC -f 
ECsrED*. Now, because EBD ia aright 
angle, ED'=EB' + BD'=EC' + BD', and 
therefore, AD.DC -4- EC'=EC' + ED", and 
AD.DC =BD'. 



CoR. 1. If from tiny point without a circle, 
there be drawn two straight lines cutting it, 
as AB, AC, the rectangles contained by the 
whole lines and the parts of them without the 
circle, are eqtial to one anothef, viz. BA.AE 
= CA.AFj for each of these rectangles is 
equal to the square of the sUaight line AD, 
which touches the circle. 

Cott. 2. It follows, moreover, that two tan- 
gents drawn from (he same paint are equal. 

Cor. 3. And since a radius drawn to the 
point of contact is perpendicular to the tangent. 
It fallows that the angle included by two langenit, 

dravtn from the same poinl, it bisected hy a Une 

drawn from the caUre of the eirde to that point ; for tbia line foraiB the hTpo- 
tenuse common lo two equal right angled irianglM. 
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PROP. XXXin. THEOR. 

If fiom apoitU williout a drcleJhere be dravm Mo straight liitM, one of wMeh 
cult the eirck, and the other meets it ; if the rectangle containeii iy the whole 
iine, which euls the drde, md the part of it without the circle, be equal to the 
equgre of the Une which meets it, the line whieh meett ahail touch the circle. 

Let aoy point D be taken without the circle ABC, and from it let two 
Btlaight lines DCA and DB be drawn, of which DCA cuts the circle, 
tuid DB meets it ; if the rectangle AD.DC, be equal to tbe square of DB, 
DB louchee the circle. 

Draw the straight line DE touching the circle ABC ; £nd the centre P, 
and join FE, FB, FD ; then FED is a right (18. 3.) angle : ai^ because 
DE touches the circle ABC, and DCA cute it, the rectangle AD.DC is 
equal (32. 3.) to the square of DE ; but the rectangle AD.DC is, b; by- 
potbeus, equal to the square of DB : cherefbrs 
the square of DE is equal to the square of DB ; 
and the etrcught line DE equal to the straight lino 
DB : but FE is equal to FB, wherefore DE, £F 
are equal to DB, BF ; and the base FD is com- 
mon to the two triangles DEF, DBF ; therefore 
the angle DBF is equal (5. 1.) to the angle DBF ; 
and DEF is a right angle, therefore also DBF is 
a right angle : but FB, if produced, is a diameter, 
and the straight line which is drawn at right an- 
gles to Bk diameter, from the extremity of it, touches 
(16. 3.) the circle: therefON DB touches the cir- 
cle ABC. 
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PROBLEMS 

RELATING TO THE THIRD BOOK. 




PROP. I. FBOBLEM. 

Sming givtn the dnXanference, or an ore, tojbtd the omtre (ftht given drtii. 

Take any three points A, B, C, in „ 

tlie ciicumference, oT the &ic ; join 
AB, BC; and bisect those two hoes 
by the perpendiculare DF, £F : ttM 
point F, where these pwpendiculara 
meet, will be the centre loiigbt ; for it 
is Mually dietanl from ^ pouita A, 



SCHOyUM. 

The same ooDBtruetion will serve for descritung a circle wliose ckomo- 
ference shall pass through three given points, A, B, C. 

PROP. U. PROB. 

To draw a Straighl line from a given point either leUhout or in the drcwnfermx, 
which shall touch a given circle. 

First, Let A be a given point without the given circle BCD ; it is requir- 
ed to draw a straight line &om A which shall touch the circle. 

Find the centre E of the circle, and join AE ; and from the centre E, at 
the distance EA, describe the circle AFG ; from the point D draw (Prob. 
6. 1.) DF at right angles to EA, join EBF, and draw AB. AB touchea 
the circle BCD. 

- Because E is the centre of the circles 
BCD, AFG, EA is equal to EF, and ED 
to EB ; therefore the two sides AE, EB 
are equal to the two FE, ED, and ihey 
contain the angle at E common to the two 
triangles AEB, FED ; therefore the base 
DF is equal to the base AB, and the trian- 
gle FED to the triangle AEB, and tbs 
other angles to the other angles (1. 1.); 
Therefore the angle EBA is equal to the 
angle EDF; but EDF ii a right ai^le. 
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wherefore EBA is a right &ngle ; and EB is a line drawn from the UDtie ; 
but a Btraight line drawn from the exEremity ofa diameter, at right an^sa 
' to it, touches the circle (Cor. 16. 3.} : Therefore AB touches Uie circle ; 
and is drawn from the given point A. 

But if the given point be in the circumference of the circle, as the poiat 
D, draw DE to the centre E, and DF at right sngleB to DE ; DF loudies 
the circle (1. Cor. 16.8.), 

SCHOLIUM. 

When the point A lies without the circle, there will evidently be alwajt 
two equal laogentfl passing through the point A. For, by producing the 
tangent FD till it meets the circumference AG, and joining E and the 
poiDt of intersection, and also A and the point where Lliis last line will in- 
tersect the circumfereoce DC ; there will be formed a right angled triangle 
equal to ABE (Prop. 18. B. I.). 

PROF. UI. PROB. 

TV bitect a given are, thiu it, to divide it into two egual parte. 

Let ADB be the given arc ; it is required to bisect it. 

Join AB, and bisect (Prob. 5. 1.) it in C ; from the ptnnt C draw CD at 
light angles to AB, and join AD, DB : the arc ADB is bisected in the 
point D. 

Because AC is equal to CB, and CD comnKin to the triangles ACD, 
BCD, the two sides AC, CD are equal to thi ' 

two BC, Cn ; a»d the angle ACD is equal K 
the angle BCD, because each of them is a right 
angle: therefore the base AD is equal (1. 1.) 
to the base BD. But equal straight lines cut 
off equal (27. 3.) arcs, the greater equal to ihe 
greater, and the less to the less ; and AD, DB 
are each of them less than a semidrcle, because DC passes through the 
centre ; wherefore the arc AD is equal to the arc DB ; and therefore the 
given arc ADB is bisected in D. 

SCHOLIUM. 

By the same construction, each of the halves AD, DB may be dirided 
into two equal parts ; and thus, by successive subdivisions, a, given arc 
may be divvied into four, eight, sixteen, &g, equal parts. 

PROP. IV. PROB. 

Vpon a given airdght line to deecribe a eegment of a eirde, eentmimg an 
angle equal to a given rectilineal angle. 

Let AB be the given straight line, and the angle at C the given racti- 
Imeal angle ^ it is required . to describe upon ths given straight line AB a 
■egment erf a <^de, oontaining an angle, equal to the angle C. 
U 
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Elrsl, kt th« ugle at C be a right angle ; bisect (Prob. 5. 1.) AB in V, 
and from the centra F, at the distance 
FB, describe the semicircle AHB ; the 
angle AHB being in a semicircle is (29. 
31.) equal to the right angle m C. 

But if the angle C be not a right an- 
gle, at tba point A, in the straight lino 
AB, make (Prob. 9. 1.) the angle BAD 
equal to the angle C, and from the point A draw (Prob, 6. 1 
angles to AD ; bisect (Prob. 6. 
1.) AB in F, and from F draw 
(Prob. 6. 1.) FG at right angles 
to AB, and join GG ; Then, be- 
cause AF is equal to FB, and 
FG common to the triangles 
AFG, BFG, the two sides AF, 
FG are equal to the two BF, 
FG; but the angle AFG is also 
equal to the angle BFG ; there- 
fore the base AG is equal (1.1.) 
to the base OB ; and the circle 
described from the centre G, at 
the distance GA, shall pass through the pcrint B; let this be the clrcte 
AHB : And because ffom the point A the extremity of the diameter AE, 
AD is drawn at right angles to AE, 
therefore AD (1. Cor. 16. 3.) touches 
the circle ; and because AB, drawn 
from the point of contact A, cuts the 
circle, the angle DAB ia equal to the 
angle in the alternate segment AHB 
(30. 3.) ; but the angle DAB is equal 
to the angle G, therefore also the an- 
gle C is equal to the angle in the seg- 
ment AHB : Wherefore, upon the gi- 
'ven straight line AB the segment AHB 

of a circle ia described which contains an angle equal to the given 
atC. 





PROP. V. PROB. 



To cut off a $egmaiJrom a given circle which shall amiain an angle epial to 
a given recliUneal angle. 

Let ABC be the given chcle, and D the given rectilineal angle ; it is re- 
quired to cut oS a segment from the circle ABC that shall contain an angle 
equal to the angle D. - 

Draw (Prob. 2. 3.) the straight line EF touching the circle ABC in the 
point B, and at the p<»nt B, in the straight hne BF make (Prob. 9. 1.) the 
iin^ FBC Vfol to the angle V ; therefore, because the stndght line £F 
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toiichea the circle ABC, and BC is 
dra^vn from the point of contact B, 
the angle FBC is equal (30. 3.) lo 
the angle in the aliemaie segment 
BAC ; but the angle FBC is equal 
to the angle D: therefore (he angle 
in the eegnient BAC is equal to the 
angle D : wherefore the segment 
BAC is cut off fiom the given circle 
ABC coDiaining an angle equal to 
the g^ven angle D-. 



PROP. TI. PROa 
To draw a langatt to any point m a circular are, without JbuHng Ac centre. 

From B the given point, take two equal 
distances BC, CD on the arc ; join BD, 
and draw the chords BC, CD : make the 
angle CBO=CBD, and the straight line 
BG will be the tangent required. 

For the angJeCBDrrCDB ; and there- 
fore the angle GBG ie also equal to CDB, 
an angle in the alternate segment ; hence, 
BG is a tangent at B. 



PROP. Vll. PROB. 
To dacriie a circle dbmU a given triangle. 

Let the given triangle be ABC ; it is required to describe a circle about 
ABC, 

Bisect (Prob. S. I.) AB, AC in the poinU D, E, and from these pdnts 
draw DF, EF at right angles (Prob. 6. 1 .) to AB, AC ; DF, EF produced 
will meet one another ; for, if they do not meet, they are parallel, where- 





fore, AB, AC, which are at right angles lo them, are parallel, which is 
absurd ; Let them meet in F, and join FA ; also, if the point F be not in 
BC, jom BF, CF : then, because AD is equal to BD, and DF common, 
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and at right angles to AB, the base AF is equal (1. 1.) to the baae FR 
In like manner, it mey be shewn that CP is equal to FA ; and tberefinra 
BF is equal to FC ; and FA, FB, FC are equal to one another ; «hei«- 
fbre the circle described from the centre F, at the distance of one of them, 
irill pass through the eztreoiities of the other two, and be deaciibed about 
the triangle ABC. 

Cor. When the centre of the circle Ule within the triangle, each of its 
angles is leas than a right angle, each of them being in a segment greater 
thui a semicircle ; but when the centre is in one of the sides of the triangle, 
the angle opposite to this side, being in a semicircle, is a right angle : and 
if the centre falls without the triangle, the angle opposite to the side beyond 
which it is, being in a segment less than a semicircle, is greater than a right 
angle. Wherefore, if the given triangle be acute angled, the centre of the 
circle falls within it : if it be a right angled triangle, the centre is in the 
eide opposite to the right angle ; and if it be an obtuse angled triangle, the 
centre falls without the triangle, beyond the aide opposite to the obtuse an- 
gle. 

SCHOUUM. 

From the demonstration it ie evident that the three perpendiculars bi- 
secting the sides of a triangle, meet in the same ptnnt ; that is, the ceatie 
of the cimimsciibed circle. 



PROP. VIU. PEOB. 
To droa adreuiar segment wrch of a given span andritt. 

This is, evidently, only a modidcation of the preceding Problem, whera 
AB is the span and SR the rise. 

Join AR, BR, and at their respective points of biBecti<m M, N, erect the 
perpeadteulars MO, NO to AR, BR ; they 
will intersect at O, the centre of the circle- 
That OA=OR=0B, is proved as before. 

The joints between the arch-stones, or 
vatatovt, are only continuations of radii 
drawn from the centre of the drcle. 
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BOOK IV. 

DEFINITIONS. 

1. A sccTiLiNKAi. figure is Bud to be inscribed in BDothei Tectilinral 
[ figure, when all the angles of the inscribed 

figure are upon the aides of the figure in which 
it is inscribed, each upon each. 

2. In like manner, a figure ia said to be described 
about another figure, when all the sides of the 
cirGumecribed figure pass through the angular 
points of the figure about which it ia dsscribed, 
each through each. 

3. A rectilineal figure is scud to be inscribed in 
a circle, when all the angles of the inscribed 
figure are upon the circumference of the cir- 



4. A rectilineal figure ia said to be described 
about a cnx;le, when each aide of the circum- 
Bcribed figure touches the circumference of the 
circle. 

t. In like manner, a circle is said to be inscrib- 
ed in a rectilineal figure, when the circum- 
ferenca of the drcle touches each side of the 
figure. 

6. A t^rcle is said to be described about it lecti- 
fineal figure, when the ciicuniftrenca of tb« 
circle paasea through all the angalar poinU ef 
the figure about which it la desmbed^ 




7. Poiyg'on* of five aidea are cfiUed ^JMiag'OTg ; those of sizaides.XcMfviu; 
those of seven eidea, h^lagims ; thoae of eight sidea, oclagona; and bo 

OD. 

8. A polygon, which is at once equilateral and equiangular, is called a 
regular polygon. 

Be^lar polygons may bave any number of sidea ; the equilateral tii- 
angle is one of three Bides ; and the square is one of four aides. 

LEMMA. 

•flny regular folygon may he ineaihed in a circle, and cireumseribed about one. 

Let ABCDE, &c. be a regular polygon : describe a circle through the 
three points A, B, C, the centre being O, and OP the perpendicular let fall 
from it, to tbe middle point of EC : join AO and OD, 

If the quadrilateral OPCD be placed upon 
the quadrilateral OPBA, they will coincide ; 
for tbe aide OP is common : the angle OPC= 
OPB, being right ; hence the Bide PC will ap- 
ply to its equal PB, and the point C will fall 
on B ; besides, from the nature of the polygon, 
the angle PCD=PBA ; hence CD will take 
the direction BA.and sioceCD^^BA, the point 
D will &I1 on At and the two quadrilaterals 
will entirely coincide. 

The distance OD is therefore equal to AO ; 
and consequently the circle which pasaea through (he three pointa A, B, C, 
will also paaa through the point D. By the same mode of reasoning, it 
might be shown that the circle which passes through the points B, C, D, 
will also pass through the point E ; and so of all the rest: hence the cir- 
cle which passes through the points A, B, C, pasaea through the vertices 
of all the angles in the polygon, which is therefore inacribed in this circle. 

Again, in reference to this circle, all the sides AB, BC, CD, &c. are 
equal chords ; they are therefore equally dialanl from the centre (Th. 14. 
3.) : hence, if from tbe point O with the distance OP, a circle be deacrib- 
ed, it will touch tbe side BC, and all the other sides of the polygon, each 
in its middle point, and the circle will be inscribed in the polygon, or the 
polygon circumscribed about the circle. 

Cor. 1. Hence it is evident that a circle may be inscribed in, or circum- 
scribed about, any regular polygon, and the cu'dea ao described have a 
common centre. 

Cor. 2. Hence it likewise follows, that ifjrom a common centre, dreUi 
can he inscribed in, and circumscrihed about a polygon, that polygon is regvlar. 
For, supposing those circles to be described, the inner one will touch all the 
sides of the polygon ; theae sidea are therefore equally distant from its 
centre ; and, consequently, being chords of the circumscribed circle, they 
ore equal, and therefore include equal angles. Hence the polygon ia at 
once equilateral and equiangular ; that is (Def. 6. B. IV.), it is regular. 
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SCHOLIUMS. 

_ 1. The point 0, tho common centre of the inscribed and circumecribed 
dlcles, maj also be regarded aa the centre of the poljgon ; and upon thia 
principle the angle AOB is called tAe angle at the centre, being formed bj two 
ladii drawn to the extremitiea of the same side AB. 

Since all the chords are equal, all the angles at the centre must evident- 
ly bo equal likewise ; and therefore the value of each will be found by di- 
viding four right angles by the number of the polygon's sidea. 

2. To inscribe a regular polygon ofa certain number of sides in a given 
chrcle, we have only to divide the circumference into as many equal parte 
as the polygon has sides i for the arcs being equal (see fig. Prop. XV, B. 4.), 
the chords AB, BC, CD, &c. will also be equal ; hence, likewise, the tri- 
angles ABG, BGC, CGD, &c. must be equal, because they are equian- 
gular ; hence all the angles ABC, BCD, CDE, itc. wiL be equal, and 
consequently the figure ABOD, &c. will be a regular polygon. 

PROP. I. PROB. 

In a given drde lo place a eiraighi Uae eguai to a given Btraight Hne, not 

greater than the ^ameter of the circle. ' 

Let ABC be the given circle, and D the given straight line, not greater 
than the diameter of the circle. 

Draw BC the diameter of the circle 
ABC i then, if BC is equal to D, the 
thing required is done ; for in the circle 
ABC a straight tine BC is placed equal 
to D ■ But, if it ia not, BC is greater 
than D ; make CE equal (Prob. 3. 1.) 
to D, and from the centre C, at the dis- 
tance CE, describe the circle AEF, and 
join CA : Theteftire, because C is the 
centre of the circle AEFi CA is equal 
to CF ; but D is equal to CE ; there- 
fore D is equal to CA : Wherefore, in the circle ABC, a straight line is 
placed, equal to the given straight Lne D, which is iiot greater than the 
diameter of the circle. 

PROP. II. PROB. 

In a given circle to describe a triangle eguiangular lo a given triangle. 

Let ABC be the given circle, and . DEF the given triangle ; it is re- 
quired to inscribe in the circle ABG a triangle equiangular to the triangle 
DEF. 

Draw (Prob. 2. 3.) the straight line OAK touching thecircle in the point 
A, and at the point A, in the straight line AH, make (Prob. 9. 1.) the an- 
gle HAC equal to the angle DEF ; and at the poinC A, in the straight line 
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AG, make theanj^eOAB equ&I 
to the nnglo DF£, and join 
BC. Therefore, because HAG 
touches the circle ABC, and AG 
is drawn ftom the point of con- 
tact, the angle HAC ia equal ~ 
(30. B.) to the angle ABCia the 
alternate segment of the circle : 
But HAC ia equal to the angle 
DEF : therefore aleo the aogle 
ABC ts equalto DEF ; for the 
■ame reason, the angle ACB ia 
equal to the angle DPE ; therefore the remtuning angle BAC is equal 
;(2. Cor. 26. 1.) to the remaining angle EDF : Wherefore the triangle ABC 
is equiangular to the triangle DEF, and it is inscribed in the uicle ABC. 

PROP. lU. PBOB. 
MoKt a given dreie to describe a triangle tqmangvkr to a given triangle. 

Let ABC be the given circle and DEF the given triangle ; it is requir- 
ed to describe a triangle about the circle ABC equiangular to the triangle 
DEF. 

Produce EF both ways to the points G, H, and find the centre K of the 
circle ABO, and from it draw an; straight Hne KB ; at the point K in the 
straight line KB, make (Prob. 9. 1.) the angle BKA equal to the angle 
DEG, and the angle BKC equal to the angle DFH ; and through the 
points A, B, C, draw the straight hnes LAM, MBN, NCL touching (Prob. 
3. 3,) the circle ABC : Therefore, because LM, MN, NL touch the drcle 
ABC in the points A, B, C, to which from the centre are drawn KA, KB, 
KC, the angles at (he points A, B, C, are right (18. 3.) angles. And be- 
cause the four angles of the quadrilateral flgpire AMOK are equal to four 
right angles, for it can be divided into two triangles ; and because two of 




them, KAM, KBM, are right angles, the other two AKB, AMB are equal 
to two right angles : But the angles DEO, DEF are likewise equal (6. 1.) 
to two right angles ; therefore the angles AKB, AMB are equal to the an- 
gles DEG, DEF, of which AKB is equal to DEG ; wherefore the-reaiBiih 
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ins angle AMB it equal to the remuninff angle DEF. Id tike DHtnn«r, 
tbs angle LMN ma^ be demoDBtrated to be equ«I to DPE ; and therelora 
the remmningangleMLN is equal (3. Cor. 35. 1.) to the lemainiDg angle 
£DF : Wherefore ihe triangle LMN is equiaugtikr to the triangle DEF: 
And it is described about tbe circle ABC. 

PROP. IV. PROB. 

To mtcriht a drde m a given triangk. 

Ijet the given tnangle be ABC ; it ia required to inscribe a. circle in 
ABC. 

Bisect (Prob. 4. 1.) tbe angles ABC, BOA hy theafmight iinee BD, CD 
meeting one another in the point D, liom which diaM' (Prob. 7. 1.) D£, 
DF, DG perpendiculara to AB, BC, CA. 
Then because the angle EBD is equal 
to tbe angle FBD, the angle ABC being 
bisected by BD; and because the right 
angle BED, ia equal to the right angle 
BFD, the two triangles EBD, FBD have 
two angles of the one equal to two angles 
of the other ; and the side BD, which ia 
opposite to oneof the equal anglesineach, 
is common to both ; therefore their other 
radea are equal ; wherefore DE is equal 
to DF. FcK the eatne reason, DO is 
equal to DF ; therefore the three straight tinea DE, DF, DG, are equal to 
one another, and the circle described from the centre D, at the distance (tf 
&ny of them, will pass through the -^tremi ties of the other two, and win 
touob tile straight lines AB, BC, CA, because the angles at the points E, 
F, G, a.re right angles, and tbe straight line which is drawn fioni the extre- 
mity of a diameter at right angles to it, touches (1. Cor. 16. 8.) tbe circle. 
Therefiore tbe etraigbt linea AB, BC, CA, do each of them touch the cir- 
cle, and the circle EFG is inscribed in the triangle ABC. 

SCHOLIUM. 

Lines bisecting the three anglea of a triangle, all meet in the same pant ; 
that is, the centre of the inscribed circle : and it has been shown (Sch. 
Prob. 7. B, 3.) that the linea bisecting the three sides at right angles, also 
meet in one point ; consequently, in the equilateral triangle, since the lines 
bisecting the angles also bisect tbe sides, it follows that the centre of ib« 
circumscribed and inscribed circles coincide. 

PROP. V. PROB. 

To inscribe a tquan in a given arck. 

_ Let ABCD' be the given circle ; it is reqtiired to insciibe a square ia 





Drav the diameten AC, BD &t right utgles to one another, and join 
AB, BC, CD, DA ; bocauae BE is equal to £D, E being the centre, and 
because EA is at right angles to BD, and 
common to the triangles ABE, ADE ; the 
bue BAia equal (1. l.)to the base AD; 
and, foi the same reason, BC, CD are each 
of them equal to BA or AD ; therefore the 

Juadrilateral figura ABCD is equilateral. 
I is also rectangular ; for the straight Hne 
UD being a diameter of the circle ABCD, 
BAD is a semicircle ; wherefore the angle 
BAD is a right (29. 3.) angle ; for the same 
rewm each of the angles ABC, BCD, CDA 
is a right angle ; therefore the quadrilateral figure ABCD is reGtan|!n.ilar, 
and it has been shewn to be equilateral ; ther^ie it is a square ; and it is 
inscribed in the drclu ABCD. 

SCHOLIUM. 

8ince the triangle AED is right angled and isosceles, we have (Cor. 2. 
Th. 37. B, 1.) AD : AE : ; \/2 : 1 ; hence the side of the wwcriierf sgvare it 
to tht raJua, as the ijvart root of 2, is to tmity. 

PROP. VI. PROB. 

To daaibe a sguetre about a given circle. 

Let ABCD be thq given circle; it is required to describe a square 
about it. 

Draw two diameters AC, BD of tBe circle ABCD, at right angles to one 
another, and through the ptrints A, B, C, D draw (Prob. 2. 3,) FG, GH, 
HK, KF touching the circle ; and becauae FG touches the circle ABCD, 
and EA is drawn from the centre E to the point of contact A, the angles 
at A are right (18. 3.) angles; for the same reason, theaoglesat the points 
B, C, D are right angles ; and because the angle AEB ia a right angle, aa 
likewiseisEBG, GHia parallel (20. 1.) to G A. P 

AC ; for the same reason, AC ia parallel to " 

FK, and in Uke manner, GF, HK may each 
of them be demonstrated to be parallel to 
BED J therefore the figures OK, GC, AK, 

F8, BK are parallelograms ; and GF is B p* PD 

therefore equal (28. 1.) to HK, and GH to 

FK ; and because AC is equal to BD, and 

also to each of the two GH, FK ; and BD 

to each of the two GF, HK : GH, FK are 

each of them equal to GF or HK ; thwefore 

the quadrilateral figure FGHK ia equilateral. It is also rectangular ; for 

GBEA being a parallelogram, and AEB a right angle, AGB (28. 1.) is 

likewise a ri^t angle : In the same manner, it ma; be shewn that the an- 

gtos at H, K, F are right angles ; therefore the quadrilateral figure FGHK 
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ia rectangular ; and it was demon etrated to be equilateral ; thetefoTB it ia 
a square ; and it is deacritied about ttie circle ABGD. 



PROP. VII. PROB. 

To inscribe a circle in a given gguare. 

Let ABCD be the given aquaie ; it ib required to ineciibe a circle in 
ABCD,- 

Bisect (Prob. 5. 1.) each of the aides AB, AD, in the pointe F, E, and 
through E draw (Prob. 13. I.) EH parallel to AB or DC, and through F 
draw FK parallel to AD or BC ; therefore each of the figures, AK, KB, 
AH, HD, AG, GC, BG, GD is a parallelogram, and their opposite sides 
are equal (28. 1.) ; and because that AD is equal to AB, and that AE ia 
the half of AD, and AF the half of AB, AE is equal to AF ; wherefore the 
Bides opposite to these are equal, viz. FG to GE ; in the same manner it 
may be demonslrated, that GH, GK, are each a 'CJ jj 

of them equal 10 FG or GE; therefore the four 

straight lines, GE, GF, GH, GK, are equal to 
one another ; and the circle described from the 
centre G, at the distance of one of them, will 
pass through the extremities of the other three ; 
and will also touch the straight lines AB, BC, 
CD, DA, because the angles at the points E, 
F, H,K, are right (21. 1.) angles, and because 

the straight line which is drawn from the ex- _j =— 

Iremity of a diameter at right angles to it, touch- H "- 

ee the circle (16. 3.) ; therefore each of the straight lines AB, BC, CD, DA 

touches the circle, which is therefore inscribed in the squares ABCD. 




PROP. VIII. PROB. 

To detcriie a drde about a given sjuare. 

Let ABCD bs the given square ; it is required to describe a circla 
about it. 

Join AC, BD, cutting one another in E ; and 
because DA ia equal to AB, and AC common to 
the triangles DAC, BAC, the two sides DA, AC 
are equal to the two BA, AC, and the base DC 
is equal to the base EC ; wherefore the angle 
DAC ia equal to the angle BAC, and the aAgle 
DAB ia bisected by the straight line AC. In the 
same manner it may be demonatrated, that the 
angles ABO, BCD, CDA are severally bisect- 
ed by the straight lines BD, AC ; therefore, 
because the angle DAB ia equal to the angle ABC, and the angle EAB 
is the half of DAB, and EBA the half of ABC ; the angle EAB ia equal 
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'.lo'UieangleEBA: and the side EA{4. 1.) to the side EB. In thewtnK 
manner, it may be demon etrated, that the straight lines £C, ED are each 
of them equal to £ A, or EB ; therefore the four straight linea EA, EB, EC, 
£D, are equal to one another ; and the circle described from the centre E, 
at ihe distance of one of them, must pass through the extremities of the 
other three, and be deacribed about the square ABCD. 

PROP. IX. PHOB. 



To divide a given straight Une into two parts, so that the rectangle cmtained h/ 
the whoU, and one of the parts, may be equal to the square of the other part. 

Let AB be the given straight line ; it is required to divide it into two 
parts, so that the rectangle contained b; the whole, and one of the parts, 
shall be equal to the square of the other part. 

Upon AB describe (Prob. 18. 1.) the square ABDC ; bisect (Prob. 5, 1.) 
AC in E, and join BE ; produce CA to F, and make (Prob. 3. 1.) EF 
equal to EB, and upon AF describe (Prob. 18. 1.) ihe square FGHA, AB 
is diTided in H, so that the rectangle AB, BH is equal to the square of AH. 
Produce GH to K : Because the straight line AC is bisected in E, and 
produced to the poiot F, the rectangle CF.FA, together with the square 
of AE, ia equal (6. 2.) to the square of EF : 
But EF is equal to EB ; therefore the rect- 
angle CF.FA, together with Ihe square of 
AE, is equal to the square of EB ; And the 
squares of BA, AE are equal (37. 1.) to the 
square of EB, because the angle EAB ia a 
ri^t angle; therefore the rectangle CF.FA, 
together with the square <rf AE, is equal to 
' " ' "2: lake away the 

I ccnamoa to both, 

rectangle CF.FA is 

3, Now the figure 

FA, for AF is equal 

luare of AB ; there- 
take away the com- 

lainder FH is equal 

lut HD is the rect- 
aitrfe AB.BH, for AB is equal to BD ; and 
FH is the square of AH ; therefore the rectangle AB.BH is equal to th« 
square ef AH: Wherefore the straight line AB is divided in H, so that the 
rectangle AB.BH ia equal to the gquara of AH. 
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PROP. X. PROB. 

TV describe an isosceks triimgle, having each of Ike angles ai tke base double of 
the third angle. 

Take ani^ straight tine AB, and divide (9. 3.) it in the point C, so that 
the rectangle AB.BC may be equal to the square of AC ; and from the 
centre A, at the distance AB, describe the circle BDE, in which place (1. 
4.) the straight line BD equal to AC, which ia not greater than the diame- 
ter of the circle BDE ; join DA, DC, and about the triangle ADC describe 
[Prob. 7. 3.) the circle ACD ; the triangle ABD is such as is required, that 
is, each of the angles ABD, ADB is double of the angle BAD. 

Because the rectangle AB.BC is equal to the square of AC, and AC 
equal to BD, the rectangle AB.BC is 
equal to the square of UD ; and be- 
cause from the point B without the cir- 
cle ACD two straight lines BCA, BD 
are drawn to the circumferences, one 
of which cuts, and the other meets the 
circle, and the rectangle AB.BC con- 
ttuned by the whole of the cutting line, 
and the part of it without the circle, is 
equal to the square of BD, which meets 
it; the straight line BD touches (33. 
3.) the circle ACD. And because BD 
touches the circle, and DC is drawn 
from the point of contact D, the angle 
BDC is equal (30. 3.) to the angle 
DAC in the alternate segment of the circle, to each of tiiese add the angle 
CDA j therefore the whole angle BDA is equal to the 
DAC ; but the exterior angle BCD is equal (25. 1.) t( 
DAC ; therefore also BDA is equal to BCD ; but BD-" 
because the side A D is equat to the side AB ; therefort 
equal to BCD ; and consequently the three angles BDJ 
equal to one another. And because the angle DBC is 
BCD, the side BD is equal (4. 1.) to the side DC ; but B 
te CA ; theretbre also CA is equal to CD, and the ant 
the angle DAC ; therefore the angles CDA, DAC togt 
the angle DAC ; but BCD is equal to the angles CDA, DAC (25. i.) ; 
therefore also BCD is double of DAC. But BCD is equal to each of the 
angles BDA, DBA, and therefore each of the angles BDA, DBA, is do* 
ble of the angle DAB ; wherefore an isosceles triangle ABD is d^ciibed, 
having each of the angles at the base double of the third angle. 

" CoK. 1. The angle BAD is the fifth part of two right angles. For 
" since each of the angles ABD and ADB is equal to twice the angle 
" BAD, they are together equal to four times BAD, and therefore all the 
" thrae angles ABD, ADB, BAD, taken together, are equal to five times 
(' the sogle BAD. But the ttuee angles ABD, ADB, BAD an «qual to 




94 ELEMENTS 

" two right angles, therefore five times the angle BAD ie equal to two right 
" angles ; or BAD is the fiflh part of two right angleB." 

" Con. 2. Because BAD is the fifth part of two, or the tenth part of 
" four right angles, all the angles about the centre A are together equal to 
" ten times the angle BAD, and may therefore be divided into ten parts 
" each equal to BAD. And as these ten equal angles at the centre, must 
" stand on ten equal arcs, therefore the arc BD ia one-tenth of the cir- 
" cumference ; and the straight line BD, that is, AC, ia therefore equal to 
" the side of an equilateral decagon inscribed in the circle BD^." 

PROP. XI. PROB. 

To inacrihe an egmlaieral and equiangular pentagon in a given circle. 

Let ABODE be the given circle, it ie required to inscribe an equOateral 
and equiangular pentagon in the circle ABODE. 

Describe (10. 4.) an isosceles triangle FGH, having each of the angles 
at G, H, double of the angle at F ; and in the circle ABCDE inscribe (2. 
4.) the triangle ACD equiangular to the triangle FGH, so that the angle 
CAD be equal to the angle at F, and each of the angles ACD, CDA equal 
to the angle at G or H ; where- 
fore each of the angles ACD, 
CDA ia double of the angle CAD. 
Bisect (Prob, 4. 1.) the angies 
ACD, CDA bj the straight lines 
CE, DB ; and join AB, BC, DE, 
EA. ABODE is the pentagon 
required. 

Because the angles ACD, 
CDA are each of them double of 
CAD, and ate bisected by the 
strwght lines CE, DB, the five angles DAC, ACE, ECD, CDB, BDA are 
equal to one another ; but equal angles stand upon equal (23. 3.) arcs ; 
therefore the five arcs AB, BC, CD, DE, EA are equal to one another; 
and oqual arcs are subtended by equal (28. 3.) straight lines ; therefore 
the five straight lines AB, BC, CD, DE, EA are equal to one another. 
Wherefore the pentagon ABODE ia equilateral. It is also equiangular; 
because the arc AB is equal to the arc DE ; if to each be added BCD, 
the whole ABOD is equal to the whole EDCB ; and the angle AED 
stands on the arc ABCD, and the angle BAE on the arc EDCB : there- 
fore the angle BAE is equal (26. 3.) to the angle AED : for the same rea- 
BOn, each of the angles ABC, BCD, CDE is equal to the angle BAE or 
AED; therefore the pentagon ABCDE is equiangular : and it has been 
shewn that it ia equilateral. Wherefore, in the given circle, an equilateral 
and equiangular pentagon has been inscribed. 

Otherwise. 

" IXvide the radius of tha given drcle, so that the rectangle contained by 
" the whole and one of tha parts may be equaJ to the Bquue of the other 
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" {9. 4.)- Apply'in the circle, on each aide of a giveh point, a line Squal 
" to the greater of these parts ; then (2, Cor. 10. 4.), each of the arcs cut' 
" off will be one-tenth of the circumference, and therefore the arc mads 
" up of both will be one-fifth of the ciicumfereDce ; and if- the straight line 
" subtending this arc be drawn, it will be the side of an equilateral penta- 
" gon inscnbed in the circle." 

PROP. Sri. PROB. 

To describe an eguilateral and equianguiar pentagon c^oui a given circle. 

Let ABODE be the given circle, it ia required to deacribe an eqviilateral 
and equiangular pentagon about the circle ABODE, 

Let the angles of a pentagon, inscribed in the circle, by (he last proposi- 
tion, be in the points A, B, C, D, E, so that the area AB, BC, CD, DE, 
EA are equal ; and through the points A, B, C, D, E, draw GH, HK, 
KL, LM, MQ, touching (Prob. 2. 3,) the circle ; take the centre F, and 
join FB, FK, FC, FL, FD. And because the straight line KL louches 
the circle ABCDB in the point G, to which FC is drawn from the cen- 
tre F, FC is perpendicular (18. 3.) to KL; therefore each of the angles at 
C is a right angle ; for the same reason, the angles at the points B, D ara 
right angles ; and because FCK is a right angle, the square of FK ia equal 
(37. 1.) to the square of FC, CK. For the same reason, the aquare of FK 
is equal to the squares of FB, BK : therefore the squares of FC, CK Ue 
equal to the squares of FB, BK, of which the square of FC is equal- to di« 
aquare of FB ; the remaining square of CK is therefore equal to the re- 
maining square of BK, and the straight hue CK equal to BK : and be< 
cause FB ia equal to FC, and FK common to the triangles BHK, CFK, 
the two BF, FK are equal to the two CF, FK ; and the base BK is equal 
to the base KC ; therefore the angle BFK is equal to the angle KFC, and 
the angle BKF to FKC ; wherefore the angle BFC is double of the angle 
KFC, and BKC double of FKC : for the same reason, the angle CPD is 
double of the angle CFL, and CLD double of CLF : and because the arc 
BC is equal to the arc CD, the angle BFC is equal (26. 3.) to the angle 
CFD ; and BFC is double of the angle KFC, and CFD double of GfU; 
therefore the angle KFC is equal to 
the angle CFL ; . now the right angle 
FCK is equal to the right angle FOL ; 
and therefore, in the two triangles 
FKC, FLC, there are two angles of 
one equal to two angles of the other, 
each to each, and the side FC, which 
is adjacent to the equal angles in each, 
is common to both; therefore the other 
sides are equal to the other sides, and 
the third angle to the third angle; 
therefore the straight line KC Is equal 
to CL, and the angle FKC to the an- 
gle FLC : and because KC is equal to CL, KL is double of KC ; in the 
sanu njEUUMr, it may be shewn that HK in double of BK ; aitd because 
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BK tB oquftl to K0; as wai <!emoBatnted, itnd KL ia <1buble of KC,.at]d 
"HK double of BK, Hif is equal to KL ; in like manner, it may be shewn 
thdtO^, GiM, ML are each erf' tbem equal to HK or KL.;^.ibeMf<Ke.tfas 
pentagon GHKLM is equilateral. It ia also equiangular ; for, since the 
ang-le FKC is equal to the angle FLC, and the angle HKL double of the 
angle FKC, and KLM double of FLC, as vas before demonBtratecl, the 
angle HKL is equal to KLM ; and in like manner it may be she^vn, that 
each of the angles KHG, HGM,< QML is equal to the angle HKL or 
KLM ; therefore the live angles GHK, HKL, KLM, LMG, MGU being 
equal to ona another, the pentagon GHKLM is equiutgular ; and it is 
equilateral as was demonstrated : and it is described about the circle 
ABCPE. 

PROP. Xm. PROB. 

To tnsmbe a ctTcU in a given egvilaterid and equiangtUar pentagon: 

-. Let ABODE be the given: equilateral and equiangular pentagon'; it is 
required to inscribe a circle in the pentagon ABODE. 

Bisect (Prob. 4. 1.) the angles BC D, CDE by the straight lines CF, DP, 

and from the point F, in wbich they meet, draw the straight lines FB, FA, 

FE ; therefore, since BO is equal to CD, and OF common to ihe triangles 

BCP, DGF, the two sides BC, CF are equal to the two DO, OF ; and the 

" ■ leDCF; therefore the baseBFifi equal (1. 

ber angles to the other angles, to which the 

ifore the angle CBF is equal to the.angla 

CDE is double of CDF, and ODE equal to 

A ia also double of the angle CBF ; there- 

Ihe an- 

oABO 

3F: la 

the same manner, it may be demon-' 

strated that the angles BAE, AED, 

are Uaected by the straight lines AF, 

EF : -from the point F draw (Prob. 7. 

1.}FG,FH,FK,FL, FMperpendicu- • 

lars to the straight lines AB, BC, CD, 

, DE, EA : and because the angle HCF 

is equal to KCF, and the right angle 

FHC equal to the right angle FKC ; _ _ 

in the triangles FHO, FKC there are two anglerof one equal to two an- 
gles of the other, and the side FC, which is opposite to one of the equal an- 
gles in each, is common to both ; therefore, the other sides shall be equal, 
each to each ; wherefore the perpendicular FH is equal to the perpendicu- 
lar FK : in the same manner it may be demonstrated, that FL, FM FG 
are each of them equal to FH, or FK ; therefore the five straight 'lines 
FG, FH, FK, FL, FM are equal to one another ; wherefiwe the circle 
Ascribed from the centre F, al the distance of one of these five, will paai 
through the eittremitiea of (he other four, and touch the straight lines AB, 
BC, CD, DE, EA, because that the angles at the pdnts G, H, K, L, M 
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%n right angles, and that a atralght line drawn ttom the extremity of the 
^ameterofadrcle at light angles to it, touches (1. Cor. 16. 3.) thedrela; 
: »!>■*» « — •— kof-tliftatraiEht lines AB, EC, CD; DE, EA louche* tiiecir- 
cle ; whereGire the circle u Snacribe* in the pentagon ABODE. 

PROP. XIV. PROB. 

To lUicribe a circle about a given eguflaterai tmd eqmangtUar pentagm. 

Let ABCDK' do ciio Bir« nouilateral and equiaDg^ilar pentagon: It m 
lequired to descnbe a circle about it. - 

Bisect (Prob, 4. 1.) the anglea BCD, CDE by the siiSgnt foes OP FD, 
and from the point F, in which thej meet, A " ' 

draw the etraighl lines FB, FA, FE to the -^^ 

poiuta B, A, E. It ma; be demonstrated, 
m the same manner as in the preceding; 
propoaition, that the aiiglea CBA, BAE, 
AED are bisected by the straight lines FB, 
'FA,FE; andbecauselhattheangleBCD 
is equal lo the angle CDE, and that FCD 
is the half of the angle BCD, and CDF the 
half of CDE ; the angle FCD is equal to 
FDC i wherefore the side CF is equal (4. 
10 to the «de FD : Id like manner it may be demonstrated, that FB, FA, 
FE are each of them equal to FC, or FD : therefore the five straight lines 
FA, FB, FC, FD, FE are equal to one another ; and the circle described 
from the centre F, at the distance of one of them, will pass through the ez- 
. tremities of the other four, and be described about the equilatuul and etpii- 
angular pentagon ABODE. 

PROP. XV. PROB. 

To inscribe tat egiukterd and equiangular hexagon in a given arde. 

Let ABCDEF be the given circle ; it igjwia»d to imreribe an equila- 
teral and equiangular hexagon in ii- 

Find the centre G of the ^i~>*fABCDEF, and draw the diameter AGD; 
and from D aa a cep'"^^ ^^^ distance DG, describe the circle EQOH, 
join EG CG n^^ produce them to the points B, F ; and join AB, BC, 
CD DE^ -^i FA : the hexagon ABCDEF is equilaXeral and equian- 

Because G is the centre of the ciicle ABCDEF, GE is equal to GD : 
and because D is the centre of the circle EGCH, DE is e(|ual to DO: 
wherefore GE is equal to ED, and the triangle EQD is equilateral ; ana 
therefore its three angles EGD, GDE, DEO are equal to one another; 
and the three angles of a triangle are equal (S3. 1.) to two right ui^h ; 
therefore the angle EGD is the third part rf two right angles : In tite 
same manner it may be demonstrated that the angle DGC is also the third 
part of tww rij^t angles : and because the straight line GO -m^ee ■mth 
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EB Ihe adjaCADt angks EQC, CGB equal [6. 
1.) to t#o right angles : the remaimng angle 
CGB 18 the third part of two right angles ; 
thHTafore the angles EOD, DG}€, COD, aie 
equal to one another ; and also the angles 
vertical to tliem, BOA, AGF, FOE (8. 1.) ; 
therefee the aix angle* EG D, DGC, CGB, 
BOA, AGF, FQE are equal ta qm •-oUrer. 
But equal aDglen at the centre stand upon 
•qua! (35. 3.) arcs : therefarelhesaaTcs AB, 
BO, CD, DE, EF, FA ■"» "i"-J *• one an- 
other : and bo»^ arcs are subtended by e^ual 
(38.3.)nraightiinee: therefore the nz straight 
Unet are equal to one another, and the hexa- 
gon ABCDEF is equilatera]. It is also equi- 
angular ; for, since the arc AF is equal to ED, 
ifi each of these add the arc ABCD ; therefore the whole arc FABCD 
shall be equal to the whole EDCBA : and the angle FED stands upon 
^he 4r^ FABCD, and the angle AFE upon EDCEA \ therefore the angle 
AFE is equal to FED : in the tame manner it may be demonstrated, that 
the other angks of the hexagon ABCDEF are each of them squal to the 
aogle AFE or FED ; therefore the hexagon is equiangular ; it is also 
equikteral^as was shown ; and it is inacrihed in the given circle ABCDEF. 

GoK. From-^bia it is manifest, that the side of the hexagon is equal to 
tbo straight line &om the centre, that is, to the radius of the circle. 

And if through the points A, B, C, D, E, F, there be drawn straight lines 
touching the circle, an equilateral and equiangular hexagon shaU be de- 
scribed about it, which roay be demonstrated from what has been said of 
the pentagon ; and likewise ^ circle may be inscribed in a given equilateral 
and equiangtiW hexagon, and cireumscribed about it, by a method like to 
that used for the pentagon. ■ . 

PROP. lyi, PROS. 



To inscriie m eywitfow *rf ««wn^wiw sumUeagen 
Let ABCD be the given circle j 



igon in a given circle. 

. r i '' !^'''^Mi«d to inscribe an equilateral 

.and equiangular qundecagonm the circle ABoQ ^ 

Let AC be the aide of an equilateral tri- 
angle inscribed (2. 4.) in the circle, and AB 
the side of an equilateral and equiangular 
^pentagon inscribed (11.4.) in the same; 
tberefoie, of such equal parts as the whole 
circumference ABCDF contains Meen, the 
arc ABC, being the third port of the whole, 
contains five ; and the arc AB, which is the 
fifth part of the whole, contains three; 
therefore BC their difference contains two 
of the same parts : bisect (Ptob. 3. 3.) BC 
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ui £ ; therefore BE, EG are, each of them, the fifleeoth part of the wbtda 
circumference ABCD : therefore, if the straight linea BE, EC be drawn, 
aiid atraighL linen aqual to them be placed (1. 4.) around in the wbote ur- 
cle, an equilateral ancTbquiangutar quindecagon wHI be inacribed in it. , 

- And in the same manner as was done in ibe pentagon, if through the 
points of division made by inscribing the quutdecagon, straight lines be 
drawn touching the circle, an equilateral and equiangidat quindecagon 
may be deBcnbed about it: And liJCewise, as in the pentagon, a circle may 
be laacnbed in a given equilateral and equiangnlar quindecagon, and cir- 
cumsciibed about ic ' 

SCHOLIUM. 

Any regular polygon being inscribed, if the area subtended 1}y ita sides 
be severally bisected, the chorda of those Hemi-arcs will &xna a new regular 
polygon of double the number of sides : thus, from having an inscribed 
square, we may inscribe in succession polygons of 8, 16,32,64, iin. aides; 
from the hexagon may be formed polygons of 12, 24, 48, 96, &c sides;, 
from tiie dect^cm polygons of 20, 40, 80, &c. sides ; and from the pent*- 
decagonwemayinscribepolygonsof 30, 60, &C. sid^; andit is plainJiiat 
eftcb polygon will exceed the preceding in surface orarea. _ . , ; 

It is obvious that any regular polygon whatever might be inscriM in a 
circle, provided that its circumference could be divided into anj- proposed 
number of equal parts ; but such division of the circumferen.;»1ike Ibe Iri- 
MCtion of an angle, which indeed depends on it, is a proW*™ which has 
not yet been effected. There are no means of inscribing^ a circle a regu- 
lar heptagon, or which is the same thing, the circumfofnc* of a sirol* owi- 
notbe divided into seven equal parts, by any mtibs^'^ttierto diacovertd. 

It was long supposed, that besides the pol«Ona a«^« mei«ioned,,i» 
other could be inscribed by the operations of elrfjentaiyGeomelry, or, what 
amounts to the same thing, by-the, resoimi* o' equations of the first and 
sBCtmd degree. But JW, ^^W3, of Ob>«gen. « 'eogt'i pwved, m a woA 
entitled Dttquititifr^ ^rilfymelicx, Li^> J^^l. tha' «ie circumference of 
a cn-cle i— -^ ^ divided into anyj^bw of equal parts, capable of being 
gy^cBsed by the formula S" -f- 1, pro"ded it be a prime number, that is, a 
number that cannot be resolved iota factors. 

The number 3 is the simplest «f this kiodyit being the value of the above 
' formula when n= 1 ; the ne^prinie number is fi, and this is also contained 
in the formula ; that is, wl)^ n = 2. But polygons of 3 and fi sides hava 
already been inscribed. I'he next prime number expressed by the formula, 
is 17; so that it is j^sablo toinecribe a regular polygon of 17 sides in a 

Fw the inveatigalion of Gauss's theorem, which depends upon the the- 
ory of algebraical equations, the student may consult Barlow's T^teery (^ 
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Ir tb« demonatiaiiona of this boob there uncertain " iigns or character^ 
whiofa it has been found convenient to empbjr. 

" 1, The letters A, B, C, &c. are used to denote magnitudes of any kind. 
" The letters m, n, j), g, are ueed to denote numbere only. 
It is to, be obseived, that io speaking of the magnitudes A, B, G, &c., 

we °»^, in leatity, those which these letters are employed to lepre^. . 

senti Un|[ may be either lines, Burfacea, or soMb. 

" 2. When a nunh.^, or a letter denoting a number, is written close to 
" another letter dei^^ng; a magnitude of any, kind jt signifioB thatohe. . 
" magnitude is multiiJied hy the niimber. Thus, 3A signilieB three 
" timaa A ; mB, m. liineilj, or a miiltipl^ of B by m. When the num- 
n ber IS mtended to mulUpr, t^o or 'tt^e magnitudee that follow, it is ' 
" written thus, m{A+B>, whi* aigniaeatn^^m of A and B taken m- 
"times; (»(A— B) lam Umt^-ft^cess of A atow^^ 

"Also, when two letters that d(rf»te il»^beraare written^"H»fc*,iV(jpfl ,^n. 
" other, they denote the product ol (host numbers, when miiltipUefrC,! 
" one another. Thus, mrt is the product of m into n ; and mnA is A muF""- 
" tipliod by the product of Bi into. n. , 

DEFiNmONS^x 

1 . A I«ni magnitudfr is said to be a part of a greater im^tude, when the 
less measures, the greater, that ia, when the less la contained a certain' 
nurnbw: of times, esactiy, in the greater. 

S. A greater magnitude is said to be a multiple of a- less, when the greater 
is measured by the less, that is, when the greater contains the lass a cer- 
tain number of times exactly. 

3. Ratio is a mutual relation «f two magrutudea, of ths same kind, to one 
another, in respect of quantity. 
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4. Magnitude* ue said to be of the same kind, when the lew can be mul- 
tiplied BO as to exceed the greater ; and it is only such magiutudcs that 
«ra aud to tutve a ratio to one anoUier. 

6. If there be four magnitudea, and if any equimuttiplea whatsoever be 
taken of the first and third, and any equimultiples whatsoever of the se- 
cond aod fouilh, and if, according as the muliiple of the fust in greater 
than the multiple of the seeond, equal to tt,«T leea, the multiple of (be 
third is also greater than the multiple of the fourth, equal to it, or less ; 
then the lirst of the magnitudea is said to have to the second the same 
ratio that the third has to the fourth. 

6. Magnitudes are said to be proportionals, Then the first has the same 
ratio to the second that the third has to the fourth ; and the third to the 
fourth the same ntiio which the fifth has to the sixth, aud eo on wbatievsr 
be their number. 

" When four maKpitudes, A, B, 0, D are pioportionals, it is usual to say 
" that A is 10 B as to D, and to write th«n thus, A : B : : G : D, 6r 
"anis,A:B=C ;D." 

1. When of the equimultiples of four magnitudes, taken as in the fi£h 
definition, the multiple of the first is greater than that of the second, ' 
but the multiple of the third is not greater than the multiple of the fourth : 
then the first is said to have to the second a greater ratio th^ rhfs third- 
magnitude has to the fourth : and, on the contrary, the third is said to . 
have to the fourth a less ratio than the first has to the second. 

8. When «h«n u any nuniiwir qt BugnitTi Jes greater than two, of which 
the first has to the second the same ratio that the second has to'the 
thir4 and the second to the third the same ratio which the third has to 
tiu: lourth, and so onythe magnitudes are said to be continual proper- 
donals. ,. 

9. When three magnftiides are contmuaV proportionals, the second is said 
to be a met[n proportional between the other two. 

10. When there is EUiy number of magnitudes of the same kind, the first 
is said to have to the last the ratio compounded of the ratio which the 
first has to the second, and of the ratio which the second has to the 
third, and of the ratio which the third has to the fourth, and so on unto 
the last magnitude. ... 

For exatnple, if A. B, Cf . D, be four magnitudes of the same kind, the 
first A is add to have to the last D, the ratio compounded of the ratio 
of A to B, and of the ratio of B to C, and of the ratio of C to D ; or, 
the ratio of A to D is said to be oompounded of the ratios of A to B, 
B to C. and C to D. 

Andif A:B -.: E ; F; andB:C :: G.H.and C: D :: K : L, then, 
unce by this definition A has to D the ratio compounded of the ratios 
ofAtoB,Bto C, CtoP; A may alsobe said to have to D the ratio 
compounded of the ratios which are the same with the ratios df E to 
F, Q to H, and K to L. 



192 ELEMENTS 

In like minner, the same IhingB being supposed, if M bu toW tbe etm9, 
ratio which A has to D, then, for Bhortneaa' ^e, M ia bbic) to have to 
N a. ratio compounded of tbe some ratios whicb corapound the ratio oC 
A to D J that is, a ratio compoCmded of, the ratios of E to F, G to H, 
and K ta L. 

11. If three magoitudes are continual proponionalt, the rado of tbe first 
to the third is said tobe^uplicateof the ratio of the first to the second 

" Thus, if A be to B aa£ to'C, the ratio of A to C is said te be duplicate 
" of the ratio of' A to B. Hence, since by the last definiUon, the ratio 
"of A to C is compounded of the ratios of A to B,and B toC, a-ratio, 
" which is compounded of two equal ratios, is duplicate of either (^ 
" these ratios." 

13. If four m&gnitudes are continual proportionais, the ratio of the first 
to the fourth is said to be triphcate of the ratio of the first U> the «ecoMl, 
' or of tbe ratio of the second to Uie third, &c. 

"So also, if (here are five continuaJfroportionals; the ratio <J th» first 
" to (he fifth is called quadruphcate of the ratio of the first to Che se- 
" cond ; and so on, according to the number of ratios. Hence, a relio 
" compounded of three equal ratios, is triplicate of any one of those 
" ratios ; a ratio compounded of four equal ratibs quadruplicate," &c. 

13. In proportionals, the antecedent terms, are Galled homobgous to one 
uiothert as also the consequents to one another, 

Geometers make um of tbe following technical words to mgnify certain 
ways of changing either the jirder at-maexdUldfijifjyroporiioualB, so aa 
that they continue still to be proportionals. 

14. PermuCando, or alternando, by permutation, or altetnatd^ , tbU ^ord 
ia used when tbue are four proportionals, and it is inferred, that the lirai 
has tbe same ratio to the third which the second has to the fourth ,' or 
that the first is to the third as the second to the fourth : See Prop. 16. of 
this Book. 

15. Invertendo, by inversion : When thereare four propMlionaJa, and it ia 
inferred, that the second is to the first, as the fourth to the third. - Prop. 
A. Book 6. .. . 

16. CoraponeDdo,"by composition ; When there are four proportionals, and 
it is inferred, that the first, together with the second, is to the second ae 
the third, together with ibe fourth, is to the fourth. 18tb Prop. Book 5. 

17. LHvidendo, by division ; when there are four proportionals, and it is 
inferred that the excess of the first above the second, is to the second, 
as the excess of the third above the fourth, is to the fourth. 17tb Prop. 
Books. 

18. Convartendo, by conversion ; when there are four proporlianals, and 
itis inferred, that tbe first is to its excess abnve the swond, as the third 
to its excess above the fourth. Prop. D. Book 6. 
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-1%, Ex sequali (ae. dislamia), oi ex «quo, from equality of distance ; 

when there is any number of magnitudes more than two, and aa many 
' „ tttheiSi BO that they are proportionals when taken two and two of each 
rank, and it i» itiAired,' that the first is to the last of the first rank of 
inagDitudea.a«tha. SrsCia to Ebe last of the others; Of this ttjere are the 
twa.foiJauin^ kinds, which arise &om the different order ui which the, 
magnitudes ar£ taken twojand two. 

^^^ ■■' ^g? I -• ■« -■■■ ' ^-^' i ui i ni ii j i. > ' ' ■iiitjii r a^.U used simply by itself, when 
(he first EBagnitudB- is to the second of Ehij-a.^ ^^k, as the fitai to the 
secood of the other rank ; and as the second is to aKthird of the first 
rank, so is the second to the third of the other ; and so on in order and 

- the inferBnc© is ae mentioned in the preceding- definition ; whence this 
is called ordinate proportion. 

It )s demonstrated in the 32d Prop. Book 6. 

m. Ex ffiquaUi in propoitioac perti^bata, seu inordinata ; bom equality, in 

perturbate, or disonlerly proportion ; this term is used when ibe first 

magnitude is to the second of the first rank, as the last but one is to the 

- ' last of the second rank ; and as tha second is to the third of the first 

■' lank, 90 is the last but two to the last but one of the second rank ; and 

*- as the third is to the fourth of the first rank, so is the third fiom the lad, 

to- the last but two, of the second rank ; and so on, in a oross, or mvene, 

Older ; and the inferNice is as in the 1 9th defimlion. It is demraiBtrBted 

in the 23d Prop, of Book 5. 

AXIOMS. 

1. EdUuiuLTiPLBa of the same, ex coequal magnitudes, are equal to one 
another. 

S. Those magnitudes of which the same, or «qual magnitudes, are equi- 
multiples, are equal to o&»another. 

3. A multiple of a greater magnitude is greater than the same multiple of 
a less. 

4. That magnitude of which a multiple is gp-ealer than the same multir 
pie of another, is greater than that other magnitude, 

PROP. .1. THEOR. 

If any'numier ^tnagrulades be ejutmultiplea of as mani/.. others, taek of- tack, 
■ whal multiple soever any one of the first is o/itspart, the same multiple is tie 
sum of ak the first of theswnof aU the rest. . 

Let any number of magnitudes A, B, and C be equimultiples of aa many 
others, D, E, and F, each to each, A+8+G is the same multiple of D-f- 
E+F, that A is of D. 

Let A contain D, B contain E, and C contain F, each the same numbM 
of times, as, for instance, three times. 
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Tb«n, becauge A conUins D ihrea tioMs, A=D-|-t>-|-D. 

For the lame Teomn, B=E^-j-E-^-E i 

And alflo, C=P4-P-*-F. 

Therefore, Rddine equtila toequdls (Az. 3. 1.), A-j-B-j-U'ia equal to 

D-f-E-l-F, taken mree umee. In the Mme muiaeE, if A, B, and C were 

each Bn_^ other equimtdtiple of D, E, and F, it would be ehown tb»t A-^ 

B -hC waa the same multiple of D+E+F. 

Coa. Hmico, if b» be am; w— ^ ~»1 1 "F-Xi^—^^K^ ^^ 
For wD wE and mP -« multiples of D, E, and F by ra, therefore then: 
sum is also a p>«tC\ph of D+E+F by m. 

PROP. 11. THEOR. 



^iaa tmil^ple of a magnitude by any number, a muUtple of t/ie same magmlttde 
'■ -y lumber be a^d, the tim wiS be dte r'~" •'""^"'' "*" **"'•"- ""*'■'■'- 
^lunt of Ihe two immbers is if unity. 



Let A=mC, and B=«C ; A4-B=(n»-H»}C. 

For, since A=ntC, A=C+C+C+'kc. C being repeated ro times. For 
the same reaeon, B±=C-}-04-&o. C being repeated n timee. . Therefore, 
adding equals to equ&la, A-J-B i> equal to C taken m-\~n timee ; that is, 
A4-B=(ni4-n)C. Therefore A-|-B conlaioB C as ofl qs there are units 
inm+n. 

Cor. 1. In the same way, if there be any number of multiples what- 
soever, as A=tnE, B=:nE, C=pE, it is shown, that A-f B-f C=(ia+>> 

Cor. 2. Hencealao,nnce A-|-B-H^=(''>4-"4-P)^i'^^cs A=niE, 
B=nE, and C=/>E, fliE+RE-f^E=(ffi-|-n-i-;')E. 

PROP. III. THEOR. 

If the first of three fnagniiudeg contain the second as oftenas there are tmils in t 
certain number, and if the second contain the third also, as often as there an 
totits in a certain laimler, the fret wiU contain the iiird 03 often as there are 
unite in the product of these ttio nunibers. 

Let A=mB, and B=nC ; then A=mnC. 

Since B=nC, mB^nC+nC-f&c. repeated m times. But nC-|-MC 
&C. repeated m timea is equal to C (2. Cor. 2. 5.), multiplied by tu^ji_J.&c, 
n being added lo itself m limes ; but n added to itself m limes, is « mum- 
plied by m, or nai. Therefore nC-l-«C4-&c. repeated m limes = mnC ; 
whence al&o »jB=»i«C, and by hypolbeus A=niB, Uierefore A=nmC. 
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PROP. IV. THEOR. 



Sf the first of four magntiude* has ihe.S'me ratio to tie second which the third ha» 
to vie'fourth,dnd'if tmyequimakiples whatever betaken of ike firU cmd third, 
' and anywkatever of thtsecmd and fourth; the mtiiiipk ^ thefirst shall have 
the same ratio to the malliple of the second, that the multiple of the third has to 
. .. Ihemiil^Uafthtfourtk- 
hetA : B :: C :D, and Jet m and « be any two^umbarE; mA. : nB : : 
mC : nD. 

Take of mA and raCequimuItiplee by any number ;i,, and ofnBandnD ' 
equifliultiplee by any number g. Then the equimultiples of mA, and mC 
by p, are equitnultiplea also of A and C, for they contain A and C as oft aa 
there are.units in pm (3. 5J, and ere equal to jimA and^C. For the same 
reason the multiples of «B and nD bjr j, are piB, gnD. Since, therefore, 
/k. : B :: C : D, and of A andC ibers are talken any equimultiples, viz. pmA 
and pmC, and of B and D, Any equimultiptes gnB, gnD, if pmX be greatei 
than jnB,pniC must be greater than jnD(der 5.5.) ; if equal, equal; and 
IT less, less. But P^Aj f^^ ^'^ ^^^° equimultiples of tnA and niC, and 
gnB, gnD are equimuliiplea of bB and nD, therefore (def. 5. 5.), m^ : nB : : 
■ mC : fiD, 

Cor. In the same manner it may be demonstrated, that if A : B : : C : 
D, and of A and C equimultiples be taken by any number m, viz. ntA and 
mC, mA : B : : mC : D. This ma^also be considered as included in ths 
jnopodtion, and as being the case when n=l. 

PROP. V. THEOR. 

If one magnitude be the same multiple of anolher, which a magnitude taken from 
the first is of a magnitude taken from the other ; the renuanda is the same 
multiple of the remainder, thai the whole is of the whole. 

' Let mA and mB be any equimultiples of the two magnitudes A and B, 
.of wbicb A is greater than B ; tnA— wiBia the same mullii^e of A — B 
that mA ia of A, that is, mk—tnB^m (A — B). 

Let D be the encess of A above B, then A— B^D, and adding B to 
both, A = D-|-B, Therefore (1.5.) mA=mD4-mB; take mB ftom both, 
and BiA-mB=mD ;' but D=A— B, therefore mA— fflB=wi(A— B). 

PROP. VI. THEOR. 

■ iffrimt a muU^e of a magnitude by any numbef a mulliple of the sane magni- 
tude hy a less number be taken away, the remainder will be the same muSiple ' 
of that magnitude that the diference of the numbers is ofumly. 

Let mA and rA be multiples of the magnitude A, by the numberatn and ^ 
n, and let m be greater than n ; mA — nA coDteius A as ofl aa m—» ooa> 
taidB unity, or fflA-.rfiA=(ni—n)A. 
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Letm— n=7; thenm=B+?. Therefore (2. 6.) mA=nA-fjA ; takit 
jiA from both, and mA—nA=j\. 'llierefore wA -nA contains A as (rfl 
as tbereare units in?, that is, inm— n, orniA--nA=(»» — n}A. 



PROP. A. THEOR. 

If /our magmtuda be proportionala, they are proporlionait also when taktn 
inversely. 

If A:B::C:D, thenalBoB : A ; : D ; C. 

LeimA and mC beany equimultiples of A and C; nB and nD any equi- 
multiples of B and D. Then, because A : B : ; C : D, if mA be less than 
nB, nC wiilbelees than »D (def. 5, 5.]i ibat is, ifnB be greater than niA, 
pDwill be greater than mC. For the same reason, if nB=fflA, nD=niO, 
«ndifnBZ,mA, nD^mC. But nB, rD are any equimultiples d" Band D, 
and »iA, tnG any equimultiples of A and C, therefore (def. 6. 5.), B ; A ; : 
. D : C. 

PROP. B. THEOR. 

If the frttie the tame rmdciple of the second, or the same part of it, that the thiri 
is of the fourth ; thejlrst is to the second as the third to the fourth. 

First, if wiA, mB be equimultiples of the magnitudes A and B, niA : A ; : 
mB:B. 

Take of ffiA and mB equimultiples by any number n ; and of A and B 
equimultiples by any number j:>; these will be nmA (3. 5.),^A, nmB (3, 5,}, 
frB. ■ Now, if nmA be greater l^an ^A, nm is alao greater than p ; and if 
tun ia greater iban p, nmB is greater than pB, therefore, when nmA ia great- 
er than pA, nmB is greater &an ^B. In the same manner, if nmA =pA, 
nniB=;iB, and if nmA.^;iA| nmBZf B. Now, nmA, nmB are any equi- 
multiples Of mAandmB; and ^A,/'B ore any equimultiples of A and B, 
therefore mA : A : : mB : B (def. 6. 6.), 

Next, Let C be the same part of A that D is of B ; then A ia the same 
multiple of C that B is of D, and therefore, lu has been demonstrated, A : 
C : ; B : D and iirpersely ( A. 6.) G : A ; : D ; B. 

. PROP. C. THEOB. 

^ the fm be to the second at the third to the fottrih; and^lhefrstheamul- 
tipk or a part of the second, tht third a the tame muUipU or the same part of 
mfourth. 

Let A : B : : C : D, and first, let A be a multiple of B, C is the same mul- 
tiple of D, that is, if A=mB, C=»iD. 

Take of A and C equimultiples by any number as 2, viz. 2A and 2C ; 
Kpd pf B and p, take tquimulti|des by the number 2i», viz. 2]nB, SmD (8. 
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9.); then, because A=tnB,2A=2ffiB,' andsioceA :B :: C:D,andsince 
2A=2»iB, iherefore 2C=2mD (def. 5. 5.),^nd C=mD, that is, C contains 
D, m times, ot as often as A conriiins B. 

Nest, Lnt A be a part of B, <; ia ihe same part of D. For, since A ; B 
-. : C T p, inversely (A, 5,1, B . A : ; D : C. Bui A hmg a pari of B, B is 
ft miiliiple of A ; and therpforp, as ia shpwn above, D is ibe same multiple 
of C, and therefore, C is ihesuiue part of D that A is of B. 

PROP. Vil. THEOR 

Eguai magniiudet have Ihe name ratie to the same magnitude ; and the same 
Aas the same ratio to ejual magnitudes. 

' Let K and B he equal rnafniiudes, and C any other ; A i C : : B r C. 
Let fftA, niB, be any eqiiimuliiples of A acid B; and nC. any multiple 

Because A = B, n»A=mB (Ax. 1. 5.).; whej-efore, if raA be groalerlhnn 
nC) mB is greater than rO ; and if niA=nC,mB=nC ; oV, if mAilnC, mB 
^nC. But mA atid mB are any equimuliiplrs of A and B, and nC is any 
multiple of C, thprefore (def. 5. 5.) A : C : : B : C. 

Ajrain, if \ = B, C ; A : . C : 8; for. aa has been proved, A : C :: B : C, 
and inversely (A. 5.), C : A ; : C : B. 

PROP. VIII. THEOR. 

(^ vmqual magniludes^ the greater has a greater ratio to 1^ same than the lest 
has ; and the same magnitude has a greater ratio to the less than it has lo'tht 

' Let A -}- B be a magnitude greater than A, and C a third magnitude, 
A-f-B has to C a greater ratio than A has to C; and C has a greater ratio 
to A than it has lo A-f-B. 

Let m be such a number that mA and mB are each of them greater than 
C; and let nC be the least inultipleof C that exeoedemA-t-niB ; then nC 
— C, that is (n-l)C(1.5.) will be less than mA+wB, or niA-|-mB, that 
is, m(A4-B) is greater than (n— 1) C. But because ttC is greater than 
fMA+mB, and C less than mB, nC-C is greater than mA, oi mA is less 
ihan nC—C, that is, than (n— 1)C. Therefore the muliiple .of;A+B by 
m exceedsyihe multiple of C by»— 1, but the multiple of A by m does not 
«zcecd the multiple of C by n— ■! ; therefore A-f-B has a greater ratio to 
C Ihatt A has to C {def. 7. B.). 

Again, because the multiple of C by «- 1, eiceeds the multiple of A by 
m, but does not exceed the multiple oiA+B by si, C \a* e, gieaterratio to 
A than it has to A+B (def. 7. 5.). 
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PROf. IX. THEOR. 

Magnitudes which have the same ratio to the same rmgnilude are eguai to one 
another.; and those to which the same magnitude has the same ratio are equal 
to one another. 

IfA:C::B:C,A=B. 

For if not, let A be greater than B ; then because A is greater than B, 
two numbers, m and n, may be found, aa in the last proposition, such that 
mA shall exceed nC, while mB does not exceed nC, But because A : C 
: : B : C ; and if mA. exceed nC, roB must also exceed nC (def. 5.5.); and 
it is alao shewn that mB does not exceed nC, which is impossible. There- 
fore A is not greater than B ; and in the same way it is demonstrated that 
B is not greater than A ; therefore A is equal to B. 

Next, let C : A : : C : B, A=B. For by inversion (A. 5.) A ; C : : B : 
C ; and therrfore, by the first case, A=B. 

PROP. X. THEOR. 

That magmtude, which has a greater ratio than another has to the same magni- 
tude, is the greatest of the two : And that magnitude, to which the same has a 
greater ratio than it has to anotha- magnitude, is the least of the two. 

If the ratio of A to C be greater than that of B to C, A is greater than B. 

Because A : C7B : C, two numbers m and n may be found, such that 
mAvnC, and raBZ.nC {def. 7. 5.). Therefore alao mAymB, and A7B 
(Ax. 4. 5.). 

Again, let C : B7C : A ; B^i A. For two numbers, m and » may be 
found, such that mC7nB,andniCZnA (def. 7. 5.). Therefore, since nB 
is leas, and n A greater theji the same magnitude mC, »B Z rA, and there- 
fore Bz.A. 

PROP. XI. THEOR. 

Ratios that are eguai to the aame ratio are equal to one another. 

If A:B::C :D; andalso U:D :: E: F; thenAiB :: E;F. 

Take mA, mC, mE, any equimuluples of A, C, and E ; and tiE, nD, nF, 
any equimultiples of B, D, and F. Because A : B : : C : D, if mATnB, 
mCTnD (def 5. 5.); butif mCTtiD, mEZnF (def 5. 6.), because C ;D 
: : E 1 F ; therefore if mA vnB, mE7nF. In the same manner, if mA= 
nB, ntE=nF ; and if mA/.nB, mEinF. Now, mA, mK are any equi- 
multiplca whatever of A and E ; and »B, nF any whatever of B and F; 
JhetefoTB A : B : : E : F (def. 5. 6.). 
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PROP. XII. THEOR. 

If any numbir of magnitudes be proporlionals, as one of l^e antecedents is to its 
consequent, so are ail the antecedents, taken together, to aiilhe consequents. 

If A : B : : C I D, and C : D : : E : F ; then also, A : B : : A+C+E : 

B+D+F. 

Take niA, mC, mE any equimultiples of A, C, anil E ; and nE, «D, nF, 
any equimultiples of B, D, and F. Thijn, because A : B : : C : D, if mA7 
mB, nC7nD (Hef 5, 5.); and when mCvnD, n)E7nF, because C : D;: 
E : F. Therefore, if mAynB, mA-f-mC+mEynB-f-nD+nF: In the 
same manner, if mA=nB, mA+mC4-mE=nB+7(D+nF; and if mAi 
nB,mA+mC+mE^nB+nD+nF. Now,mA4-mC+mE^m(A+C+ 
E) (Cor. 1. 5,), so that mX and mA-f-mC-j-mE are any equimuUiples of 
A, and of A-|-C+E. And for the same reason nB, and nB+nD+nF are 
any eqiiimulriples of B, and of B-|-D-f F; therefore (def. 5. 5.) A ; B : : A 
+C+E : B+D+F. 

PROP. XIII. THEOR. 

If the first have to the second the same ratio which the third has to the fourlA, but 
the third to the fourth a greater ratio than the fifth has to the sixth ; the first 
has also to the second a greater ratio than the fifth has to the sixth. 

If A : B 1 : C : D ; but C : D7E : F ; then also, A : B7E : F. 

BecaUBe C : D7E : F, there are two numbere mand n, such that »?iC7 
nD, buimE^nF{def. 7. 5.). Now, if niC7nD,»i.A7iiB, because A:B 
::C : D. Therefore mA7nB, and niEZ.nF, wherefore, A : B7E ; F (def. 
7. 5.). 

PROP. XIV. THEOR. 

If the first have to the second the same ratio which the third has Co the fourth, and 
if the first be greater than the third, the second shall be greater than the fourth ; 
if equal, equal ; and if less, less. 

If A;B ::C:D; thenif AvC, B7D; if A=C,B=D; andif AjIC, 
BZD. 

First, let A7C; then A:B7C:B (8, 5,),but A : B :i C : D.therefore 
C ; D7C : B (13. 6.), and therefore B7D (10. 5.). 

In the same manner, it is proved, that if A=C, B=D ; and if A^C, 
BiD.. 

PROP. XV. THEOR. 

Magnitudes have the same ratio to one another which their equimultiples have. 

If A and B be two magnitudes, and m any number, A ; B : : mA : mB. 
Becau<:<) A : B : : A : B ^7. S.) ; A ; B : : A+A : B+B (12. &.), or A : 



B : : 2A. -. 2B. Arid in the same maniiM, since 4 : B : : 2A : 2B, A : B : : 
A-I-2A : B+2B (12. 5.), or A : B : : 3A : 3B ; and so on, for all ihe equi- 

mulliptea of A and B. 

PROP. XVI. THEOR. 

If fowmagralvdea^ the tame kind hi praporlionala, they wili also he propor- 
lionals when laiUn aliemalelr/. 

If A : B : : C : D, then aliernaieli", A : C ; : B : D. 

Take mi, mB any equimuliiples ofA find B, Hnil nC, nD Hny eqiiimiil- 
tiplea of C an'l D. Then (16. 5.) A : B : ; mA : mB; now A : B : : C : 
D, therefore (11. 5.) C ; D ; : mA : wiB. Bui C : D : ; bC : nD {15, 3.) j 
thfirefore mA:mB: ;nC :nl) (11.5.): whe efore if mA 7"C, mB7nD 
(14.5.); if njA=nC, BiB=nD, or if »»A-i»C, mB^nD; therefore (def 
«. 5.) A ; C : : B : D. 

PROP. XVII. THEOR. 

If magnitudes, taken jointly, be proportianals, tke^ will also he propordanals 
when taken s^arateiy ; that is; if the first, together with Ihe second, have to 
the second the same ratio which the third, together with ihefourl/i, has to the 

fourth, the first will have to the second the same ratio which l/ie third has to tie 

fourth. 

If A+B : B : ; C+D : D, then hy division A : B : : C ; D. 

Take mA and nB any muliiplea of A aiid B, hy the numbers mand n; 
and firei, let mA ^ nB : lo each of them add mB, then m A+fiiB 7mB+nB. 
But wjA+mB=m(A-|-B) (Cor. 1.5.), and mB+«B=(ra+>i)B (2. Cor 
2. B.), therefore f?i(A+B) 7 (m+ra)B. 

AndbecauseA+B;B; : C+D : D,if »i(A+B)7(m+n)B,m(C-f D) 
7 (m-t-") D. or mC-(-mD7mD4-nD, that is, lakin? mD from both, mC? 
bD. Therefore, when mA is greater ihan «B, mC is greater than nD. In 
lifee manner it is deraoDsirated, that if mA=nB, mC=nD, and if mAilnB, 
thatmDZ.«D; therefore A : B:: C: D (def. 5. 5). 

PROP. XVm. THEOR. 

If magnitudes, taken separately, he proportionals, they will also be proparlionalx 
, M^ takers joinih/, thgt is, if the first he to the second as the third lo thefovrtk, 
the first and second together will he lo the second as ihe iMrd and fourth to- 
gether lo the fourth. 

If A r B : : C 1 D, then, by composition, A+B : B : : C+D : D. 

Take fB{A+B), and nB any mtiliiplea whatever of A+B andBfand 
lirBt, letm be greater than n. Theii, because A-f-lt is also greater than 
B, ni(A-|-B)7nB. For the same reason, OT(C+D)7nD. In this case, 
therefore, that is, when fli7n, ni(A+B) is greater than nB, and mCC+Dj 
ii gteater than nD. And in the same manner it majr be proved, (hat wiiea 
M=i>, M(A+BJ is greater ihannB, and »liCC4:i>) greater than mD. 
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Ncxi, lel m i n, or tiTm, then ni( A+B) mny tie greater ihan nB, or may 
be e<nial to it, or maj be less ; first, let m( A+B) be greater than nB ; then 
also, mA-|-m[)7nB; take mU, which is le«8 than nB, (torn both, and mA 
■7nB-^mB,ormA7{n-m)B(6. 5.). But if mA7(«-m)B, mC7('i-ni) 
D, because A : B : r C : D. Now, (n— mjD=nD-mD (6. 5.), ihercfore 
mC-7fiD— mD, anrl adding mD to both, ntC+mDynD, that ia (1. 5.), 
»7i(C-j-D)7bD. If, therefore, pi' A+B)7nB,m(C4-Dj7nD. 

In rhe same manner ii will be proved, thai if m{A+B)=nB, m{C+D) 
=nDj anrtifm(A+B)inB, m(C+D)inD; therefore (def. 5. 5.), A+ 
B : B ; : C+D : D. 

PROP. XIX. THEOR. 

If a whole mdgniiude be to a whole, as a magnitude taken from the first it to a 
magnitude taken from the other f the remamder ■wiil be to the remainder as the 
whole to the whole. 

If A : B : : C : D, anii if C be less than A, A— C : B— D : : A : B. 

Becauae A : B : : C : D, alternately (16. 5), A : C : : B : D ; and there- 
fore by division (17. 6.) A-r-C : C : : B -D : D. Wiierefore, again alier- 
naiely, A-C : B~D : : C : D; but A : B : : C : D, therefore (11.6.) A 
^C : B-D : : A : B. 

Cor. A-C:B-Dl:C:D. 

PROP. D. THEOR. 

Iffoitr magnitttdes be proporlionak, they are also proportionals by conversion, 
that is, Iht first is toils excess above the second, as the third to tit excess above 
the fourth. 

If A : B : : C : D, by conversion, A : A— B ; : C : C— D. 

For, since A : B : : C : D, by division (17. 5.), A-B ; B;: C— D:D, 
and inversely (A. 5.) B : A— B : ; D : C— D ; therefore, by compoailion 
(18. 5.), A;A-Bi:C:C— D. 

Cor. In Ihe same way, it may be proved that A : A-|-E : : G : C-^-H. 
PROP. XX. THEOR. 

If there he three magmtitdeg, and other three, which taken tieo and two, have tie 
sameraiio; if the first be greater than the third, the fowtkia greater thtm the 
sixth; if equai, equal; and if less, lese. 

If there be three magnitudes, A, B, end C, and other three D, E, and F ; 
and if A : B : ! D : E ; and aUo B : C : : E : F, then j— r — 5 — p — : 
if A7C,D7F; if A=C,D=F; and if AZC,D | d) l^ f! 

First, let A7C; lheoA:B7C : B (8.6.). ButA :B:: D:E,there- 
foie ttlsQ P : Etc i3 (13- &■)■ ^ow.B : C : : E : F, uid ioverBely (A. 
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6.\ C : B : : F : E ; and it has been shewn that : E7C ; B, therefore 
D'r E7F:E (13. 5.), and consequently DyF (10.5.). 

Next, lei A-C ; then A : B : : C : B {7. 5,), but A : B : : D ; E ; there- 
fore, C : B: : D:E,bulC ; B : : F: E, therefore, D : E : ; F : E.(11.5.), 
and D=F (9.6.). Lastly, let AiC, Then C7A. and becatiHe,aB was 
already shewn, C : B : : F : E, and B : A : : E : D ; iherefore, by the firs^ 
case, if CtA, F7D, that is, if A/lC, D^F. 

PROP. XXI. THEOR. 

If there he three magnitudes, and othtr three, which have the same ratio taken boo 
and two, but in a cross order ; if thejirst magnitude fe greater than the third, 
Ihe fowlh is greater ihdn the sixth ; if equal, equal i and if less, lees. 

If there be three maffniludes, A, B, C, and-othor three, D, E, and F, 
BiichthaiA:B:;E: F, and B : C : ; D : E; if AvC.DzF; JfA=C, 
D=F; andif A<1C. DilF. 

Firat, let AtC. Then A : BtC : B (8. 5-), but 1 a "B — C~i 
A: B : : E.F,thereforeE L F7C:B(13,5.). Now, p' g f' 

B ; C : : D : E, and inversely, C : B : : E ; D ; there- ■' ' ' 

fore, E : F7E : D (13. 5.), wherefore, D7F (10, 5.). 

Next, let A = C. Then (7. 5.J A : B : : C : B ; but A : B : : E : F, 
therefore, C : B ; : E : F (11. 5.) ; but B : C : : D : E, and inversely, C : 
B : : E ; D, therefore (11. 5.), E : F : : E : D, and, consequentlj, D=F 
(9.5.). 

Lastly, let A^C. ThenCTA, and, as was already proved,-C.; B: : 
E ; D ; and B : A : : F : E, therefore, by this first case, since C7 A, F7 

D, thatis, DZF. 

,PROP. XXU. THEOR. 

If there he any numher of magnitudes, and as many others, wkiek, taken two and 
two in order, have the same ratio ; the first \oill have to the last of the first 
magnitudes, the same ratio which the first of the other has to the last* 

First, let thera be three mag^nitudea, A, B, C, and other three, D, E, F, 
which, taken two and two, in order, have the same ratio, viz, A : B : : D : 

E, and B : C : : E : F ; then A : C : : D : F. 

Take of A and D any equimultiples whatever, mA, mD ; and of B and 
Dany whatever, nB,nF I and of C and F any whatever, yC, jF. Because 
A ; B;: D : E, wA:nB :;mD: nE (4. 5.) ; .and 
for the same reason, nB : jC : : nE : jF. Therefore 
(20. 5.) according as mA ia greater than gC, equal 
to it, or less, mD is greater than qF, equal to ii or 
lesBj but mA, mDareanyequimuhiplesof AandD; 
and fC, jF are any equimultiples of C and F ; therefore (def. 5. 5.) A : C 
: L D ■. F. 

Again, let there be four magnitudes, and other four which, taken two 

* N. B. ThupropoBiCkmbtinullr cited b7 ihe words "eisyitU,'' or "esiaiiaaL" 
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and t*o in order, have the same ratio, viz. A ; B : : E ; P ; B : C ! : F : 
G : C : D : : G : H, then A : D : : E: H. 

For, since A, B, C are three magnitudes, and j "^ g q g^ j 

E, F, Q other three, which, taken two and two, E P G H. t 

have the same ratio, by the foregoing case, A ; ' ' ' : 

C : : E ; G. And because also C : D : : G : H, by that same case, A : D 
: : E : H. . In the same manner ia the demonetratioa extended to EUiy num- 
ber of magnitudes. 

PROP. XXm. THEOH. 

^ lAere be any number of magnitudes, and as nanu othert, Khkh, taken two 
and tvNt, in a cross order, haei the same ratio ; the first will Aave to tke last 
of tiejU-st magnitudes the same ratio whieh the first of the others has to the 
last* 

Firal, let there be three magnitudea, A , B, C, and other three, D, E, and 

F, which, taken two and twoin a cross order, have the same ratio, viz. A 
: B : : E : F, aod B : C ; : D : E, then A : C : : D ; F. Take (rf A, B, 
and D, any equimultiplea mA, mB, mD ; and of C, E, F any equimultiple* 
»C, nE, nf. 

Because A : B : : E : F, and because also A : B : : mA : mB (16. 5.), 
and E : F ; : nE : nP ; therefore, ntA r fl»B : : nE : «F (II. 6.). Again, 
because B : C : : D ; E, mB : nC : : mD : nE (4. 
a.) ; and it has been just shewn that mA ; mB : : 
hE : nP ; theretee, if fflA7nC, mDynF (21. 5.) ; 
if mA=nC, mD=nF; and if mAZnC, mD^nF. 
Now, mA and mD ate any equimultipleH of A and 
D, and nC, nP any equimultiplea of C and F ; therefore, A : C : : D : F 
(def 5. 5.). 

Next, Let there be four magnitudes. A, B, C, and D, and other four, E, 
F, G, -and H, which, taken two and two in a cross order, have the same 

ratio, viz, A : B -. : G ; H ; B : C : ; F : G, and 

C : D : : E : F, then A : D : : E : H. For, since I A, B, C, », I 
A, B, C, are three magnitudes, and F, G, H, other | E, F, G, H. | 
three, which, taken two and two, in a cross order, 

have the same ratio, by the first case, A : C : : F : H. But C : D : : E : 
F, therefore, again, by the first case, A : D : : E : H. In the same manner 
may iho demonatralion be extended to any number of magmtudes. 

PROP. XXIV. THEOR. 

Sf the first has io the second the stone rtUio vfhiek the third hat to the fimth ; 
' and the fifth to the second, the same ratio which the sixth has to the fourth ; 
the first and fifth together, shall have to the second, the same ratio which the 
third and sixth together, have to the fourth. 

Let A : B : : C ; D, and also E : B : ; F : D, then A+E : B : : C+F : D, 



fliA, mB, nC, 
mP, nB, »P. 
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BecauH E : B ; : F : D, by inveraion, B : E r : D : F, But by hypo- 
thema, A : B : : C : D, tberefore, ex (equali (22. 6.), A : E : r C l F ; auJ 
by compo«iiion (18. S), A+E : E : : C+P : F. And agaiD by hypoihe- 
us, E : B : : F : D, iherefbre, ex aquali (22. 6), A+E ; B : ; C+F i D. 

PROP. E. THEOR. 

Iffow magniiMdet be proportional, Iht turn of ihefinl two it to iMr diferertce 
at the turn of the other two to their difference. 

Ii«t A ;B:: C: D; thanif A7B, 

A+B: A— B:;C+D:C-Di orifAZB 

aXb : B-A : : C+D : D-C. 
For, if A 7 B, ihan because A : B : : C : D, by diTJaion (17. 6.J, 

A— B : B : : C— D : D, and by inveraioD (A. 5.), 

B : A-B : : D : C— D. But, by coinposiiion (18. 6.}, 

A+B : B : r C-j-D : D, therefore, ex aquali (22. 6.), 

A+B: A~B::C+D;C— D. 
Id the same mftunar, if B 7 A, it is prored, that 

A+B : B— A : : C+D : D— C. 

PBOP. F. THEOR. 
RbHm toAic& art compounded of eqwil ratios, are equal to one another. 

Let the ratios of A to B, and of B to C, which compound the ralJo of A 
to C be equal, each to each, to the ratios of D to E, and E to F, which 
compound the ratio of D to F, A : C : : D : F. 

For, first, if the ratio of A to B be equal to that of i a, B, C, I 
D to E, and the ratio of B to C equal to that of E to d' e' f' I 
F, ei »quali (22. S.), A . C : : D : F. ^ ■ 

And next, if the ratio of A to B be equal to Ibat of E to F, and the ratio 
of B to C equal to ibat of D to E, ex sequali inversely (23. S.), A : C : : D 
: F. Iq the same manner may the proposition be deDwostcated, whatevoi 
be the number of ratios. 

PROP. G. THEOR. 

If a magnitude measure each of twaolia-s, it will also meaiwe their turn arid 
diferefiee. . 

Let C measure A, or be contained in it a certain number of times ; 9 limes 
for instance; let C bealeo contained in B, suppose 5 limes. Then A=:9C, 
and B=SC; consequently A and B together must be equal to 14 times C, 
so that C meaatiTeB the sum of A and B ; likewise, since the difference of 
A and B ia equal to 4 times C, C also measures this difference. And had 
any other numbers been chosen, it ia plain that the results would have been 
nmilar. For, let A=»iC, and B=nC; A+B==(m+n)C, and A— B= 
(f»— <i)C. 

Cor. If C measure B, and also A — B, or A+B, it must measure A, for the 
snmof Band A^Bis A, and the difference ofBasd A+B ia also A. 
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DEFINITIONS. 



1. Similar rectilineal figures are 
tfaoae which have their several 
angles equal, each to each, and 
the sides about the equal angles 
proportion a.ls. 
In two similar figures, the aides which lie adjacent to equal angles, are 

called homologous aides. Those angles ihemsetves are called homo- 
logous angles. In different circlea, similar ores, teciort, and segmenit, 
are those of which the arcs subtend equal angles at the centre. Two 
equal figures are always similar ; but two umilar figures maj be vei; 
unequal. 

2. Two sides of one figure are said to be reciprocally proportional to two 
aides of another, when one of the sides of the first is to one of the ddea 
of the second, aa the remaining aide of the second is to the reibaiiiing side 
of the first. 

3. A straight line is said to be cut in extreme and mean ratio, when the 
whole ia to the greater segment, aa the greater segment is to Ihe lew. 

4. The aUitude of a triangle ia the straight lino 

drawn from its vertex perpendicular to the base. 

The ailitude of a parallelogram is the perpendicu- 

- lar which measures the distance of two oppo- 
site sides, taken as bases. Aad the aitiii^ of 
a trapezoid is the perpendicular drawn between 
il0 two parallel aides. 

PROP. L THEOR. 

Jhanglet tmd pctraHeiognmt, of tie same altitude, are one to atolier at tAeir 

hages. ' ■ ■ 

. Let the triangles ABC, ACD, and the parallelogittmi EC, CF have the 
same altitude, viz. the papeodicular drftwn irom the pant A to SD ; Then, 
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aa the base BC, is to the base CD, bo is the triangle ABC to the triangle 
ACD, and the parallelagram EC to the parallelogram CF. 

Produce BD both ways to the punts H, L, and take any number of 
Btraight lines BG, GH, each equal to the ba«e BC ; and DK, KL, any 
number of them, each equal to the base CD ; and join AG, A H, AK, AL. 
Then,"l)< saiise CB, BG, GH are aU equal, the triangles AHG, AGS, ABC 
are all equB.1 (32, 1.); Therefore, whatever multiple the b^se HC is of the 
base BC, the MLtne mumple ia the triangle AHC of the triangle ABC. Foe 
the same reason, whatever the base LC ia of the base CD, the same mul- 
tiple ia the trian^a ALC of 
the triangle ADC, But if 
the base HG be equal to the 
base CL, the triangle AHC 
is also equal to the triangle 
ALC (32, I.): and if the 
base HC be greater than the 
base CL, likewise the trian- 
gle AHC is greater than the 
triangle ALC ; and if less, 
less. Therefore, since there 
are four magnitudes, viz. the two bases BC, CD, and the two triangles 
ABC, ACD ; and of the base BC and the triangle ABC, the first and third, 
any equimultiples whatever have been taken, viz. the base HC, and the 
triangle AHC ; and of the base CD and triangle ACD, the second and 
fourth, have been taken any equimultiples whatever, viz. the base CL and 
triangle ALC ; and since it has been shewn, that if the base HC be greater 
than the base CL, the triangle AHC is greater than the triangle ALC ; 
and if equal, equal ; and if less, less ; Therefore (def. G. 6.), us the base 
BC ia to the base CD, so is the triangle ABC to the triangle ACD. 

And because the parallelogram CE is double of the triangle ABO (35. 
1,], and the parallelogram CF double of the triangle ACD, and because 
Eoagnitudes have the same ratio which their equimultiples have (15, 5,) ; 
as the triangle ABC is to the triangle ACD, so is the parallelogram EC t* 
the parallelogram CF, And because it has been shewn, that, as the base 
BC is to the base CD, so is the triangle ABC to the triangle ACD ; and 
as the triangle ABC to the triangle ACD, so is the parallelogram EC to 
the parallelogram CF ; therefore, as the base BC is to the base CD, bo is 
(11.6,] the parallelogram EC to the parallelogram CF. 

Cor. From this it is plain, that triangles and paratlelograms that have 
equal altitudes, are to one another as their bases. 

Eiet the figures be placed so as to have their bases in the same straight 
line ; and having drawn perpendiculars from the vertices of the triangles to 
the bases, the straight line which joins the vertices is parallel to that in 
which their bases are (27, 1.], because the perpendiculars are both equal 
and parallel to one another. Then, if the same construction be made as in 
the propositton, the demoDstration will be the same. 



:=.,Googlc 



OF GEOMETRY, BOOK VI. 



PROP. II. THEOR. 

If a str-aight Uiie be drawn paraM to one of the tidee of a triangle, it will cut 
the other tuia, or th^ other sides produced, proportionally : And if the tidet 
or the sidet prodaeed, be aU priforiianaUy, the straigAt tine which joins tAe 
points of lection wiU be parallel to the remaining side of the triangle. 

Let DEbedrawnparalleltoBC, oneofthesideaofthetrianele ABC' 
BD is to DA aa CE to EA. 

Join BE, CD ; then the triangle EDE is equal to the triangle CDE (31 
1.), bec&uae they are on the same base DE and between the same paral- 
lels DE, BC : but ADE ja another triangle, and equal magnitudeB have, 
to the aame, the same ratio (7, 5.) ; therefore, as iha triangle BDE to the 
triangle ADE, bo ia the triangle CDE to the triangle ADE ; but as the 
triangle BDE to the triangle ADE, so is (1. 6.) BD to DA, becauae, hav- 
jng the earae altitude, viz. the perpecdiculaf drawn from the point E to AB, 
they are to one another aa their bases ; . and for the same reason, as the 
triangle CDE to the triangle ADE, bo is CE to EA, Therefore, u BD 
toDA, soitCEtoEA (11.6). 

Next, let the sides AB, AC of the triangle ABC, or these sides produced, 

A A. J. jj 




be cut proportionally in the points D, E, that is, so (hat BD be to DA, as 
CE to EA, and join DE ; DE is parallel to BC. 

The same conslruction being made, because as BD to DA, so is CE (o 
E A ; and as BD to DA, so is the triangle BDE lo the triangle ADE (1.6.); 
and as CE to EA, so is the triangle CDE to the triangle ADE : therefore 
the triangle BDE, is to the triangle ADE, aa the triangle CDE to the tri- 
angle ADE ; that ia, the triangles BDE, CDE have the same ratio to tbq 
triangle ADE ; and therefore (9. 6.) the triangle BDE is equal to the t^ 
angle CDE : And they are on the same base DE ; but equfj triangles od 
the same liD^e are between the same parallels (33. 1.) : therefore DE ia 
{uallel to BC. 
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PROP. III. THEOR. 

If the <mFle of a triangle be bisected by a straight line M also culB the bMf 

■^he r/m.ni of the base nhaU have the same ratxo which the oth^ sides ^jh 

tHan!k have i one .mother ; And if the segm^ts of the base have ihesme 

TZm the other sides of the triangle have to one another, ikt strarght Im 

draumfrom the vertex to the point of section, bisects the vertical angle. 

Lei the angle BAG, of any triungle ABC, be divided i"'" ^"^ «')'"^ ^ 
eles by ihe airaight line AI>; BD la ro DC as BA to AG . , . „, 

^ Throih the ,Smt C draw CE parallel (Prob. 13. 1.) to DA, and let BA 
uroduced meei CY. in E, Because the Biraight line AC meers the paral- 
lels AD, EC, the angle ACE is equal to the alternate angle CAD (211.); 
Bui CAD, by the hypothesis, is equal to the angle BAD ; wherefore BAU 
is equal to the angle ACE. Again, 

because the straight line BAE meets ^Jl 

the parallels AD, EC, Ihe exterior an- 
gle BAD is equal to the interior and 

oppoaite angle AEC ; But the angle A^ 

ACE has been proved equal to the an- -• 

gleBAD; therefure also ACEis equal 
to the angle AEC, and consequently 
Ihe side AE is equal to the side (4. 1.) 
AC- And because AD is drawn pa- 

rallel W one of the sides of the triangle ^ ={- 

BCE,viz.ioEC,BDi8toDC,asBA B JJ C 

10 AE (2. 6.) ; bul AE is equal to AC ; therefore, as BD to DC, so is BA 

Next, let BDbeloDC, asBAlo AC, andjoin AD; the angle BAG i» 

divided into two equal angles, by the atraighi line AD. 

The same construction being made ; because, as BD to DC, so is BA 
to AC i and as BD lo DC, bo is BA 
to AE (3. 6.), because AD is paral- 
lel 10 EC : therefore AB » to AG, as 
AB to AE (11. 5.) : Consequently 
AC ia equal to AE (9- 5,;, and the 
angle AEC is therefore eqaal to the 
angle ACE (3. 1.). But the angle 
AEC is equal lo the exterior and op- 
posite angle BAD ; and the angle 
ACE is equal to the alternate angle 
Cad (21. 1.); Wherefore also the 
angle- BAD is equal to the angle 
CAD; Therefore the angle B AC ia cut into Iwo equal angles by the alniigU 
line AD. 
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PROP. A. THEOR. 



^ tie exterior angle of atnanglebe bisected by a straight line which also aUs 
the base produced; the segments between the bisecting line and the extremities 
of the base have the same ratio which the other aides of the triangles have to 
one another ; And if the segments of the base produced have the same ratio 
which ike other sides of the triangles have, the straight line, drawn from the 
vertex to the point of section, bisects the exterior angle of the triangle. 

Let the exterior angle CAE, of any triangle ABC, be bisected by the 
straight line AD which meets the base produced in D ; BD is to DC, as 
BA to AC. 

Through C draw CF parallel to AD (Prob. 13. I.) : and because the 
straight line AC meets the parallels AD, FC, the angle ACF is equal to 
the alternate angle CAD (21. 1.): But CAD is equal to the angle DAE 
(Hyp.) : therefore also DaE is equal to the angle AOF. Again, becaus» 
tHe straight hne FAE meets the parallels AD, FC, the exterior angle.DA£ 
is equal lo the interior and oppnsite angle CFA ; But the angle ACF has 
been proved lo be equal lo the an- n 

gleDAE; therefore also the angle ' 

ACF is equal to the angle CFA, a 

and consequonily the side AF is -^ 

equal to the side AC (4. 1.) ; and, 
because AD is parallel to FC, a 
side of the triangle BCF, BD is to 
DC,a8BAioAF(2 6.); butAF 

is equal to AC ; therefore as BD -e 7^ ^— ' 

ifl toDC.soisBAtoAC. iS C D 

Now let BD be to DC, as BA t« AC, and join AD ; the angle CAD is 
equal lo the angle DAE. 

The same construction being made, because BD is to DC, as IIA to AC ; 
and also BD to DC, BA to AF (2. 6.) ; therefore BA is to AC, as BA to 
AF (U. 5.), wherefore AC is equal to AF (9, 5.), and the angle AFC 
equal (3. 1.) to the angle ACF: but the angle AFC is equal to the exte- 
rior angle EAD, and the angle ACF to the alternate angle CAD ; there- 
fore also EAD is equal to the angle CAD. 

PROP. IV. THEOR. 

nU aides about the equal angles of equiangular triangles are proportionais ; and 
those which are opposite lo the equal angles are homologous sides, thai is, tt(t 
lie antecedents or consequents of (he ratios. 

Let ABC, DCE, be equiangular triangles, having the angle ABC equal 
to the angle DCE, and the angie ACB to the aogle DEC, and conse- 
quently (2. Cor. 26. I.) the angle BAC equal to the angle CDE. The 
udes about the equal angles of the triangles ABC, DCE are proportionals ; 
and those are the homologous aides which are opposite to the equal an-, 
gb.. 
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Let the triangle DCE be placed, eo that ite side CE may be contJguou« 
to BC, and in the same elraight line with it : And because the angles ABC, 
ACB are together leas than two right angles (10. 1.), ABC and DEC, 
which ia equal to ACB, are also less than -qi. 
two right angles : wherefore BA, ED pio- /^ 

duced shall meet (22. t.) ; let them be pro- 
duced and meet in the point F ; and because 
the angle ABC is equal to the angle DCE, 
BF is parallel (20. 1.) to CD. Again, be- 
cause the angle ACB is equal to the angle 
DEC, AC is parallel to FE (20. 1.) ; There- 
fore FACD is a parallelogram ; and conse- 
quently AF is equal to CD, and AC to FD 
(27. 1 .) : And because AC is parallel to FE, 
one of the eirtca of the triangle FBE, BA : AF : ; BC ; CE (2. 6.) ; but 
A F is equal to CD ; therefore (7. 5.) BA ; CD : : BC : CE ; and alter- 
naiely, BA ; BC : : DC : CE (16. 5.) : A^ain, becaule CD is parallel to 
BF, BC : CE : ; PD 1 DE (2. 6.) ; but FD is equal lo AC ; therefore BC 
: CE : : AC : DE ; and alternately, BC : CA : : CE : ED. Therefore, 
because it has been proved that AB ; BC ; i DC : CE ; and BC ! CA : : 
CE : ED, ax tequali, BA : AC : : CD : DE. 

PROP. V. THEOR. 

If the tides of lv>o triangks, about each of Ihetr anglte, he proportionals, the tri- 
mgkg thail be ejviangutar, and have their equal angles opposite lo the homo- 
logBui sides. 

Let the triangles ABC, DEF have their sides proportionals, so that AB 
is to BC, as DE to EF j and BC to C A, as EF lo FD ; and consequently 
ex »quali, BA to AC, as ED to DF ; ihe triangle ABC is equiangular to 
the triangle DEF, and their equal angles are opposite to the homologous 
side*, viz. the angle ABC being eqoal to the angle DEF, and BCA lo 
EFD, and alao BAC to EDF. 

At the points E, P, in the straight 
line EF, make (Prob, 9. 1.) the an- 
gle FEG equal to the angle ABC, 
and the angle EFG equal to BCA, , 
wherefore the remaining angle BAC 
is ^ual to the remaining angle 
EOF (2. Cor. 25. 1,), and the trian- 
gle ABC is therefore equiangular to 
the triangle GEF ; and consequently 
they have Iheir sides opposite to the 
equal aoglee proportionaUi (4. 6.). 
Whatdbre, 

AB : BC - OE : EF ; but by Bupposititn 

AB : BC : : DE ; EF, therefore, 

DE I EF : : GE ; EF. Therefore (U. 5.) DE and GE l»<t 
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the aame ratio to EF, and conaequently are equal (9. 5.]- For the fame 
reaaoD, DP is eoual to FG : An»l beCaluae; m the triangleB DEF, GEF, 
DG is equal to EG, and EP common, and also the base DF equal to the 
base OF ; therefore the angle DiBF ia equal (5, 1.) to the angle GEF, and 
the other angles to the other angles, which are subtended by the equal 
sides (1. 1.). Wherefore the angle DFEis equal to th« angle GFE, and 
EDF to EGF : and because the angle DEF is equal to the angle GEF, 
and GEF to th« angle ABC ; tlierefore the angle ABC ia egual to the an- 
gle DEF : For the same reason, the angle AOB is equal to the WkIs, 
DFE, and the angle at A to the angle at D. Therefore die triaogle ABC * 
ia equiangular to the triangle SEF. 

PROP. TL THEOR. 

If two triangles have one angle of the one egaal to one angle of tht other, and the 
tides abavl the eqvttl angles proportionals, the triangles shaii be egitiangvlar^ 
sui thall have those angles egual which are opposUe to the hotnohgm* siiet. ' 

' - Let the tiiangles ABG, DEF have the angle BAC in the one aquat to 
the angle EDF in the othe^ and the Aides about thOse angles proportion- 
als ; that is, BA to AC, as ED to DF ; the triangles ABC, DEP are equi- . ' 
angular, and have the angle ABC equal to the angle DEF, and ACB to 
DFE. 

At the pcrinta D, F, in th^ 
straight line DF, make (Frob. 9, 
1 .) the angle FDG equal to either 
of the angles BAC, EDF ; and 
the angle DFG equal to the anglo 
' ACB ; wherefore the remaining 
angle at B ia equal to the remain- 
ing one at G (2. Cor. 25. 1.), and 
consequently the triangle ABC is 
■ equiangular to the triangfe DGP ; 
and therefore 

BA ; AC : ; GD (4. 6.) ; DF. But by hypoihtoia, 

BA : AC : : ED : DF; and therefore 

ED : DF : I GD : (II. 5.) DF ; wherefore ED is equal (9. 6.) to 
DG ; and DF is common to the fffo triangles EDF, GDF ; thererore the 
two aides ED, DP are equal to the two sides Gf), DF ; but die a^gla 
* EDF is alsb eqUal to the angle GDF ; wherefore the base EF is equal to 
the base PG(1. 1.), and the triangld EDF to tjie triangle GDF, and the 
remaining angles to the remaining angles, toch to each, which ar6 sub- 
tended by the equal sides : Therefore the angle DFG ia equal to the angle 
DPE, and the angle at G to the angle at £ : But the angle DFG ia equal 
to the angle ACB ; therefore theangle AOB ia equal ttie angle 6fE, and 
the angle BAG is equal to theangle EDF (Flyp.) ; wherefore alao the re- 
maining angle at B ia eqiiat to l^« remaining ai^te at ]&. Therefor« the 
trien^e ABC is equiangular to the tnangli D£F. . 

.16 ' ' 
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PROP. Vir. THEOR. 

If two IrianglM have one angle of the one eguallo one angk of the other, and ^ 
aides aiout two other angles proporlionali, then, if each of the remaintrtg an- 
gles be either less, or not less, than a right angle, the triangles shall be egut- 
anguloT, and have those angles equal about lehich the aides are proporttonaU, 

Let the two trinngleB ABC, DEF have one angle in (be one equal to one 
anglff in the other, viz. the angle BAC to the angle EOF, and the sides 
about two other angles ABC, DEF proporlionala, bo that AB ie to BC, as 
DE to EF ; ani), io the first case, let each of the remaining angles at C, F, 
be less than a right angle. The triangle ABC is equiangular to the iri- 
BDgle DEF, that ie, (he angle ABC ia equal to the angle DEF, and the 
lemEuning angle at C to the remaining angle at F. 

Pot, if Ihe angles ABC, DEF be not equal, one of them is greater thaa 
the other; Let ABC be the greater, and at the pant B, in the straight 
linB AB, make the angk ABG equal 
totheangle (Prob.9.l.)DEF: and 
because the angle at A is equal to the 
angle at D, and the angle ABG to 
the aiwle DBF ; the remaining an- 
gte AGB is equal (2. Cor. 35. 1.) to 
the lemaining angle DFE ; There- 
tom the triangle ABO is equiangular 
to the triangle DEF ; 

wherefore (4. 6.), AB : BG : : DE : EF ; but, 
bj hypothesis, DE : EF : : AB : BO, 
therefore, AB : BC : : AB : BG (11. 5.) 

and because AB has the same ratio to each of the lines BC, B6j BC ia 
equal (9. S.) to BG, and therefore the angle BGC is equal to the angle 
BOG (4. 1.) i But the angle BOG is, by hypothesis, less than a right an:- 
gle ; therefore also the angle BGC is less than a right angle, and the adja- 
cent angle AGB must be greater than a right angle (6. 1.). But it was 
proved that the angle AGB is equal to the angle at F ; therefore the angle 
at F is greater than a right angle : But by the hypothesis, it ia less than a 
right angle ; which is absurd. Therefore the angles ABC, DEF are not 
unequal, that is, they are equal : And the angle at A is equal to the angle 
at D \ wherefore the remaining angle at C ia equal to the remaining angle 
at F ; Therefore tba triangle ABC is equiangular to the triangle DEF. 

Next, let each of the angles at C, F be not less ihan a right angle ; the 
triangle ABO is also, in this case, equiangular to the triangle DEF. 

The same construction being . 

made, it. may be proved, in like -g^ 

manner, that BC is equal to BG, j^ xj 

and the angle at C equal to the j/^ I ji 

angle BGC ; But Ihe angle at C y^ j ^^t . 

is not less than a right angle ; ^^^^ -j ^ ^^^ / 

therefore the angle BGO is not 1% r* t?^ tj' 

. less than a right angle: Where- "" V JH JI 
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ibre, two angles of the triangle BOG are together not lesa than two right 
angles, which is ioiposBible (10. 1.) ; and therefore the triangle ABC nay 
be proved to he equiangular to the triangle DEF, as in the first case. 

PROP. Vnr. THEOR. 

In a right angled iriangh i^ a perpendiailar be drawn fiom the right angle to 
the base ; the trimgUs on each tide of it we eimHw to the whole biangie, and 




Let ABC be a right angled triangle, haviog the right angle BAG - and 
toai the point A let AD be drawn perpendicular to the base BC : the trian- 
gles ABD, ADC are similar lo the whole triangle ABC, and to one another. 

Because the angle BAG is equal to the angle ADB, each of them being 
arightangle, and the angle at B com- A 

mon to the two trangles ABC, ABD ; "^ 

the lemaiaing angle ACB is equal to 
the remaining angle BAD (2. Cor. 25. 
1.) : therefore the triangle ABC is 
equiangular lo the triangle ABD, and 

the sides about their equal angles are n Ti '"7^ 

proportionals (4. 6.); wherefiwe the ■" AJ O 

triangles are similar (def. 1. 6.}. In like manner, it ma; be demonstrated, 
that the triangle ADC ia equiangular and similar to the triangle ABO: 
and the triangles ABD, ADC, being each equiangular aiid simikr to ABC, 
and equinngulor and similar to one another. 

CoR. From this it is msnirest, that the perpendicular, drawn from the 
right angle of a right angled triangle, to the base, is a mean proportiohiU 
between the segments of the base ; and also that each of the aides is a mean 
propordonai between the base, and its segment adjacent to that side. For 
m the triangles BDA, ADC, 

BD : DA : : T>A : DC (4. 8.) ; and in the 
triangles ABC, BDA, EC : BA : : BA : BD (4. 6.) ; and in the 
triangles ABC, ACD, BC : CA ; : CA ; CD (4. 6.). 

PROP. IX. PROB. 

JVom a given straight Utte toeut o^ am/ part regtarat, that is, a part which thail 
be contained in it a g^en number ^ times. ' 

A 
Let AB be the given straight line ; it is required "^ 

to cut off from AB, a part which shall be contained 
in it a given number of times. 

From the point A draw a straight line AC mak- 
ing any angle with AB ; andin AC take any point 
D, and take AC such that it shall contain AD, as 
6ft as AB is to contain the part, which is to be cut 
off from it; join BC, and draw DE paraHtl to it: 
then AE is Uie part required to be cut off. 

a ED is panulel to one of the sides of the 
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triangle ABC, viz. to BC, CD : DA : : BE : EA (2. 6.) ; and by compoaj- 
tiqa (18. 5), CA : AD : : BA : AE : Bui CA is a multiple of AD ; there- 
fore (C. 5.) BAistbeaame mulliple of AE, or contains AE the same num- 
ber of limes that AC contains AD ; and ttierefore, whatever part AD is of 
AC, A E is ttie same of AB ; wherefore, from the straight line A B the part 
required is cut off, 

PROP. X. PBOB. 

Ta divide a given straight Hm iimOarly to a given divided itraight line, thai is, 
into parts that shall have the same ratios to one another which the parts of the 
divided given straight line have. 

Let AB be the straight line given to be divided, and AC the divided line, 
it is required to divide AB similarly to AC. 

Let AC be divided in the points D, E ; and let AB, AC be placed so as 
to contain any angle, and join BC, and through the points D, E, draw 
{Prob. 13. 1) DF, EG, parallel to BC ; and 
through D draw DHK, parallel to AB ; there- 
fore each of the figures FH, HB, is a parallelo- 
gram : wherefore DH is equal (27. 1.) to FG, 
and HK to G6 : and because HE is parallel 
to KC, one of the sides of the triangle DKC, 
CE : ED : ; (2. 6.) KH : HD ; But KH=Ba, 
and HD=GF ; dierefbre CE : ED : : BG ; 
GF ; Again, because FD is parallel to EG, 
one of the sides of the triangle AGE, ED : DA 
: : GF : FA ; But it has been proved that CE 
: ED ; : BG : GF ; therefore the given straight line AB is divided amilarlj 
to AC. 

PROP. XI. PROB. 

Tojind a third proportional to two given strmghlines. 

Let AB, AC be the two ^ven straight lines, and let them be placed so 
as to contain any angle ; it is required to 
find a third proportional to AB, AC. 

Produce AB, AC to the points D, E ; and 
make BD equal to AC ; aod having joined 
BC, through D draw DE parallel to it (Prob. 
18. 1.) 

Because BC is parallel to DE, a side of 
the triangle ADE, AB : (2. 6.) BD : : AC : 
CE; but BD=AC; therefore AB: AC : : 
AC : CE. Wherefore to the two given 
straight lines AB, AC 4 third pioporiiQDal, 
CE IS found. 
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PROP. XU. PROB. 
Tojind a fourth proportional to three given straight Hnts. 

Let A, B, C be the three given straight lines ; it is required to find a 
fourtb proponional to A, B, C. 

TaketwostmighllinesDE.DF, containing any angle SDP; and upon 
these make DG equal to A, GE equ(d to B, and DH equal to C -, and hav- 
ing joined GH, draw £F parallel (Prob. 13. 1.) to it through the point E. 




And because GH is parallel to EF, one of the sides of the triangle DEF, 
DG:GE::DH;HF(2.6.); but DG=A, aE=B, and DH=C; and 
therefore A : B : : C : HF. Wherefore to the three given Biraight lines, 
Ai B, C, a fourth proportional HF is found. 

PROP. Xni. PROB. 

Tojnd a mean pr(^wrtionai between two given slraigM lines. 

Let AB, BC be the two given straight lines ; it is required to find a mean 
proportional between tbem. 

Place AB, BC in a straight line, and upon AC describe the semicircle 
ADC, and from the point B (Prob. 6. 
1.) draw BD at right angles to AC, 
andjoin AD, DC. 

Because the angle ADC in a setnl- 
circle ie a right angle (29. 8.), and be- 
Banse in the right angled triangle 
ADC, DB la drawn from the right an- 
gle, perpendicular to the base, DB is 
a mean proportional batwwn AB, BC, 
the segments of the base (Cor. 8, 6.) ; therefore between the two girea 
Mmight Unea AB, BC, a mean proportional DB is found. 
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PROP. IIV. PROB. 

EpwJ paraUelograms wMch have one angle of the one equal to one angle of the 
other, have their sida oioiri the eguai angles reciprocaliy proportional : And 
parailelogTOTna which have one angle of the one equal to one angle of the other, 
and their tide* aioiri the equal angles reciprocally proportional, are eqwd to one 
another. 

Let AB, BC ba equal parallel- ^ 
o^ma, which have the angleH at B — 
equd, and let the eidea DB, BE be 
placwl in the same simigbt line j 
wherefore also FB, BO are in one 
Btnught line [7. 1.); the aides of ihe 
paraUelograms AB, BC, about the 
equal angles, are reciprocally propor- 
tional ; that is, DB ie to BE, as OB 
toBF. 

Complete the parallelogram FE ; and because the panUlelograms AB, 
BC are equal, and FE is another parallelogram, 

AB : FE : : BC ; FE (7. 6.) : 
but because the parallelogram s AB, FE have the same altitude, 
AB: FE :: DB : P.E (1. 6), also, 
BC : FE : : GB : BF {1. 6.) ; therefore 
DB : BE : : GB : BF (11. 5). Wherefore, the sides 
of the paralldograme AB, BC about tbeii equal angles are leciprocall; pn>- 
poTtional. 

But, let the sides about the eqijal angles be reciprocally proportional, 
viz. as DB to BE, so GB to BF ; the parallelogram AB is equal to the pa- 
rallelogram BC. 

Because DB : BE : : GB : BF, and DB : BE : : AB : FE, and GB : 
BF : : BC : EF, therefore, AB : FE : : BC : FE (11. 5.) ; wherefore the 
parallelogram AB is equal (9. 5.) to the paraUelogram BC. 

PROP. XV. THEOR. 

Equal triangles teMch have one angle of the one equal to one angle of the other 
have their sides about the equal angles redprocaUy proportiomU ; Atdlrianr 
gles whieh have one angle in the one equal to one angle in the other, and their 
sides about the equal angles rec^irocalli/ proportumiU, are equal to one anotha: 

Let ABC, ADE be equal triangles, which have the angle BACeqtial 
the angle DAE ; the sides about the equal angles of the triangles are 
ruifvocalljr proportional ; that is, CA is to AD, as EA to AB. 

L^t the triangles be placed so that their aides CA, AD be in one straight 
line ; wherefore also EA and AB are in one straight line (7. 1.) ; join BD. 
Becanee the triangle ABC is equal to the triangle ADE, and ABD is an- 
other triangle ; therefore, triangle CAB : uiangle BAD : : triangle EAD 
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: trianffle BAD; but CAB : 
BAD : : CA : AD, and EAD : 
BAD: : EA : AB; therefore 
CA: AD::EA;AB(11.5,), 
'wberelbre the sides of the trian- 
gles ABC, ADE about the equal 
anglea are reciprocally propor- 

But let the aides of the trian- 
gles ABC, ADE,^bout the equal 
angles be reciprocally propor- 
tional, viz. CA to AD, as EA to 
AB; the triangle ABC ia equal 
to the triangle ADE- 

Having joined BD as before ; because CA : AD : : EA : AB: and since 
CA : AD : : triangle ABC : triangle BAD (1. 6.) ; and also EA r AB : : 
triangle EAD : triangle BAD (11. 5.) ; therefore, iriangle ABC r triangle 
BAD : : triangle EAD : triangle BAD; that is, the irianglea ABC, EAD 
have the same ratio to the triangle BAD ; wherefore the triangle ABC is 
equal (9. 5.) to the triangle EAD. 

PROP. XVI. THEOR. 

If four atraighl lines be proportiimals, the rectangle coniained by ike extrtmei it 
equal to the rectangle conlaimd by the means ; And if the reetangle coniauitd 
, by the extremes be egual to the rectangle coniained by the meant, thefow ttraight 
lines are proportionak. 

Let the four straight lines, AB, CD, E, F, be proportionals, viz. as AB 
to CD, so E to F ; the rectangle contained by AB, F b equal lo ihe reel- 
angle contained by CD, E. 

From the points A, C draw (6. 1.) AG, CH at right angles to AB, CD ; 
and make AG equal to F, and CH equal to E, and complete the parallel- 
ograms EG, DH. Because AB : CD : : E : F ; and since E=OH, and 
F=AG, AB: CD (7, 6.) :: CH; AG; therefore the sides of the parallet 
ograma BG, DH about the equal angles are reciprocally proportional ; but 
parallelograms which have their sides about equal angles reciprocally pro- 
portional, are equal to one another (14. 6.) ; therefore the parallelogram 

BG is equal to the parallelogram DH : jj 

and the parallelogram DG is contain- 
ed by the straight lines AB, F; be- J"— 
cause AG is equal to F ; and the pa- 
rallelogram DH is contained by CD ^ 
and E, because CH is equal to E : 
therefore the rectangle contained by 
Uie straight hnee AB, F is equal to that 
which is contained by CD and E, 

And if the rectangle contained by — — -„„ « 

the straight lines AB, F be equal to that which is contained by CD, 1% i 
these four linea are proporiionala, viz. AB is to CD, as E to F. 
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The fame conBtniction bemg made, because the rectangle contained by 
the Biraight linea AB, F is wjual to that whict ia contained by CD, E, and 
the rectangle BG ie contained bj AB, F, because AG is equal to F ; and 
the rectangle DH, bj C D, E, because CH ia equal to E ; therefore the pa- 
rallelogram BG ia equal to the parallelogram DH, and they are equiangu- 
lar ■ but the sides about the equal angles of equal parallelogranis are reci- 
procally proportional {14.6.) : whereforeABiCD:: CH: AG; butCH 
=E, and AG:^Fi therefore AB : CD : : E ; F. 

PROP. XVU. THEOa. 

If three ttraigkt Ibta be proporUonait, the rectangle contained by the extretttei is 
equal to the tguare of the mean : Andif the rectaagle contained hy the extrema 
be equal to the square of ihe nuan, the three straight lineg are jiroportumaU. 

Let the three straight lines. A, B, C be proportionals, viz. a« A to B, so 
B to C ; the reeianglo contained by A, C is equal to the square of B. 

'take D equal to B : and because as A toB, soB toC, and that Dia 
equal to D ; A is (7. 6.) to B, aa D to C : but if four straight lines be pro- 
portionals, the rectangle contained by the extremes ia equal to that which 

ucontained by the means {16. 6.) ; therefore the . 

rectangle A.C = the rectangle B.D ; but the rect- „ . 

aiigle B.D is equal to the square of B, because B= p .^_^_^^^_ 
I>; thetefore the rectangle A.C is equal to the q ^^^___„ 
square of B'. 

And if ^e rectangle contained by A, C be equal to the square of B ; A : 
B 1 : B : C. 

The same construction being made, because the rectangle contained by 
A, C is equal to the squaire ttf B, and the square of B is equal to the rect- 
angle contained by B, D, because B ia equal to D ; therefore the rectangle 
contained by A, C is equal to that contained by B, D ; but if the rectangle 
contained by the extremes be equal to that contained by the means, the 
four straight lines are proportionals (16. 6.) ; therefore A : B : ; D : C, but 
B=D J wherefot« A : B : : B : C. 

PftOlf. XTin. PROB. 

Upon a given Uraighi tine to describe a reetiline(d figure simiiar, and smUarly 
situated to a given rectUineal figure. 

Let A6 be the given straight line, sud CDEF the ^ven rectilineal figure 
of four sides ; it is required upon the given stibight line AB tO' describe a 
rectilineal figure similar, and similarly situated to CDEF. 

Join TfP, and at the pointe A, B in the straight line AB, make (Prftb; 9. 
1.) the arigle BAG equal to the angle at G, EiOd Ihe angle ABO equal tO' 
tbd angle CDF ; therefore the remaining angle CFD is equal to the ^ 
maimng angle AGB (2. Cor. 2S. 1.) : wherefore the triangle FCDia equf- 
angular to the triangle GAB : Again, at the pmnta G, B in the straight 
line Gd^make [Prob. 9. 1.) the angle BGH equal to the an^ wE, and 
th9 angle GBH equal to P0E ; therefore' the remainutg aii^' FED vr 
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.- equal lo the remaining angle GHB, and ihe triangle FDE equiangular lo 
the triangle GBH.: then, because ihe angle AGB is equal to i he angle 
CFD, BOH to DFE, the whole angle AGH ie equal to the whole CFE : 




for the same reason, (he angle ABH is equal to the angle CDE ; also the 
angle at A ia equal to the angle at C, and the angle GHB to FED; There- 
fore Ihe rectilineal figure ABHC is equiangular to CDEF: but likewise 
these figures have tbeir sides about the equal angles pioporiioDats : for the 
triangles GAB, FCD being equiangular, 

BA : AG : : DC r CF (4, 6.) ; for the same reason, 
AG : GB : : CF : FD ; and because of the equian* 
pilar triangles BGH, DFE, GB ; GH : : FD : FE ; therefore, 

ex equali (22. 5.) AG : GH : : CF : FE. 
In the same manner, it may be proved, that 

AB : BH : ; CD : DE. Also (4. 6.), 
GH : HB ; : FE : ED. Wherefore, because the rectili- 
neal figures ABHG, CDEF are equiangular, and have their sides about 
the equal angles proportionals, they are similar to one another (def. 1. 6,). 

Next, Let it be required to describe upon a given straight line AB, a. 
rectilineal figure similar, and similarly situated to the rectilineal figure 
CDKEF. 

Join DE, and upon the given straight line AB describe the rectilineal 
figure ABHG similar, and similarly situated to the quadrilateral figure 
CDEF, by the former case ; and at the points B, H in the straight line 
BH, make the angle HBL equal to the angle EOK, and the angle BHL 
equal to the angle DEK ; therefore the remaining angle at K is equal to 
the remaining angle at L ; and because the figures ABHG, CDEF are 
similar, the angle GHB is equal to the angle FED, and BHL is equal lo 
DEK ; wherefore the whole angle GHL is equal to the whole angle FEK ; 
for the same reason the angle ABL is equal to the angle CDK : therefore 
the five-sided figures AGHLB, CFEKD are equiangular ; and because 
the figures AGHB, CFED are similar, GH is to HB as FE to ED ; and 
as HB to HL, so i« ED lo EK [4. 6.) ; therefore, ex fequali (22. 5.), GH 
is to HL, as FE to EK : for the same reason, AB is to BL, as CD to DK : 
and BL is to LH, as (4. 6.) DK to KE, because the triangles BLH, DKE 
arw equiangular: therefore, because the five- sided figures AGHLB, 
CFEKD are equiangnlar, and have their sides about the equal angles pro- 
portionals, they are similar to one another ) and in the same manner are&- 
17 



tilineal figure of six, 

line stmilai to one given, and 



ELEMENTS 
sides may be described upon a given atraigbt 



PROP. XIX. THEOR. 



r ratio of the homologattt 




Let ABC, DEF be simi- 
lar triangles, having the an- 
gle B equal to the angle E, 
and let AB be to BC, aa 
DE to Ef, «o [hat the side 
BC is homologous to £F 
(def. 13. 5.) : the triaogle 
ABC hae to' the triangle 
DEF, the duplicate ratio 
of that which BC has to 
EF. 

Take BG a. third proportional to BC and EF (11, 6,), or such that 
BC : EF : : EF : BG, and join GA. Then, because 
AB : BC : : DE 1 EF, aliernately (16. 5.1, 
AB:DE::BC:EF; but 
BC : EF : : EF : BG; therefore (11.5.) 
AB : DE : : EF ! BG ; wherefore the sides of the triangles 
ABG, DEF, which, are about the equal angles, are reciprocaliy propor- 
tiijnal ; but triangles, which have the sides about two equal angles recipro- 
cally proportional, are equal to . 
one another (15. 8,) : therefore - 
the triangle ABG is equal to 

the triangleDEF; andbecause , , , 

that BCfia to EF, as EF to / / \ P 

BG; and that if three straight 
luies be proportionals, the first 
has to the third the duplicate 

ratio of that which it has to the .^ = ~ . . 

second; BC therefore has to B W" C E 'S 

BG the dtiplicate ralb of that which EC has to EF But as BC to BG 
so is (1. 6.) the triangle ABC to the triangle AEG : therefore the triangle 
ABC has to the triangle ABG the duplicate ratio of that which BC has to 
EF : and the tnangle ABG is equal to the triangle DEF ; wherefore also 
rtia tnangle ABC has to the tnangle DEF the duplicate raUo of that which 
a\j has to EF. 

CoE JVom this, it ifl manifest, that if three straight lines be proporUon- 
als. as the first la to the third, so is any triangle upon the first to aaimilar, 
aikd ■imuarlj descnbed tnangle upon the second. 
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PROP. XX. THEOR. 



Smilar polygons may be divided into the same numba- of similar triangks, hon- 
ing the same ratio to one another that the polygons have ; and the polygora 
have to ojie another the duplicate ratio of that which their homologous sides 

Lei ABCDE, FGHKL, be eimilac polygons, and let AB bo the homo- 
logous side to FG : the polygons ABCDE, FGHKL, may be divided into 
the same number of similar triangles, whereof each has to each the same 
ratio which the polygons have ; and ihe polygon ABCDE baa to the poly- 
gon FOHKL a ratio duplicate of that which the side AB has to the side 
FQ. 

Join BE, EC, GL, LH : and because the polygon ABCDE is similar 
to the polygon FGHKL, the angle BAE is equal to the angle GFL (def. 
1. 6.), and BA : AE : : GF : FL (def. 1. 6.) : wherefore, because the tri- 
angles ABE, FGL have an angle in one equal to an angle in the other, 
and their sides about these equal angles proportionals, the triangle ABE is 
equiangulcir (6. 6.], and therefore similar, to the triangle FGL (4. 6.) : 
wherefore the angle ABE is equal to the angle FGL : and, because the 
polygons are similar, the whole angle ABC is equal (def. 1. 6.) totbe whole 
angle FGH ; therefore the remaining angle EBO is equal to the remain- 
ing angle LGH : now^ because the triangles ABE, FGL are similar, 

EB : BA ; : LG ; OF", and also because the 
polygons are similar, AB : BC : : FG : GH (def. I. 6.) ; therefore, ox 
eequali (23. S.) EB : BC : : LG ; OH, that is, the aides about the equal 
angles EBC, LGH are proportionals j therefore (6. 6.) tbe triangle £BC 
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ia equiangular to the triangle LGH, and similar to it (4. e.). I'm tbi 
game reason, the triangle ECD is likewise similar to the triangle LHK; 
theretbre the similar polygons ABCDE, FOHKL tlT« divided info th^a eune 
number of similar triangles. 

Also these triangles have, each to each, the same ratio which Ihe |Xily- 
gons have, to one another, the antecedents being AB£, EBC, ECDvand 
the consequents FGL, LGH, LHK : and the polygon ABCDE has to th« 
polygon FGHKL the duj^cale ratio (rf that which the aide AB has to the 
homologous side PG. 

Because the tiiangle ABE is aoiilat l« Hat trian^te FGL, A&£ has to 
FGL the duplicate ratio (19. 6.) of that which the side BE has ta the side 
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OL : fojc the same reason, the trumgle BEC hae to GLH the duplicate 
ratio of that which BE haa to GL: therefore, aa the triangle ABE to the 
triangle FGL, so ( 1 1 . 5.) » 'he triangle BEC to the triangle GLH. Again, 
becaiiee the triangle EBC is similar lo the triangle LGH, EBC has to 
LGH the duplicate ratio of that which the aide EC haa to ihe side LH : 
for the sanae reason, the triangle ECD haa to the triangle LHK, the du- 
pUcate lalio of that which EC has to LH : thprefore, as the triangle EBC 
to the triangle LGH, Boia(11.5.) the triangle ECD to the triangle LHK : 
but it has been proved, that the triangle EBC is likewise to the triangle 
LGH, aa the triangle ABE to the triangle FGL. Thorefoce, as the trian- 
gle ABE is to the triangle FGL, bo is the triangle EBC, to the triangle 
LGH, and the triangle ECO to the triangle LHK : and therefore, as one 
of the antecedents to one of the consequents, so are all the antecedents to 
all the consequents (12. 5.). Wherefore, as the triangle ABE to ibe tri- 




angle FGL. so is the polygon ABCDE to the polygon fXSHKL : but the 

triangle ABE has to the triangle FGL, the duplicate ratio of that which 
the side AB has lo the homologous side FG. Therefore also the polygon 
ABCDE haa to the polygon FGHKL the duplicate ratio of that which 
AB has to the homologous side FG. 

CoR. 1. In like manner it may be proved, that similar figures of foui 
eides, or of any number of sides, are one to another in the duplicate ratio of 
theii homologous sides, and the same has already been proved of triangles ; 
therefore, universally similar rectilineal figures are to one another in the 
duplicate ratio of their homologous sides. 

CoH. 2. And if to AB, FG, two of the homologous sides, a third pro- 
portional M be taken, AB has [def 11. 5.) to M the duplicate ratio of that 
which AB has to FG : but the four-sided figure, or polygon, upon AB has 
to the four-sided figure, or polygon, upon FG likewise the duplicate ratio 
of that which AB has to FG : therefore, as AB is to M, so is the figure 
upon AB to the figure upon FG, which was also proved in triangles (Cor. 
19. 6.). Therefore, universally, it is manifest, that if three straight lines 
be proportionals, as the first is to the third, so is an^ rectilineal figure upon 
the first, to a similar, and similarly described rectilmeal figure upon the se- 
cond. 

Cob. 3. Because all squares are similar figures, the ratio of any two 
squares to one another is the same with the duplicate ratio of their sides; 
and hence, also, any two similar rectilineal figures are to one another as the 
squares of their hoaiologoiu sides. 
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If two polygona are composed of the same number of iriang-lea aimilar, 
and aimikriy situated, those two polygons will be Bimilar 

For the similarity of the two triangles will give the angles EAB=LFG, 
ABE=FGL,EBC=LGH: hence, ABC = FGH, likewise BCD=GHK, 
&c. Moreover, we shall have, EA : LF : ; aB : FG ; : EB : LG : : BC 
: GH, &c. ; bcnce the two prilygons have their angles equal and cheir sides 
proportional ; cooiequeiitly they are similar. 

PROP. XXI. THEOR. 

RectiHnealJtffw^ whicA m 

Let each of the rectilineal figures A, B be similar to the rectiUooal figure 
C : The figure A is simitar to the figure B. 

Because A is similar lo C, they are equiangular, and also have their 
sides about the equal angles proportionals (def. 1. 6.). Again, because B 
ia similar to C, they are equiangular, and have their sides about the equal 
angles propwtiontJs (def. 1. 6.) : therefore the figures A, B, are each of 




tbem equiangular to C, and have the sides about the equal angles of each 
of (hem, and of C, proportionals. Wherefore ibe rectilineal figures A and 
Bareequiangular (1. Ax. l.]iand have their sides about the equal angles 
proportionals (11. S.)- Therefore A is similar (def. 1. 6.) to B. 

PROP. XXII. THEOR. 

IJ fmtr straighl Hnee be proportionals, the gimilar rectHineai figvret gmilarhf 
deterged i^wn ihem shall also be prifvrtionals ; and if the stmilaf Tectilineai 
figvrea similarly described upon four straight lines be proportionals, those 
straight Unes shail he proportionals. 

Let the four straight linea, AB, CD, EF, GH be proporUonals, viz. AB 
to CD, as EF to G H, and upon AB, CD Jet the similar rectilineal figures 
KAB, LCD be similarly described ; and upon EF, GH the similar recti- 
lineal figures MF, NH, in like manner : the rectilineal figure KAB is to 
LCD, as MF to NH. 

ToAB, CD lakeathird proporiional'(ll. 6.) X j and to EF, GH, a 
third proportional O ; and because 
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AB : CD : : EF : OH, and 

CD: X;;GH ; (11. 5.) 0, eia!quali(22. 6.) 
' AB : X : ; EF : O. But 

AB : X (2. Cor. 20. 6.) : : KAB : LCD; and 
EF : O : : (2. Cor. 20. 6.) MF ; NH ; thetefore 
KAB : LCD (2. Cm. 20. 6.) : ; MF : NH. 

And if the figure KAB be to the figure LCD, u the figure MF to the 
figure NH, AB is to CD, as EF to GH. 

Make (12. 6.) aa AB to CD, no EF to PR, and Bpon PR deacribe {18. 
6.) the rectilineal figure SR similar, and aimilarl; muated to either of the 




figures MF, NH : then, because that aa AB to CD, ao is EF to PR, and 
upon AB, CD are described the aimilar and aimilarlj sitii&ted rectilineala 
KAB, LCD, and upon EF, PR, in like manner, the similar rectilineala 
MF, BR; KABU to LCD, oa MF to SR ; but bj the hypotbeais, KAB 
ie to LCD, as MF to NH ; and therefore the rectilineal MF having the 
tame ratio to each of the two NH, SR, these two are equal (d. 5.) to one 
another ; they are also similar, and similarly aituated ; therefore OH is 
equal to PR : and becauae aA AB to CD, ho is EF to PR, and because PE 
ia equal to GH, AB ie to CD, aa EF to GH. 

PROP. XXIU. THEOR. 

Eguiangular paraikiograiw hmt to ant another the ratio which ia compounded 
of the ratios of their lides. 

Let AC, CF be equiangular parallelogranis having the angle BCD 

Sual to the angle ECG ; the ratio of the paraUelogram AC te the para!- 
ogram CF, ia the same with the ratio which ia oompoimded of the lattoa 
of [heir sidee. 

Let BC, CG be placed in a straight line ; therefore DC and CE lire also 
m a straight Knt (7. 1.) ; complete the paiallelogratn DO ; and, takinr 
Wij straight line K, make (12. 6.) as BC to CG, so K to L ; and aa DC 
to CE, so make (IS. 6,) L to M : therefore the ntioe of K to L, and L to 
M, are the same with the ratios of the sides, viz. of BC to CO, and of DG 
to CE. But the ratio of K to M, is that which ia said to be conipoanded 
(def. 10. 6.) of the ratios of K to L, and Lto M firherefHre also K has io 
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M the ratio compounded of the lalios of 
the eides of the parallelograms. Now, 
because as BC to CG, so is the parallel- 
ogram AC to the parallelogram CH (1. 
6.) ; «nd aa BOlo CG, eo is K to L ; 
therefore K is (11. 5.) to L, aa the paral- 
lelogram AC 10 the parallelogram CH : 
again, because aa £>0 to CE, so is the 
parallelogram CH to the parallelogram 
CP : and as DC to CE, so is h to M ; 
therefore L is (11. 5.) to M, as the parat 
lelogram CH to the parallelogram CF : 
therc^fore, since it has been proved, that 
as K to L, so is the parallelogram AC to 
the parallelogram CH ; and as L to M, ao the parallelogram CH to the 
parallelogram CP; ex squali (22. 5.), K is lo M, aa the parallelogram 
AC to the parallelogram CP ; but K has to M ihe ratio which is com- 
pounded of the ratios of the sides; therefore also the parallelogram AC has 
to the parallelogram CF the ratio which is compounded of the ratios of th« 




lo each other as the producis of their 



Cor. Hence, any two rectangles <b 
bases multiplied by their altitudes. 

SCHOLIUM. 

Hence the product of the base by the altitude may be assumed tu the 
measure of a rectangle, provided we understand by this product the pro- 
duct of two numbers, one of which is the number of linear units contained 
in the base, the other the number of linear units contained in the altitude. 

Still this measure is not absolute but relative : it supposes that the aicK 
of BJi; other rectangle is computed in a similar manner, hy measuring its 
sides wiiii the same linear unit ; a aecond product is thus obtained, and the . 
ratio of the two products is the same as that of the two rectangles, agree- 
ably to the proposition just demonstrated. 

For example, if the base of the rectangle A contained three units, and its 
altitude ten, that rectangle will be represented by the number 3xi0,or 
30, a number which signifies nothing while thus isolated ; but if there is a. 
second rectangle B, the base of which contains twelve units, and the alti- 
tude seven, ihia rectangle would be represented by the number 12 x7=84^ 
and we shall hence he entitled to conclude that the two rectangles are ta 
each other as 30 is to 84 ; and therefore, if the rectangle A were to be as- 
sumed aa the unit of meaatiremeot in surfaces, the rectangle B would then 
have fi for its absolute measure ; or, which amounts to th« same thing, it 
would be equal to f^ of a superficial unit. 

It is more common and more simple to assume the square as the unit of 
surface ; and to select that square whose side is the unit of loigth. la 
this casO) the measurement which we have regarded merely as rektive, 
becomes absolute : the numbec 30, for instance, by which the leclanj^e A 
was ifleMur^d, now represents 30 superficial units, or 30 of those aquareo, 
whiph lia,YO eaoh of their sides equal to unity. 



136 ELEMENTS 

Cor. 1. Kmc^, tkt area of any paraMogram is equal to the produd of itg 
base by Us aUttude. 

Cor. 2. Ic likewise follows, that the area of any tnangle ts ejml to tins 
product of Us base by half Us aliUude. 

PROP. XXIV. THEOB. 

Ths parallelograms about the diameter of any parallelogram, are similar W tie 
whole, and to one another. 

Let ABCD be a pftrallelograra, of which the diameler ie AC ; and EG, 
HK the parallelograms about (he diameter : the parajjelograma EG, HK 
are similar, boih to the "whole parallelogram ABCD, end to one another. 

Because DC, GF are parallels, the angle ADC \a equal (21. 1-) lo the 
angle AGF : for the same reason, because BO, EF are parallels, the an- 
gle ABO is equal lo the angle AEF : anrl each of the angles BCD, EFG 
a equal lo the opposite angle DAB (2S. 1.), and therefore are equal to one 
another, wherefore ihe parallelograms ABCD, AEFG are equtangtilar. 
And because the angle ABC is equal to the angle AEF, and the angle 
BAC common to the two triangles BaC, 
EAF, they are equiangular lo one another j A E 

therefore (4. 6.) as AB lo BC, bo is AE to "^ ' 

EF ; and because the opposite sides of paral- 
lelograms are equal to one another (28. 1.), AB 
U (7, 5.) to AD, as A E lo AG ; and DC to 
CB, as GF to FE; and also CD to DA, as 
FG to GA : therefore the sides of the paral- 
lelograms ABCD, AEFG about the equal an- 
gles are proportionals ; and they are therefore 
eiicilar to one another (def 1. 6.); for the same reason, the parallelogram 
ABCD is similar to the parallelogram FHCK. Wherefore each of the 
parallelograms, GE, KHis.similar to DB : but rectiUneal figures which 
are similar to the same rectilineal figure, are also sirhilar to one another 
(21. 6.) ; therefore the parallelogram GE is similar to KH. 

PROP. SXV. PROE. 

To describe a reetilvieal_figwe which shall he similar to one, and egual lo ano&er 
given rectUineal figure. 

Let ABC be the given rectilineal Ggure, to which the figure to be de- 
scribed is required to be similar, and D that to which it must be equal. It 
is required to describe a rectilineal figure similar to ABC, and equal to D. 

Upon the straight line BC describe (cor. Prob. 16, 1.) the parallelogram 
BE equal to the figure ABC ; also upon CE describe (cor. Prob, 16, 1.) 
the parnllelogram CM equal to D, and having the angle FCE equal to the 
angle CBL: therefore BC and CF are inaatraight line (21, 1,7, l,),aB 
also LE and KM ; between BC and CF find (13, 6.) a mean proportional 
GH, and upon OH describe (18, 6,) the rectilineal figiu'e KGH aimilaT, 
and umilarl; situated, lo the figure ABC. And because BC i> to GH as 
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OH to CF, and if three itraight lines be proportionals, aa the fint is to the 
third, eo is (2. Cor. 30. 6.) the figure upon the first to the umilai and simi- 
larl; described figure upon the second ; therefore aa BC to CF, ao is the 




B 


/ \ 


r- 


V 








I 


] 


2 


M 




figure ABC to the figure KGH : but aa BC to CF, so is (1. 6.) the paral- 
leTogram BE to the parallelogram EF : therefore as the figure ABC is to 
the figure KGH, so is the parallelogram B£ to the parallelogram EF (II. 
6): but the rectilineal figure ABO ia equal to the parallBlogram BE; there- 
fore the rectilineal figure KGH is equal (14. 5.) to the parallelogram EF: 
hut EF is equal to the figure D ; wherefore also KGH is equal to D j and 
it is similar to ABC. Therefore the rectilineal figure KGH has been de- 
scribed umilar to the figure ABC, and equal to J). 

PROP. XXVL , THEOR. 

Jf two timUarparaBdogramt/iave a common angle, and ia limilarly situaUd, 
they are about the same diameter. 

Let the paraUelograms ABCD, AEFG be similar and sinrilaily situated, 
and have the angle DAB common ; ABCD and AEFG are about the 
same diameter. 

For, if not, let, if possible, the parallelogram 
BD luve its diameter AHC in a dififerent 
straight line from AF, the diameter of the pa- 
TBllelogram EG, and let GF meet AHC in H ; 
and through H draw HK parallel to AD or 
BC ; therefore the parallelograms ABCD; 
AKHG being about the same diameter, are 
similar to one another (24. 6.) : therefore, as 
DA to AB, BO is (def. 1. «.) GA to AK ; but 
because ABCD and AEFG are simUar paral- 
lelograms, as DA is to AB, so is GA to AE ; therefore (II. 5.) aa GA to 
AE, so O A to AK ; wherefore GA has the same ratio to each of the straight 
lines AE, AK ; and cotuequenily AK is equal (0. fi.) to AE, the less to 
the greater, which is impossible; therefore ABCD and AKHG are not 
about the same diameter ; wherefore ABCD and AEFG must be about 
the' same diameter. 
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PROP. XXTU. THEOR. 

Of all tke rectangtet amtained by the tegmenta of it given ttraight Hne, tHe 
gnateil is the square which is described on half the line. 

Let AB be a ^'veo straight line, which is bisected in C ; and let D be 

any point in it, the square on AC is greater -^ _- ~ 

than the rectangle AD, DB. A C D B 

For, since the straight line AB is divided into two equal parts in C, and 
into two unequal parts in D, the rectangle contained by AD and Dlt, to- 
gether with the square of CD, is equal to the square of AC (5. 2>). The 
■quare of AC is therefore greater than tbe rectangle AD.DB. 

PROP. XXVIIt PROB. 

To divide a given straight Hne, to that the rectangle coiUained by its tegmenit 
mat/ be tjnal to a given space ; hU thai space must not be greater than tie 
tgvare ofha^the given line. 

Let AB ba the ^ven straight line, and let the square upon the given 
straight line C be the space to which the rectan^e contained by the seg- 
ments of AB must be equal, and this square, by the determination, is not 
greater than that upon half the slnught line AB. 

Bisect AB in D, and if the square upon AD be equal to the square upon 
C!, the thing required is done : But if it b« not equal to it, AD must be 

grealOT than C, according to the deler- 

BiinatjoD : Draw DE at right angles to 
AB, and make it equal to C : produce 
ED to F, eo that EF be equal to AD 
or DB, and from the centre E, at the 
distance EF, describe a circle meeting 
AB in G. Join EG ; and because AB j^ 
is divided equally in D, and unequally 

B+DG'=(6. 2.) DB'= F 

37. 1.) ED'+DG"=EG'; therefore, AG.GB-|-DG'=ED' 
aking away DG', AG.GB=ED'. Now ED=:C, therefore 
AG.GB iB equal to the square of C ; and the given hne AB 
Gt, so that the rectangle contained by the segments AG, GB 
e square upon the given straight line C. 

PROP. XXIX. PROB. 

To produce a given straight Une, so that the rectangle contained by the segments 
between the extremities of the given Hne, and the point la which it is produced, 
may be equal le a given space. 

Let AB be the given straight line, and let the square upon the given 
straight line C be the space to which the rectangle under the segments of 
AB produced, must be equal. 
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Bisect AB in D, and draw BE at right trngles to it, bo that BE be «qusl 
to C ; and having joined DG, firom the centre D at the distance DE de- 
scribe a circle meeting AB produced in G. 
And because AB is bisected in D, an(^ 
produced to G, (6. 2.) AG,GB-1-DB'=: 
00"= DE". 

But (37. 1.) DE'=DB'+BE", there- 
fore AQ.GB + DB'=DB' + BE', and 
AG.GB=BE'. Now,BE=C; where- 
fore the straight line AB is produced to 
G, so that the rectangle contained by the 
segments AG, GB of the line produced, 
u equal to the square of C. 

PROP. XXX. PROB. 

I^Bila given ttraighi Une in extreme and mean raHa, 

Let AB be the given straight line ; it is required to cut it in extniae and 
mean ratio. 

Upon AB describe (Prob. 18. 1.) the square BC, ani 
BO that the cectaogle CD.DA may bo equal to the si 
Take AE equal to AD, and complete the rectan^e 
AE, or under DG aj»l DA. Then, because the 
rectangle CD.DA is equal to the square CB, the 
rectangle DF is equal to CB. Take away the 
common part CE from each, and the remainder 
FB is equal to the remainder DE. ' But FB ia 
the rectangle contained by FE and EB, that is, 
by AB and BE ; and DE is the square upon 
AE ; therefore AE Is a mean proportional be- 
tween AB and BE (IT. 6.), or AB is to AE as 
AEtoEB. ButABisgreaterthanAE; where- 
fore AE is greater than EB (14. S.): Therefwe 
the straight line AB ia cut in extreme and mean 
ratio ui E (def. 3. 6.). 

Otherwise. 

Let AB be the given strught line ; it is required to cut it in extreme and 
mean rauo. 

Divide AB in the point C, ao that the rectangle contained by AB, BC 
be equal to the square of AC (9. 4.) : Then be- 
cause the rectangle AB.BC is equal to the square A C 3 
of AC, as BA to AC, so is AC to CB (17. 6.) ■, 
Therefore AB is cut ia extreme and mean ratio m C (def. 3. 6.). 
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PHOP. XXXL THEOR. 

Li right mgled trimgla, tht rectilineal Jigwe deimhed upon the tide oppotite lo 
the right angle, is equal to the aimlar, and timilarh/ dtsaibed figvree upon 
the ndea containing the right angle. 

Let ABC be a. right angled triangle, having the right angle BAG ; The 
rectilineal figure described upon fiC is equal to the nmilari and simikil; 
described figures upon BA, AG. 

Draw the perpendicular AD ; therefore, because in the right angled tri- 
angle ABC, AD is drawn from the right angle at A perpendicular to the 
bftM BG, the triangles ABD, ADC are simili^ to the whole triangle ABC, 
and to one another (8. 6.], and because the triangle ABO is similar to 
ADB, as CB to BA, so is BA to BD (4. 6.) ; and because these three 
straight lines are proportionals, as the first to the third, so is the figure upon 
tlu first to the similar, and similarly described figure upoD the second (2. 
■ Cor.20.6.): Therefore, as CB to BD, 
so is the figure upon GB to the similar 
and similarly described figure upon 
BA : and inversely (B. 5.), as DB to 
BC, so is the figure upon BA to that 
upon BC ; for tbe same reason as DC 
to CB, so is the figure upon C A to that 
uponCB. Whetefbre, as BD and DG 
together to BC, so ere the figures upon 
BA and on AC, together, to the figure 
upon BG (24. 6.) ; therefore the figures on BA, and on AC, ore together 
' equal to that on BG ; and they are similar figures. 

PROP. XXXn. THEOB. 

^Ubo triangles, lohich haee two evies o/ihe one proportional to two tides of the 
other, be joined at one angle, so as to haee their homelogoua sides parallel to 
one another ; their remtmting sides shall he in a straight kne. 

Let ABG, DCE be two triangles which have two sides BA, AG propw- 
tional to the two CD, DE, viz. BA to AC, as CD to DE ; and let AB be 
^rallel to DC, and AC to DE ; BC and CE are in a straight hne. 

Because AB is parallel to DC, and the straight line AG meets them, the 
alternate angles BAG, ACD are equal (21. 1.) ; for the same reason, the 
angle CDE is equal to the angle 
ACD ; wherefore also BAG is equal 

to CDE: And because the triangles I \ Tj 

ABG, DCE have one angle at A ' ^ ^ 

equal to one at D, and the aidee about 
these angles proportionals, viz. BA to 
AC, as CD to DE, the triangle ABG 

is equiangular {6. 6.) to DCE : i > ri"" ~^ ^ ' 

Therefore the angle ABC is equal to ■" t* E 
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th« angle DCE : And the angle BAC was proved to be equal to ACD : 
Therefore the whole angle ACE U equal to the two angles ABC, BAC ; 
add the common angle ACB, then the angles ACE, ACB are equal to the 
angles ABC, BAC, ACB : But ABC, BAC, ACB are equal to two right 
Bjieles (35. 1.) ; therefore atao the angles ACE, ACB aie equal to two 
right uigles : And since at the point C, in the straight Une AC, the two 
■inught hnes BC, CE, which are on the oppoeite sides of it, make the ad- 
jacent angles ACE, ACB equal to two right angles ; therefore (T. 1.) BC 
and C£ are in a straight Une. 

PROP. XXXIIL THEOR. 

In tgval eircki, angkt, whether at the centres or circumferences, have the same ' 
ToUo which the arcs, on which they stand, have to one another : So also have 
the seizors. 

Let ABC, DEP be equal circles ; and at their centres the angles BQC, 
EHP, and the angles BAC, EDP at their circumferences ; as the arc BC • 
to the arc EP, so ia the angle BGO eo the angle EHF, and the angle BAC 
to the angle EDP : and also the sector BOC to the sector EHP. 

Take any number of arcs CK, KL, each equal Co BC, and an; number 
whatever FM, MN each equal to EF ; and join GK, GL, HM, HN. Be- 
cause the arcs BC, CK, KL are all equal, the angles BGC, CGK, KGL 
are also all equal (26. 3.] : Therefore, what multiple soever the arc BL is 
of the arc BC, the same multiple is the angle BGL of the angle BGC : For 
the same reason, whatever multiple the arc EN is of the arc EF, the same 
multiple is the angle EHN of (he angle EHF. But if the arc BL, be equal 
to the arc EN, the angle BGL is also et|uat (26. 3.) to the angle EHN ; 
or if the arc BL be greater than EN. likewise the angle BGL is greater 
than EHN : aod if less, less : There being then four magnitudes, the two 
arcs, BC, EF, and the two angles BGC, EHF, and of the arc BC, and of 
the angle BGC, have been taken any equimultiples whatever, viz. the arc 
BL, and the angle BGL ; and of the arc EF, and of the angle EHP, any 
equimultiples whatever, viz. the arc EN, and the angle EHN : And it 
has been proved, that if the arc BL be greater than EN, the angle BGL 
is greater than EHN ; and if equal, equal ; and if less, less; As therefore, 
the arc BC to the arc £P, so (def. 5. 5.) ia the angle BGC to the angle 




149 ELEMENTS 

FHF : Bui as the angle BOC is to the angle EHF, eo is (16. 5.) the an- 
gle BAC lo the angle EOF, fn- each is double of each (20. 3.) : Therefore, 
as the circumference BC is to E F, so is the angle BGC to the angle £HF, 
and the angle BAC to the angle EDF. 

A)Mt. as the arc BC to EF, BO is the sectOT BGC to the sector EHF. 
Join BC, GK, and in the arcs BO, CK take any points X, O, and join EX, 
XC, CO, OK : Then, because in the triangles GBC, GCK, the two siiea 
BG, QC are equal to the two CO, GK, and also contain equal angles ', the 
base BC ia equal (1. 1.) to the base CK, and the triangle GBC to the tri- 
an^e GCK : And because the arc BC ia equal to the arc CK, the renudti- 
iog part of the whole circumference of the circle ABC is equal to the re- 
rmuning pert of the whole circumference of the same circle : Wherefore 
the angle BXC is equal to the angle COK(26. 3.); and the segment 
BXC is therefore similai to the segment COK (dcC 9, 3.) ; and the; are 
upon equal straight lines BC, CK : But similar segments of circles upon 
equal straight lines are equal (34. 3.) to one another : Therefore the seg- 
ment BXC is equal to the segment COK : And the triangle BGC is equal 
to the triangle GGK ; therefore the whole, the sector BGC is equal to ihe 
whole, the sector GGK : For the same reason, the sector KGL is equal to 
each of the sectors BGC, CGK ; and in the same manner, the sectors 
EHF, FHM, M HN, may be [Hwed equal to one another : Therefore, what 
multiple soever the arc BL is of the arc BC, the same multiple is the seo- 
tor BGL of the sector BGC. For the same reason, whatever multiple the 
Uc EN is of EF, the same multiple is the sector EHN of the sector EHF ; 
Now if ^ arc BL be equal to EN, the sector BGL ia equal to llie secKS 

D 




EHN ; and if the aro BL be greater than EN, tha sector BGL is greater 
than the sector EHN j anA if leas, less : Since, then, there are four mag- 
nitudes, the two arcs BC, EF, and the two sectors BGC, EHF, and of the 
are BG, and sector BGC, the arc BL and the sector BGL are any equi- 
multiples whatever ; and of the arc EF, and sector EHF, the arc EN and 
sector EHN, are any equimultiples whatever ; and it has been proved, that 
if the arc BL be greater than EN, the sector BGL is greater than tha sec- 
tor EHN ; if equal, equal ; and if less, less ; therefore (def. 5. 9.) as the 
euro BC, is to the arc eIf, so is the sector BCK? to the sector EHF. 
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PROP. B. THEOR. 

If on Q/agU of a triangle be bisected by a straight line, wMeh iikewite aits the 
base ; the rectangle cotUained by the sides of the triangle is egual to the red- 
angle contained by the segments of the base, together with the sguare of the 
straight line bisecting the angle. 

Let ABC be a triangle, and let the angle BAG be bisected by Ihe straight 
line AD ; the rectangle BA.AC is equal to the rectangle BD.DC, together 
with the square of AD. 

Describe the circle (Prob. 7.3.) ACB about . 

the triangle, and produce AD to the circuna- " ^ 

ference in E, and join EC. Then, because 

the angle BAD is equal to the angle CAEI, ,^ , ^ 

and the angle ABD to the angle (21.3.) Byt^:— fc;: — ^C 

AEC, for they are in the same segment i the 
triangles ABD, AEC are equiangular to one 
another : Therefore BA : AD : : EA ; (4. 6.) 
AC, and coDsequenlly, BA.AC = (16. 6.) 
AD.AE=ED.DA(3.2.)+DA'. ButED. 
DA=BD.DC, therefore BA.AC=BD.DC 
+DA». 

PROP. C. THEOR. 

If from any angle of a triangle a straight Hite be drawn perpendicular to lie base ; 
the rectangle contained by the sides of the triangle is eguai to the rectangle con- 
tained by the perpendicular, and the diameter of the circle described about the 
triangle. 

Let ABC be a triangle, and AD the perpendicular from the angle A to 
the base BC ; the rectangle BA.AC is equal to the rectangle contained b; 
AD and ihe diameter of the circle described about the triangle. 

Describe' [Prob. 7. 3.) the circle ACB 
about the triangle, and draw its diameter 
AE, and join EC; Because the right angle 
BDA ia equal to the angle EGA in a semi- , ^ 

circle,andtheangleABDlo the angle AEC, Tt l^ / J, ^C 

in the same segment (21. 3.) ; the triangles i 
ABD, AEC are equiangular : Therefore, as 
(4. 6.) BA to AD, 80 is EA to AC : and 
consequently the rectangle BA.AC is equal 
(16. 6.) to the rectangle EA.AD. 
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PROP. D. THEOB. 

3%c recUmgie con:tiined by the diagmaU of a guadrilateral itueribed in a circU, 
is egwii tf both iAe reclangUs, eoniamed by its oppottle ttdet. 

Let ABCD be anj quadrilateral inscribed in a circle, and let AC.BDbe 
drawn : the rectangle AC.BD is equal to the two lectanglea AB.CD, and 
ADBC. 

Make the angle ABE equal to the angle DBG; add to each of these 
the common angle EBD, then the angle ABD is equal to the angle EBC : 
And the angle BDA ia equal to (21. ft.) the angle BCE, because thej ars 
in the same segment; therefore the triangle 
ABD ia equiangular to the inansle BCE. 
Wherefore (4. 6,), BC ; CE : : BD : DA, 
and consequently (16. G.) BC.DA = BD.CE. 
Again, because the angle ABE is equal to 
the angle DBC.and the angle (21.3.) BAE 
to the angle BDC, the triangle ABE is equi- 
angular to the triangle BCD ; therefore BA 
! AE : : BD : DC, and BA.DC=BD.AE : 
But it was shewn that BC.DA=BD.CE; 
wherefore BC.DA + BA.OC = BD.CE + 
BD.AE=BD.AC(1.2.). That is, the rect- 
angle contained bv BD and AC, is equal to the rectangles ctHitcuiied by 
AS, CD, and AD, BC. 

PROP. E. THEOR. 

ff an are i)f a circle be biiteled, attd/rom the extremilies of lAe are, and/romlke 
pomt of biteelion, straight Imet be drawn to any point in the dratmftrtnee, the 
sum of the two lines dratenfrom the exlremiliee of the arc vnll have to the Une 
dravm from the point of bttectiott, the same ratio which the itraight Sne w&- 
tending the arc has to the straight Une svbtendtJtg half the are. 

Let ABD be a circle, of which AB is an arc bisected in C, and from A, 
C, and B to D, an; point whatever in the circumference, let AD, CD, BD 
be drawn ; the sum of the two„lines AD 
and DB has to DC the same ratio that 
BA has to AC. 

For aince ACBD is a quadrilateral in- 
scribed in a circle, of which the diagonals 
are AB and CD, AD.CB+DB.AC (D. 
6.) =AB.CD: but AD.CB-fDB.AC= 
AD.AC + DB.AC, because CB = AC. 
Therefore AD.AC-l-DB.AC, that is (1. 
2.),CAD4.DB}AC=AB.CD. And be- 
cause the sides of equal rectangles are re- 
ciprocally proportional [14. 6.), AD4-DB 
: DC : : AB : AC. 
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PROP, F. THEOR. 

^ Into poirtta he taken in the diameter of a circle, such that the rectangk conlained 
by the eegments interc^led helieeen them ami the centre of the circle be egual to 
the igvare of the radius : and if/rom these points two straight lines be drawn 
to any poinl whatsoever in the circumfermee of the circle, the riUio of these 
Unes wtU be the same with the ratio of the segments interested between the two 
fast menlioTted points and the aircm^erence of the circle. 

Let ABC ba a circle, of which the centie is D, and in DA produced, let 
the points E and F be such that the rectangle ED, DF is equal to the 
square of AD ; &om E and F to any point B in the drcumference, let EB, 
FB be drawn ; FB : BE : : FA : AE. 

Join BD, and because the rectangle FD, DE is equal to the square of 
AD, that is, of DB, FD : DB = : DB : DE (17. 6.). 

The two triangles, FDB, BDE have therefore the sides proportional 
that are about the common angle D ; therefore the; are equiangular (6. 
6.), the angle DEB being equal to the angle DBF, and DBE to DFB. 




Now since the sides about these equal angles are also propor^onal (4. 6.), 
FB : BD ; : BE : ED, and allematelj (16. 5,}, FB : BE : : BD ; ED, or 
FB ; BE : : AD : DE. But because FD ; DA ; ; DA : DE, by division 
(17. 6.}, FA : DA : : AE : ED, and alternately (U. 5.) FA : AE : : DA 
: ED, Now it has been shewn that FB : BE : : AD : DE, therefore FB 
: BE : : FA : AE. 

Cor. If AB be drawn, because FB : BE : : FA : AE, the angle FBE 
is bisected (3. 6.) by AB. Also, since FD : DC : : DC : DE, by compo- 
sition (18. 6.}, FC : DC ; : CE : ED, and since it baa been shewn that 
FA : AD (DC) : : AE : ED, therefore, ei aquo, FA : AE ; : FC : CE. 
But FB I BE :: FA : AE, therefore, FB : BE :; FC : CE (11. 5.) so that 
if FB be produced (o G, and if BG be drawn^ the angle EBG is bisected 
by the line BC (A. 6.). 



^:,.,Goog[c 



PHOP. G. THEOH. 

^ from tie extrmity of the diameter of a cirde a straight Une be drawn in the 
drck, and if either within the circlt or produced without U, it meet a Une per' 
pen^cuiar to the tame diameter, the rectangle oorUained bif the straight Une 
drawn tn the drde, and the tegment of it, interested between the extremity of 
the diameter and the perpendicular, ts e^aal to the rectangle contained by lie 
diameter and the tegmeni ofUcvtoffby the perpauHcular. 

Let ABC be b. cirde, of which AC is a di&meter, let D£ be perpendicu- 
lu to the diameter AG, uid let AB meet DE in P : the rectanele BA.AF 
is equal to tbs rectuigle CA.AD. Join BC, and because ABC is an an- 

E 




gle in a eemicircle, it is a right angle (29. 3.) : Now, the angle ADF is 
also a right angle (Hyp.) ; and the angle BAC is either the same with 
DAF, or vertical to it ; therefore the trianglea ABC, ADF are equiangular, 
and BA 1 AC : : AD : AF (4. 6.) ; therefore also the rectangle BA.AF, 
contained by the extremes, ia equal to the rectangle ACAD contained by 
the means (16.6.). 

PROP. H. THEOE. 

J^e perpendiculars drawn from the three angles of any triangk to the opposite 
sides intersect one another in the same point. 

Let ABC be a triangle, BD and CE two perpendiculars intersecting one 
another in F; Let AF be joined, and produced if necessary, let it meet BC 
in O, AG ia perpendicular to BC. 

Join DE, and about the triangle AEF let a circle be described, AEF : 
then, because AEF is a right angle, the circle described about the triangle 
AEF will have AF for its diameter (29. 3.). In the same manner, the 
circle described about the triangle ADF has AF for its diameter; there- 
fore the pcncU A , E, F and D, are in the circumference of the same circle. 
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B ff C 

: Now, the angles AFE, CFG are 



But because tbe angle EFB is equal 
to the angle DFC (8. 1.), and also 
the angle BEF to the angle CDF, 
being both right angles, the triangles 
BEF, and CDF are equiangular, and 
therefore EF : EF : : CF : FD (4. 6.), 
flr alternately (16, 6.) BF : FC : : EF 
; FD. Since, then, the sides about 
ths equal angles BFC, EFD are pro- 
porlionats, the triangles BFC, BFD 
are also equiangular (6. 6.) ; where- 
fore the angle FCB is equal to the 
angle EDF. But EDF ia equal to 
EAF, because they are angles in the 
same segment (21,3.); therefore the 
angle EAF, is equal to the angle FCG : 

also equal, because they are vertical angles ; therefore the remaining a 
gles AEF, FGC are alao equal (2. Cor. 25, 1,) : But AEF is a right an- 
gle, therefore FGC is a right angle, and AG is perpendicular to BC. 

Cor, The triangle ADE ia similar to the triangle ABC. For the two 
triangles BAD, CAE having the angles at D and E right angles, and the 
angle at A common, are equiangular, and therefore BA : AD : ; CA : AE, 
and alternately BA : CA : : AD : AE ; therefore the two triangles BAC, 
DAE, have the angle at A common, and the sides about that angle pro- 
portionals, therefore they are equiangular (6, 6.} and similar. 

Hence the rectangles BAAE, CA.AD are equal 

PfiOP. K. THEOR, 

If from any angle of a triangle a perpendicular be drawn to the opposite side or 
.base; the rectangle corttained by Ike sum and difference of Ike other tuio aides,it 
egual to the rectangle contained by the mtm and difference of the tegmanla, 
into which the base is divided by the perpendiailar. 

Let ABC be a triangle, AD a perpendicular drawn from the angle A on 
the base BC, so that BD, DC are the segments of the base; (AC-fAB) 
{AC— AB) = (CD-fDB) (CD-DB.) 
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From A as & centre with the raditia AC, the greater of the two aides, 
describe the circle CPG : produce AB to meet the cucumferenoe in £ and 
P, and CB to meet it in G. Then because AF= AC, BF= AB>f AC, 
the sum of the tides ; and since AE= AC, B£= AC— AB= the diffe- 
rence of the udei. Also, because AD drawn from the centre cuts GC at 
right angles, it bisects it ; therefore, when the perpendicular falls within 
the triangle, BG=DG — DB=DC— DB= the difference of the segmenta 
of the bue, and BC=BD-f DC= the sum of the segments. But when 
AD Ms without the trianglfl, BQ=DG+DB=CD-(-DB= the sum of 
the segments of the base, and BC=:CD—DB= the difference of the seg- 
menta of the base. Now, in both cases, because B is the intersection of the 
two lines FE, OC, drawn in the circle, FB.BE = CBBG ; that ia, as baa 
been shown, (AC+AB) {AC-AB) = (CD-t-DB) (CD-DB). 



PROBLEMS 

RELATING TO THE SIXTH BOOK, 



PROP. I. PROBLEM. 
3^ amatmet a ipiare that thall be e^uhaient to a givm rectiHnealJlgwe. 

Let A be the ^ven rec^neal figure ; it is required to describe a equara 
that shall be equivalent to A. 

Describe (Prob. 16. 1.) the 
rectangular parallelogram 
BCDE equivalent to the rec- 
tilineal figure A ; produce one 
of the sides BE, of ihia rect- 
angle, and make EF=ED; 
bisect BF in O, and fix)m the 
centre G, at the distance GB, 
or OF, describe the semicir- 
cle BHF, and produce D£ 
toH. 

HE'=BExEF, {13. 6.) ; therefore the square described upon HE will 
be equivalent to the rectilineal figure A, 

SCHOLIUM. 
This problem may be considered as relating to the second Boob : Thtia, 
join OH, the rest of the construction being the same, as above; because 
the straight line BF ia divided into two equal parte in the point G, and into 
two unequal in the point E, the rectangle BE.EF, together with the square 
of EQ, IS equal (5, 2.) to the square of GF : but OF is equal to OH ; 
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fore the leotangle BE, EF, together with the square of EG, ia equal 
» square of GH: But the aqugiea of HE and EG are equ&l (37. 1.) to 
juaje of QH: Therefore also the rectangle BE.EF, together with 
juare of EG, is equal to the squares of HE and EG, Take away 
quare of EG, which is common to both, and the remaining lectangle 
iF is equal to the square of EH : But BD ia the rectangle contained 
E and EF, because EF is equal to ED ; therefore BD is equal to the 
reofEH^ and BD is also equal to the rectilineal figure A ; therefra'e 
BCtilineal figure A is equal to the square of EH : Wherefore a square 
leen made equal to the given rectilineal figure A, viz. the square de- 
ad upon EH. 

oie. This operation is called sguaring the reclilineal figure, or finding 
uadrature of it. 

PROP. II. PBOB. 

anatmct a rectangle tKai ihall be eguivalent to a given tgwre, and the infe- 
rence of whose adjacerU sides shall be egval to a given fine. 

uppose C equal to the giren square, and AB the difference of (he 
i. 

pon the given line AB as a diameter, describe 
imidrcle : at Ihe extremity of the diameter 
V the tangent AD equal to the side of the 
ire C ; through the point D, and the centre 
;raw the secant DF ; ihen wilt DE and DF 
he adjacent sides of the rectangle required, 
'irst, the difiTerence of their sides is equal to 
diameter EF or AB ,' secondly, the reclan- 
DE.DF ia equal to AD" (32.3.); hence 
t rectangle is equivalent to the given square 




PROP. in. PROB. 



eonstrmt a rectangle eqmvident to a given tqnare, and having the tmi ofitB 
adjacent sides egwU to a given tine. 



\ of the aides of the 



Let C 1}e the given square, and AB equal to the n 

luired triangle. 

Upon AB aa a diameter, 

scribe a semidrcle ; draw 

B ^B DE parallel to the 

ikmetei, at a distance AD 

)m it, equal to the mde of 

epven square C; from the 

line E, where the parallel 

Its the drcumfereikce, draw EF perpendiculai to the diameter ; AF and 

B will be the sides of the rectangle required. 




B 



For their sum is equal to AB ; and iheir rectangle AF.FB ia equal to 
the square EF, or to the square AD ; heace that rectangle is equivalent 
to the given square C. 



To render the problem possible, the distance AD must not exceed the 
radius : that is, the side of the square C must not exceed the half of the 
lineAfi. 

PROP. IV. PROB. 

To comlnict a tqvare that ihail be to a given square as a given Une to a given 

Upon the indefimte straight line GH take GK=E, and KH=F ; de- 
scribe on GH a semicircle, and draw the perpendicular KL. Through 
the points G, H, draw the jp,. 

straight lines LM, LN, mak- 
ing the former equal AB, the 
side of the given square, and 
through the point M, draw 
HN parallel to GH, then will 
LN be the «de of the square 
sought. 

For, since MN is parallel 
to GH, LM : LN : : LG . 
LH; consequently, LM'iLN": : LG'iLH' (22, 6.); but, since the trian- 
gle LGH is right angled, we have LG» ; LH' : : GK : KH ; hence LM" : 
LN" : : GK ; KH ; but, by conalruction GK=E, and KH = F, also LM 
= AB ; therefore, the square described on AB is to that described on LN, 
as the line £ is to the line F. 

PROP. V. PROB. 

To divide a triangle into two parts hy a line from the vertex of one of its angh, 
so that the parts may be to each other as a straight lirte M to anotha- straight 
Une N. 

Divide BC into parts BD, DC rwopor- 
tional to M, N ; draw the line AD, and 
the triangle ABC will be divided as re- 
quired. 

For, since the triangles of the same 
altitude are to each other as their bases, 
we have ABD : ADC : : BD : DC ; : 
M:N. 



A triangle may evidentljr be divided into any number of parts propw- 
tional to ^ven lines, by dividing the base in the same proportion. 




a: 
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PROP. VI. PROB. 



To diviile a triangle into two part* by a line drawn pariJld to one ofita si 
thai thaeparti may be to each other as two ttraigkt lines M, N. 

Aa M+N : N, so make AB* W AD» 
(Prob. 4,) i Draw DE parallel to BC, and 
the tiiangte is divided aa required. 

For the triangleB ABC, ADE being 
Bimikr, ABC : ADE : : AB' : AD» ; but 
M+N : N : : AB' : AD' ; therefore ABC 
: ADE : : M 4- N : N 1 consequently 
BDEC:ADE::M:R 




PROP. Vn. PROB. 

To dtvide a triangle into two ports, by a line drawn Jrom a given point in me 
of its sides, so that the parts may be to each other as lioo given lines M, N. 

Let ABC be the given triangle, and P the given point ; draw PC, and 
divide AB ia D, so that AD is to DB as M is to N ; draw D£ parallel to 
PC, join PE, and the triangle will be divid- 
ed by the Une PE into Che proposed parts. 

For join DC ; then because PC, DE 
are parallel, the triangles PDE, CDE are 
equal ; to each add the triangle DEB, then 
P£B=DCB ; and consequently, by taking 
each from the triangle ABC, there results 
the quadrilateral ACEP equivalent to the 
triangle ACD. 



SCHOUUM. 

The above operation suggests the method of dividing a triangle into an; 
Dumber of equal parts by hnes drawn from a given pdnC in one of its sides ; 
for if AB be divided into equal parts, and lines be drawn from the points of 
equal division, parallel to PC, the;? will intersect BC, and AC ; and from 
these several points of intersection if lines be drawn to P, they will divide 
the triangle into equal parts. 
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PROP. Vm. PROB. 




To dwide a triaagk into three egwvalenl parli by lines ^avrnfram the vertices 
of the oAgki to the same point viilhin the triangle. 

Make BD equal Co a. third port of BC, and draiv DE parallel to BA, the 
side to which BD is adjacent. From F, the midtlle of DE, draw the straight 
lines FA, FB, FC, and they will divide j^ 

the triangle as required. 

Fm-, draw DA; then since BD is one 
Child of BC, the triangle ABD is one 
third of the triangle ABC ; bat ABD 
=ABF[31.I.)i therefore ABF is one 
third of ABC ; alio, since DF = FE, 
BDF=AFE; likewise CFD=CFE; 
consequently the whole triangle FBC 
is equal to the whole triangle FGA ; 
and FBA has been ehown to be equal to a third part of tbe-whole triangle 
ABC ; coneequently the triangles FBA, FBG, FCA, are each equal lo a 
third part of ABC. 

PROP. IX. PROB. 

To divide a triangle into three eguivalem parts, by lines drawn from a given 
point within it. 

IXvide BC into three equal parts in the pcunte D, £, and draw PD> 
PE ; draw also AF parallel to PD, and AG paraJlel to PE ; then if the 
lines PF, PG, PA be drawn, the 
triangle ABC will be divided hj 
them into three equivalent parts. 

For, join AD, AE ; then because 
AF, PD are parallel, the triangle 
AFP is equivalent to the triangle 
AFD ; consequently, if to each of 
these there be added the triangle 
ABF, there will result the quadri- 
lateral ABFP equivalent to the 
triangle ABD ; but since BD is a 
third part of BC, the triangle ABD 
is a third part of the triangle ABC ; 
consequently tho quadrilateral ABFP is a third part of the triangle ABC. 
Again, because AG, PE are parallel, the triangle AGP is equivalent to 
the triangle ACE ; and this triangle is one third of ABC ; hence the 
quadrilateral ACQP ia one third of the triangle ABC ; coneequently, the 
spaoea ABFP, ACGP, PFG are each equal to a third part of the tri&ngle 
ABC. 
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PROP. I. PROB. 

To divide a guadrilateral vUc two porta by a ttraigkl line drawn from the vertex 
o/oneofiUangla,tolhalthepartttnavbetoackot/uraaaimeMU>aiutiur 

imeN. 

Draw C£ perpendicular to AB, and conetnict a lectangle equivalent to 
the ^ven quEuJrilatefal, of which one side may be CE ; let tlie othei adt 
be £F ; and divide EP in O, so that — 

M r N : : GF ; EG ; take BP equal " 

to twice EG, and join PC, then th« 
quadnlateral will be divided as re- 

For, by construction, the triangle 
CPB is equivalent to the rectangle 
CE.EG; therefore the rectangle CE. 
GF is to the triangle CPB as GF ia 
to EG. Now CE.GF is equivalent 
to the quadrilateral DP, and OF is to EG as His to N: tliaisfwe, 

DP : CPB : : M : N ; 
that is, the quadrilateral is divided as required. 

PROP. XI. PROB. 

To divide a qvadrHattral inio tvio porta by a line parallel to one of ia $idei, 10 

that tkest parte may be to each other u the Une Mis to the Une N. 

Produce AD, BC till the; meet in E ; draw the perpendicular EP and 
bisect it in G. Upon the side GF construct a rectangle equivalent to ths 
triangle EDC, and let HB be equal 
to the other side of this rectangle. 
Divide AH in K, so that AK : KH 
: : M 1 N, and as AB is (0 KB, so 
make DA' to Ea' ; draw ab paral- 
lel to AB, and it will divide the quad- 
rilateral into the required parts. 

For since the triangles EAB, Eai 
are similar, we have the proportion 
EAB ; Eai : : EA' : Ea» ; but by 
:: AB : 




KB; so that EAB : Ea* : : AB : KB : : AB.GF : KR.GF; and conse- 
quently, since by conslfuclion EAB=AB.GF, it follows thatEai=KB. 
GF, and ihereforn AK,GF=;Ai, and since by conalruciion AH.GF=AC, 
it foUowa that KH,GF=flC. Now AK.GF : KH.GF : : AK : KH ; but 

AK : KH : : M : N ; consequently, 

A* : oC : : M : N ; 
that is, (he quadrilateral is divided, aa required. 
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PROP. XIL PROB. 

To divide a gvadrilaterai into two parts hyaline drawn from a point in one ^ if 
sidei, so thai the partx may lie to each other m o itM M ts to a fine N. 

Draw PD, upon whicb construct a rectangle equivalent to the given 
quadrilateTal, and let DK be the other "^ 

ode of ihia rectangle ; divide DK in 
L, BO that DL : LK L : M : N ; make 
DF=2DL, and FG equal lo the per- 
pendicular As ; draw Gy parallel lo 
DP ; join the pointe P, p, and the 
quadnlatemJ figure will be divided, 
as required. 

For draw the perpendicular pb ; 
then by constnaclion, PD.DK=AC, 
and PD.DF=PD.Aa+PD.fi, that 
is, PD.DF ia equivalent to twice the 
■um of the triangles APD, ;'PD ; 
coneequenttj, since DL is half DF, 
PD.DL=APpDi and therefore PD. 
LK=PBC»; butPD.DL:PD.LK::DL:LK::M:Ni conaequenUy, 

APpD : PBC;. L L M : N J 
hence the quadrilateral is divided, as required. 

PROP. XIII. PROB. 

TodmdtafttadrUateralbyalineperpendicuiartooneo/iati^,*othalthetw 
parts rrmy be lo each other as a line M is to a Hiu N. 

Let ABCDbe the given quadrilateral, wluch is to bodivided in the ratio 
of M to N bj a perpendicular to the ade AB. 

Construct on D£ perpendicular 
to AB, a rectangle DE.EF, equi* 
valent to the quadrilateral AC, 
and divide FE in G, bo that FG : 
GE : : M : N. Bisect A£ in H, 
tmd divide the quadrilateral EC 
into two parts by a line PQ, paral- 
lel to DE, so that those parts 
may be to each other as FG ia to 
GH, then PQ will also divide the 
quadrilateral AC as required. 

For, by conBlruction D&.EP=AC, and DE.EH=DAE; bence D.E 
HF= EC, aod consequently, since the quadrilateral EC is divided in the 
tame proportion as the base FH of its equivalent rectangle, il follows that 
QC=D£.FO, and EP=DE.OH, also AP=DE.O£: consequently, 

aC: AP::Fa:GE::M:Nj 
that is, the quadrilateral ia divided a» required. 
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GEOMETRY. 



SUPPLEMENT. 



BOOK I. 

OF THE aUADRATURE OF THE CIRC3LE. 




day curve line, or any polygonal line, which envelopet a eotteex Hnejhm one 
end to the other, u longer than the enveloped line. 

Let AMB be the enveloped line ; then will it be leas than the line APDB 
which envelopes it. 

We huve alreartj aatcf that hy the 
term noniex line we unHersiatid a line, 
polygonal, or ciirve.'or paniy cuire and 
parilj polygonal, such thtit a straight 
line cannot cut it in mote than two 
points, irin the hne AMB there were 
any simiOBitiea oi re-enrrant poniona, it 
wouM ceaee to be cnnvex, because a 
srraighi line might cut it in more than 

two poiniB. The arcs of a circle are eeseniially conrex ; but the preeent 
praposition eilends to any line which fulRla the required rondirione. 

This being premised, if the line AMB is not shorter than any of thou 
which envelope ir, there will be found among the latter, a line shorter than 
all the reat, which is shorter than AMB, or, at most, equal toil. Let - 
ACDEB be ihia enveloping line : any where between those two lines, draw 
the straight line PQ^ not meeting, or at least only touching, the line A MB. 
The straight line PQ, is shorter than FCDEQ. ; hence, if instead of th« 
part PCDEG, we substitute the straight line PQ., the enveloping line 
APCIB will be shorter than APDQ,B. But, by hypothesis, this latter waa 
ahorler than any other ; hence that hypothesis wot faUe; hence ail of iho 
enveloping lines are longer than AMB, 
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Cob. 1. Hence the perimeter of anj pcHygoa inacribed id a circlsia less 
than the circumference of the circle. 

Cor. 3. If from a point tvo straight lines be drawn, touching a circle, 
these two linea are togeihergreater than the arc intercepted between them ; 
and hence the perimeter of any polygon deacribed about a circle is greater 
than the nrcumference of the circle. 

PROP. I. THEOB. 

If from the greater oflwo imeguai magmiudet there he taken away ilt half, atid 
from the remainder its half; and so en ; There will at length remain a mag- 
nitude lees than the least of the proposed magnitudes. 

Let AB and Cbe twounequalraagnitudes, of wbichABisthe.greater. 
If fixira AB there be taken away its half, and from the 
remainder ite half, and so on ; (here shall at length 
remain a magaiLude leae than C. 

For C may be mulliplied so as, at length, to be- 
come greater than AB. Let DE, therefore, he a 
multiple of C, which is greater than AB, and let it 
contain the parts DF, FG, GE, each equal to C. 
From AB take BH egnal to irs'half; and from the 
remainder A H, lake KK er{ual to its half, and so on, 
until there be as many diviuona in AB as tbwe are 
in DE ; And let the divisions in AB be AK, KH, 
HB. And because DE is greater than AB, and £Q 
taken (ivm DF. is not greater than ite balt^ but BH 
taken from AB is equal to its half; therefore the re- 
mainder GD is greater than the renuinder H&. 
Again, because GD ia greater, than HA, and GF ii 
not greater thtCn the half of GD, but UK is equal l«itfae,half of H& ; ^^lere- 
fbre the remainder FD is greater than the remainder AK.. And FD is 
£qual to C, therefore C is greater than A£ ; that is, AK is'lentban G. 

PROP. n. THEOR. 

E}ialateral.poh/gons, of the same ramber of sides, instribed in-areles, are nmi- 
iar, and are to one another ^s the sguares ofae diameteri of. the drciei. 

Let ABCDEF and QHIKLM be two eonila-teral polyene of the same 
number of sides inacribed in the circles ABDand GtJK; ABCDEF.and 
OHIKLM are similar, and are to one another as the sguares df tiie diame- 
ters Of the circles ABD.OHK. 

Find N and the centtes of the circles, join AN and BN, as also QO 
•n4 HO, and produce AN and OO till they meet the ckcuiefefeobei in J) 
•ndK. 

Because the atraidit line^ AB, BC, CD, DE, EF, FA, are all equaJ, 
die arcs AB, BC, CD, DE, EF, FA are also equ^ (27. 9.]. For the 
Mme reann, the arcs GH, HI, IK, KL, UA, MGTare all equal, and they 



A 
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&re equal in number to the others ; therefore, whatever inrt the arc AB is 
of the whole circumference, ABD, the eame la the arc GH of the circum- 
ference GHK. But the angle ANB is the saaie part of four right angles, 
thai the arc AB is of the circumference ABD (33. 6.) ; and the angle 
OOH is the uime part of four right angles that the arc GH is of the cir- 
cumference GHK (33.6.), therefore the angles ANB, GOH are each of 
ihena the same part of four right angles, and therefore they are equal to 
one another. The isoecetes triangles ANB, GOH are therefore equian- 
gular, an<i the angle ABN equal to (be angle GHO ; in the stime manner, 
by joining NC, 01, it ma; be proved that the angles NBC, OKI are equal 
to one another, and to tbe angle ABN. Therefore the whole angle ABC 




is equal to the whole GUI'; and the same may be proved of the angles 
BCD, HiK, and of the rest. Therefore, the polygons ABCDEF and 
GHIKLM are equiangular to one another ; and since they are equilateral, 
the aides about the equal angles are proportionals ; the polygon ABCDEF 
ia therefore similar to the polygon GHIKLM (def. 1. 6.). And because simi- 
lar polygons are as the squares of their homologous aides (20. 6.), the po- 
lygon ABCDEP is to the polygon GHIKLM as the square o( AB to the 
square of GH ; but because the triangles ANB, GOH are equiangular, 
the square of AB is to the square of GH as the square of AN to the square 
of QO [4. 6.), or as four times the square of AN to four times the square 
(15. 6.) of GO, thatis, as thesquar^of AD tbthesquaraofGK, (2, Cor. 
8. a.). Therefore also, tiK polygon ABCDEF is to the polygon GHIKLM 
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as the square of AD to the square of GK ; and they h&ve also been shewn 

to be Bimilar. 

Gdr. Ever; equilateral pol7gD[i inscribed in a circle is also equiangular : 
For the isosceles irisngles, which have their commoo vertex in the centre, 
are all equal and similar ; therefore, the angles at their bases are all equal, 
aad the angles of the polygon are therefore aleo equal. 

PROP. IIL PROB, 

T^sideof any egvUaierai polygon inscribed in a cirele being given, to Jind lie 
tide y a polygon of the same number of sides described abmU the circle. 

Let ABCDEF be an equilateral polygon inscribed in the circle ABD ; it 
is required to fiad the side of an equilateral polygon of the same number of 
udes described about the circle. 

Find O the centre of the circle ; join GA, GB, bisect the arc A-B in H ; 
and through H draw KHL touching the circle in H, and meeting GA and 
GB produced in K and L ; KL is the side of the polygon required. 

Produce GF to N, so that GN may be equal to GL ; join KN, and from 
G draw QM at right angles to KN, join also HG. 

Because the arc AB is bisected in H, the angle AGH is eqtial to the 
ancle BGH (26. 3.) ; and because 
KL touches the circle In H, the 
angles LHG, KHG are right an- 
gles (IS. 3.) ; therefore, there are 
two angles of the triangle HGK, 

Sual to two angles of the triangle 
QL, each to each. But the side 
GH is common to these triangles ; 
therefore they are equal (2. 1.), and 
GL is equal to GK. Again, in 
the triangles KGL, KON, because 
' GN is equal to GL ; and GK cora- 
mon,and also ihe angle LGK equal 
to the angle KGN ; therefore the 
base KL is equal to the base KN 
(1. 1.). But because the triangle KGN is isosceles, the angle GKN is 
equal to the angle GNK, and the angles GMK, GMN are both right an- 
gles by construction ; wherefore, the triangles GMK, GMN have two an- 
Iftes of the one equal to two angles of the other, and they have also the 
side GM common, therefore they are equal (2. 1.), and tbe side KM is equal 
to the Bide MN, so that KN is bisected in M. But KN is equal to KL, 
and therefore their halves KM and KH are also equal. Wherefore in the 
triangles GKH, GKM, the two sides GK and KH are equal to the two 
GK and KM, each to each ; and the angles GKH, GKM, are also equal, 
tber^re GM is equal to GH (1. 1.); wherefore, the point M is in the cir- 
cumference of the circle; and because KMG is a right angle, KMlonchea 
the circle. And in the earns manner, by joining the centre and the other 
angular points of the inscribed polygon, an equilateral polygon may ba 
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described about the circle, the iides of which will each be equal to KL, and 
will be equal in numbei to (be sides of the inscribed polygon. Therefoie, 
KL is the eide of an equilateral polygon, described about the circle, of the 
same number of sides with the inscribed polygon ABCDEF. 

Cob. 1. Because GL, GK, GN, and the other straight lities drawn 
from the centre G to the angular points of the polygon deacribed about the 
circle ABD are all equal ; if a circle be described from the centre G, with 
the distance GK, the polygon will be inacribed in that circle ; and there- 
fore it is aimilar to the polygon ABCDEF. 

Cor. 2, It is erident that AB, a side of the inscribed polygon, is to KL, 
a side of the circumscribed, as the perpendicular from G upon AB, to the , 
perpendicular from G upon KL, that is, to the radius of the circle ; there- 
fore also, because magnitudes have the same ratio with their equimultiples 
(15. 5.), the perimeter of the inscribed polygon is to the perimeter of the 
circumscribed, as the perpendicular from the centre, on a side of the in- 
scribed polygon, to the radios of the circle. 

PROP. IV. THEOR. 

A circle being given, two similar poh/gons may he found, the one described about 
the eirele, and Che othtr inserted in it, which shall di;ffer from one another by 
a space less than any given space. 

Let ABC be the given circle, and the square of D any given space ; a 
polygon may be inscribed in the circle ABC, and a similar polygon describ- 
ed about it, so that the difference between them shall be less than the 
square of D. 

In the circle ABC apply the Straight line AE equal to D, and let AB be 
a fourth part of the circumference of the circle. From the circTJ inference 
AB take away its half, and from the remainder its half, and so on till the 
circumference AF is found less than the circumference AE (1. I. Sup.). 
Find the centre G ; draw the diameter AC, as also the straight lines AF 
and FG ; and having bisected the circumference AF in K, join KG, and 
draw HL touching the circle in K, and meeting GA and GF produced in 
H and L ; join CF. 

Because the isosceles triangles HGL and AGF haVe the common an- 
gle AGF, they are equiangular (6. 6,] and the angles GHK, OAF are 
therefoie equal to one another. But the angle GKH, CFA are also equal, 
for they are right angles ; therefore the triangles HGK, ACF, are like- 
wise equiangular (2. Cor. 25. I.). 

And because the arc AF was found by taking from the arc AB itf half, 
and from that remainder its half, and so on, AF will 'o6 contained a certain 
number of times, exactly, in the arc AB, and therefore it will also be con- 
tained a cenain number of times, exactly, in the whole circumference, 
ABC; and the straight line AF is therefore the side of an equilateral poly- 
gon inscribed in the circle ABC. Wherefore also, HL is the side of an 
equilateral polygon, of the same number of sides, described about ABC (3. 
1. Sup.). Letthe polygon described about the circle be called M, and the 
polygon inscribed ba called N ; then, because these polygons ate aimilar, 
21 
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they are as the equares of the taomologouB sides HL ani AF (Sup. 3. CoT. 
30. 6.], that ie, because the triuiglea HLG, AFGaie similar, as the square 
of HG to the iquare of AG, that is of GK. But the trianglea HGK, ACF" 
have been proved to be similar, and therefore the square of AC ia to the 
square of CF as the polygon M to the polygon N ; and, by oooverBion, 
the square of AC is to its excess above the squares of CF, that is, tothe 
square of AF (37. 1,], aa the polygon M to its excess above the polygon 
N. But the square of AC, that ia, the square described about the circle 
ABC is greater than the equilateral polygon of eight sides described about 
the circle, because it contains that polygon ; and, for the same Te«aoB,'the 
polygon of eight sides is greater than the polygon of sixteen, and bo on ; 
therailbre, the square of AC is greater than any polygon described about 
the ^cle by the continual bisection of the arc AB ; it is therefore greater 
than the polygon M. Now, it has been demonstrated, that the square of 
AC is to the square of AF as the polygon M to the difference of the poly- 
gons ; therefore, since the square of AC is greater than M, the square of 
AFis greater than thedifferenceof the polygons (14. S.]. The difference 
of the polygons is therefore lesa than the square of AF ; but AF is less 
than D ; therefore the difference of the polygons ie leas than the square of 
D ; that is, than the ^veu space. 

Cor. I. Because the polygons M and N differ ftom one another more 
than either of them differs from the circle, the difference between each of 
them and the circle is leas than the given space, viz. the square of D. And 
therefore, however small any given space may be, a polygon may be in- 
scribed in the circle, and another descnbed about it, each of which shalL 
difilir from the circle by a space less than the given apace. 

CoK. 2. The apace B, which ia greater than any polygon that can be 
inscribed in the circle A, and lesa than any polygMi that can be described* 
about it, is equal to the circle A. If not, let ihem be unequal ; and first, 
let B exceed A by the space C Then, because the polygons described 
about the circle A are all greater than B, by hypothesis ; and because B 
ia greater than A by the space C, therefore no polygon can be described. 
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cbout the circle A, but wh&t must exceed it by a. ap&ce grcftier tban C, 
vhicb is absurd. In the a&me manner, if B be lesa tb^n A by the apace 
C, it is shewn that no polygon can be inacribed in the circle A, but what 
it lees than A by a apace greater than C, which is also absurd. Therefore) 
A «nd B Bjre not unequal ; that is, they are equal to one another. 

PROP. V. THEOR. 

"ne area of any circle is equal to the rectangle eontatned by the temi-diameter, 
and a straighl line egual to half the drcumference. 

Let ABC be a circle of which the centre is D, and the diameter AC ; if 
in AC produced ifeere be taken AH equal to half the circumfereoce, the 
aiwi of tbe circle is equal to the rectangle coniained by DA and AH. 

XiM AB be the side (^ any equilateral polygon inscribed in the circle 
ABC ; bisect the circumference AB in G, and through G draw EGF 
tout^ung the circle, and meeting DA produced in E, and DB produced ia 




F ; EF will be Ihe side of an equilateral polygon described about the cir- 
cle ABC (3. 1. Sup.). In AC produced take AK equal to half the peri- 
meter of the polygon whose side is AB ; and AL equal' to half the. perime- 
ter of the polygon whose mde is EF. Then AK will be less, and AL 
greater' than the straight Kne AH (Ax. 1. Sup.). Now, because in the 
tnugle EOF, PG is drawn perpendiculaj: to the base, tbe triangle EDF 
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ia eqTial to the rectangle contained by DG and the half of EF (38. 1.) ; and 
as the flame is true of all the other equal triangles haviog their vertices in 
D, which make up the polygon described about the circle ; therefore, tho 
■whole polygon is equal to the rectangle contained by DQ and AL, half the 
perimeter of the polygon {Sup. 1. 2.), or by DA and AL. But AL is 
greater than AH, therefore the rectangle DA.AL is greater than the rect- 
angle DA.AH ; the rectangle DA.AH ia therefore less than the rectangle 
DA.AL, that is, than any polygon described about the circle ABC. 

Again, the triangle ADB is equal to the rectangle contained by DM the 
perpendicular, and one half of the base AB, and it ie therefore less than th» 
rectangle contained by DG, or DA, and the half of AB. And as the sama 




is true of all the other triangles having their vertices in D, which make 
up the inscribed polygon, therefore the whole of the inscribed polygon is 
less than the rectangle contained by DA, and AK half the perimeter of the 
polygon. Now, the rectangle DA-AK is less than DA.AH ; much more, 
therefore, is the polygon whose aide is AB less than DA.AH ; and the 
rectangle DA.AH is therefore greater than any polygon inscpbed in the 
circle ABC. But the same rectangle DA.AH has been proved to be lesa 
than any polygon described about the circle ABC ; therefore the rectangle 
DA.AH is equal to the circle ABC, (2. Cor. 4. 1. Sup.). Now DA is the 
semidiameter of the circle ABC, and AH thehalf of iu circumference. 

Cor. 1. Becauae DA : AH : ; DA» : DA.AH (1. 6.), and because by 
this proposition, DA.AH= the area of the circle, of which DA is the radius : 
therefore, as the radius of any circle to the semicircumference, or as the 
diameter to the whole circumference, so ia the square of the ladiua to the 
area of the circle. 

Cor. 3. Hence a polygon may be described about a circle, the perime- 
ter of which shall exceed the circumference of the circle by a line that is 
less than any given line. Let NO be the given line. Take in NO the 
part NP less than its half, and also than AD, and let a polygon be describ- 
ed about the circle ABC, so that its excess above ABC may be leas than 
the square of NP, (1. Cor. 4. 1. Sup.). Let the aide of ibis polygon be EF. 
And since, as haa been proved, the circle is equal to the rectangle DA.AH, 
and the polygon to the rectangle DA.AL, the exceea of the polygon above 
the circle is eqtiat to the rectangle DA.HL; thereforethe rectangle DA> 
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HLis leaa tbaiitheBquKT»of NP; and thersfme, since DA is greater than 
NP, HLia less than NP, and twice HL less than twice NP. wherefore, 
much more is twice HL less than NO. But HL is the difference between 
half the perimeter of the polygon whose side is EF, and half the circum- 
ference of the circle j therefore, twice HL is the difference between the 
whole perimeter of the polygon and the whole circumference of the circle 
(5, 5.). The difference, therefore, between the perimeter of the polygon 
and the circumference of the circle is less than the given line NO. 

Cor. 3. Hence, also, a polygon may be inscribed in a circle, such that 
the excess of the circumference above the perimeter of the polygon may be 
less tJiaQ any given Una. Tiiis is proved like the preceding. 

PROP. VI. THEOR. 

Tie areas of circles are ta one another in Me duplicate ratit), or at the tgiiara of 
their diameten. 

I<et ABD and GHL be two circles, of which the diameters are AD and 
GL ; the circle ABD is to the circle GHL as the square of AD to ihe 
L square of GL. 

I Let ABCDEF and GHKLMN be two equilateral polygons of the same 
I number of sides inscribed in the circles ABD, GHL ; and let Q be such a 




space that the square of AD is to the square of GL as the circle ABD to 
the space Q.. Because the polygons ABCDEF and GHKLMN are equi- 
lateral and of the laaw numbei of »des, they are umilar (3. 1. Sup.], and 
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thdr iireEiB are as the squares of the diameters of the circles la wbich -tbe^ 
are inscribed. Therefore AD" : GL' ; ; polygon ABCDEF:; polvgon 
GHKLMN ; but AD" : GL" : : circle ABD l Q, ; and therefore, ABCDEF 
: GHKLM : ■- circle ABD ; Q. Now, circle ABD 7 ABCDEF ; there- 
fore Q 7 GHKLMN (14, 6.), that ia, Q. is greater than any polygon io- 
Bcribed in the circle GHL, 

In the same manner it is demonstrated, that Q is less than any polygon 
described about the circle GHL ; wherefore the space ft. is equal to the 
circle GHL (2. Cor. 4. 1. Sup.). Now, by hypothesis, the circle ABD ia 
to the apace Q, as the sqnare of AD to the square of GL ; therefore the cir- 
cle ABD is to the circle GHL aa the square of AD to the square of GL. 

Cor. I. Hence the circumferenceB of circles are to one another as iheir 
diameters. 

Let the straight lire X be equal to half the circumference of the circle 
ABD, and the straight Une Y to half the circumference of the circle GHL : 



And because the rectangles AO.X and GP. Y are equal to the circles ABD 
and GHL (5.1. Sup.), therefore AO.X : GPY : : AD' l GL" ; : AC : 
GP"; and alternately, AO.X : AO" ; : GP.Y : GP" ; whence, because 
rectan^es that have equal altitudes are as their bases (1.6.), X :.A0 : : 
Y ; GP, and again alternately, X : Y : : AO : GP : wherefore, taking the 
doubles of each, the circumference ABD is to the circumference GEUl, om 
the diameter AD \o the diameter GL. 

Cor. 2. The circle that is described upon the side of a right angled 
triangle opposite to the right anglt , ia equal to the two circles described on 
the other two sides. For the circle described upon SR ia to the circle de- 
scribed upon RT as the square of SR to the square of RT ; and the circla 
described upon TS is to the circle described upon BT as the square of ST 
to the square of RT. Wherefore, 
the circles described on SR and on 
ST are to the circle described on RT 
as the squares of SR end of ST to 
the square of RT (24. 6.). But the 
equares of RS and of ST are equal 
to the square rf RT (37. 1.) ■ there- 
fora the circles described on RS and 
ST are equal to the <^icle described 
<mET. 

PROP. VU. THEOR, 

Eqmmguiar foroMogrcans are to one another as the products of the mm^ert 
proporlioaal to their aides. 

Let AC and DF be two equiangular parallelogrema, and let M, N, P 
and Q. be four numbers, such that AB : BC : l M : N-; AB : DE : 1 H : 
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V] and AB : EF : i M : a, and therefore ex setniaU, BC : EF : : N : OJ 

The parallelogram AG is to the parallelograin DF aa MN to FQ. 

Let N-P be the product of N into P, and the ratio of MN to PQ, will be 
compounded of the ratioa (def 10. 6.) of MN to NP, and of NP to PQ. 
But the ratio of MN to NP ia the same with that of M to P (15. 6,), bo- 
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ca\ue MN and NP are equimultiples of M and P ; and for the eame reason, 
the ratio of NP to PQis the same with that of NioQ; therefore the ratio 
of MN to PQ ia compounded of the ratios of M to P, aod of N to Q,. Now, 
the ratio of M to F ia the same with that of the side AB to the side DE (by 
Hyp.) , and the ratio of N to Q the same with that of the side BC to the 
side EF. Therefore, the ratio of MN to PQ is compounded of the ratios 
of AB to DE, and of BC to EF. And the ratio of the parallelogram AC 
to the parallelogram DF ia compounded of the same ratioa (23. 6.) ; there- 
fore, the parallelogiam AC ia to the parallelogram DP as MN, the product 
of the numbers M and N, to PQ., the product of the numbers P and Q,. 

Cob. 1. Hence, if GH be to KL as the number M to the nomber N ; 
the square described on GH will be to 



tiie square described on KL as MM, the G H K L 

square of the number M to NN; the 
square of the number N. 

CoR. 2. If A, B, C, D, &c. are any lines, and m, n, r, s, &o. numbers 
proportional to them ; viz. A:B::m:n, A:C::Tn;r, A:D::m:(, 
&c. ; and if the rectangle contained by any two of the lines be equal to the, 
square of a third line, the product of the numbers proportional to the first 
two, will be equal to the square of the nurober proportional to the third ; 
thatis, if A.C=B", niX»"=nX"i or =»'. 

For by this Prop. A.C : B* : : mX'" = ""l butA.C=B", therefwemxr 
^t^. Nearly in the same way it may be demonstrated, that whatever is 
the relation between the rectangles contained by these lines, there is the 
same between the products of the numbers proportional to the m. 

So also conversely if m and r be numbers proportional to the lines A and 
C ; if also A.C=B', and if a number n be found such, that t^=mr, then 
A : B -. : tn : n. For let A : B : : m : y, then since wi, g, r are proportional 
to A, B, and C, and A.C=B"; therefore, as has just been proved, g'=m 
Xr; but Ti'=jx''i by hypothesis, therefore n'srj*, and n=j; wherefore 
A:B::w:n. 

SCHOLIUM. ■ 

Iq order to have numbers proporUonal to any set of magnitudes of Ui« 
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nme kind, mippoee one of them to be divided into any numW m, of equal 
parts, and let H bs one of thoBs parts. Let H be (bnad n times m the ma^ 
nilude B, r limes in C, s times in D, &c., then ii is evident ihat the imm- 
bere tx, n, r, s are proportional to the magnitudes A, B, C and D. When 
therefore it is said in any of the following propositions, that a line as A=x 
a number m, it ia understood (hat A =m x H, or that A is equal (o the given 
■nagnilude H mullipUed b; m, and the same is understood of the otber 
magnitudes, B, C, D, and their proportional numbers, H being the common 
measure of all the magnitudes. This common measure is omitted for the 
sake of brevity in the arithmetical expression ; but ia always implied, whea 
a line, or other geometiical magnitude, is said to be equal to a number. 
Also, when there are fractions in the number to which the magnitude is 
called equal, it is meant that the common measure H is feriher subdivided 
into such paiteae the numerical fraction indicates. Thus, if A =360.375, 
it is meant that there ia a certain magnitude H, such that AsSeOxH-f- 

j--^XH, or that A ia equal lo 860 times H, together with 37&i^ the 

thousandth parte of H. And the same ii true in all other cases, where 
numbers are used to express the relations of geometrical magnitudes. 



PROP. Vni. THEOR. 

7V perpendiaiiar drawn from the eenire of a circk on the chord ofaiy are it a 
mean proportional between half the raditu and Che line made up of the radius 
and the perpendicular drawn from the centre on the chord of doiAk ihat arc : 
•9nd the chord of the arc is a mean proportional between the dianKter and a line 
which it the difference between the radiue and the aforesaid perpendicular from 
the centre. 

Let ADD be a circle, of which the centre is G ; DBE any arc, and DB 
the half of it ; let the chords DE, DB be drawn : as also OF and CG at 
right angles to DE and DB ; if CF be produced it will meet the circum- 
foence in B : let it meet it again in A, and let AG be bisected in H j CO 
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^aaieanpropoftioDaIbetv«eD AHaod AF; eukI BP a mean propoftional 
between AB and BF, tbe excess of the ladiua Etbove CF. 

Join AD ; and because A DB is a. right angle, being; an angle in a aemi- 
circle ; and because COB is also a right angle, the triangles ABD, C6G 
are equiangular, and, AB : AD : ; BC : CG (4. 6.), or alternately, AB : 
BC : : AD : CO ; aod therefore, because AB is double of BC, AD is dou- 
ble" or CG, and tM square of AD therefor^ equal to four times tbe sifuaf • 
oiCG. 

But, because ADB is a right angled triangle, and DF a perpendicular 
on AB, AD is a mean proportional between AB and AF (S. 6.), and AD* 
=AB.AFa7, 6.), oreince AB is =4AH, AD"=4AH.AF. Therefore 
also, because 4CG== AD', 4CG'=4AH.AF, and CG'=AH.AF ; wher^ 
fore CG is a mean proponional between AH and AF, that is, between ^alf 
the ra/IiuB and the line made up of iho radius, and the perpendicular on th^ 
chord of twice the arc BD. 

Again, it is evident that BD is a mean proportional between AB and BF 
(6. C), that is, between the diameter and the excess of die radius abov« 
the perpendicular, on the chord of tN^ice the arc DB. 

PROP. IX. THEOR.* 

TV ateumfereoK of a drde txeeedt tkret titnea the diameter, by a line las Man 

ten of the parts, of lekich the diameter cvnlains seventy, but greater than ten of 
thepartt vihereofthe diameter contains seoenty-one. 

Let A BD be a circle, of which the centre is C, and -the diamet^ AB ; 
tbecircumferenceisgreater than three times AB,bj alios leulban— , or 

-, (rf'AC, but groater than =7 of AC. 
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In ths ciicle ABD appi? the straight line BD equal to the radius BC :: 
Draw DF perpendiculai to BC, and lei ic meet the circumference again in 
E ; draw also GG perpendicular to BD : produce BC to A, bisect AC in 
H, and join CD. 

It in evident, that the arcs BD, BE are each of them one-sixth of the 
circumrereace (Cor. IS. 4.], and that therefore the are DBE is one thiid of 
the circumference. Wherefore, the line (8. 1. Snp.) CO is a mean propor- 
tional hetween AH, half the radius, and the hne AF. Now because the 
sides BD, DC, of the triangle BDC are equal, the angles DCF, DBF are 
also equal ; and the angles DFC, DFB being equal, and the side DF com- 
mon to the triangles DBF, DCF, the base BF is equal to the base CF, and 
BC m bisected in F. 

Therefore, if AC or BC=1600, AH=600, CF=500, AF=:1500, and 
CO being a mean proportional between AH and AF, CG'=(n. 6.) AH. 
AF=500xlS00=75O000; wherefore CG=866.0264+, because (866. 
0254)' ia less than 750000. Hence aJso, AC-t-CG= 1866.0254+. 

Now, as CG is the perpendicular drawn from the centre C, on the chord 
of one-sixth of the circamference, if P ^ the perpendicular from G on the 
chord of one-twelfth of the circumference, P will be a mean proportional 
between AH (8. 1. Sup.) and AG + CG, and P'=AH (AC + CG) = 
500 X (1866.0254+)=:9330i2.7+. Therefore, P = 965.9258+, be- 
cause (965.9258)* is less than 933012.7. Hence also, AG-|-P=:1965. 
92584-. 

Again, if ft =: the perpentUculai drawn from C on the chord of on» 
twenty -fourth of the circumference, Q. will be a mean proportional betweett 
AHand AG-f-P.and Ci'=AH(AC+P)=600(1965.9268+)=982962. 
9-1- ; and therefore Q=991.4449-|-, because (991.4449)* is less than 
982962.9. Therefore also AC-{-Q= 199J.4449+, 

In like manner, if 8 be, the perpendicular from C on the chord of one 
■ forty-eighth of Che circumference, 8'= AH ( AC-f.Q)=500 (1991.4449-|-) 
=:995722.45+; and 8=997.8589+, becnuse (997.8589)' is less than 
996722.45. Hence also, AC+S= 1997. 8589+. 

Lastly, if T be the perpendicular from C on the chord of one ninety-uxth 
of the circumference, T'=AH (AC+S)=500 (1997.8580+)=:998929. 
45+, and T=999.46458+. Tbus T, the perpendicular on the chord of 
one ninety-sixth of the circumference, is greater than 999.46458 of those 
parts of which the radius contains 1000. 

But by the last proposition, the chord of one ninety-sixth part of the cir- 
cumference is a mean (Mroportional between the diameter and the excess oC 
the radius above S, the perpendicular from the centre on the chord of one 
forty-eighth of the circumference. Therefore, the square of the chord of 
one ninetj-sixih of the circumferences AB (AC— 8)= 2000 X (2.1411 — ,) 
= 4282.2 — ; and therefore the chord itself =65.4386— , because (65.. 
4386)^8 greater than 4282.2. Now, the chord of one ninety sixth of the 
circ It inference, or the side of an equilateral polygon of ninetj-sis. sides in- 
■ciibed in the circle, being 65.4386 — , the perimeter of that polygon will be 
= (65.4386— )96=6282a056—. 

Let the perimeter of the oircumscribed polygon of the same number of 
Eodea, be M, then (2. Cm. a. 1. Sup.) T : AC ; : 6282.105&~- iM, that is, 
(since T=999.4645a+, aa alieady shewa), 
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; ir then N be- nich, 
DO perturb, 999.46458 
-)- : 999.494&S ; : N : M ; and, since the first is greater than the second, 
the third is greater than the fourth, or N ia greater than M. 

Now, if a fourth proportional be fouad to 999,46458, 1000 and 6282. 
1056 via. 6386.461—, then, 

because, 999.46458 : 1000 : ; 6382.1056 : 6285.461 -, 
and as before, 999.46458 : 1000 : : 62S2.1056— : N ; 
therefore, 6282.1056 : 6282.1066 — : : 6285.461 — N, and a* the first oT 
these proportionals is greater ihtiD the second, the third, viz. 6285.461^ 




is greater than N, the fourth. But N was proved to be greater (ban H ; 
much more, therefo/e. i3 62.S5.46I greuier than M, the perinielerof a poly- 
gon of ninetj-six mdea circa m rot ibeil about the circle j iNat in, the pt>riin>- 
ter of th»t poljgnn is lens than 6285.461 ; now, the circumferer>f:P of tbe 
circle is less than the perimeier of the polygon ; much more, therefore, ia it 
less than 6285.461; wherefore the circumference of a circle is lesB than 
6286.461 of those parts of which (he riwliua coniains 1000. The circum- 
ference, therefore, has to the diameter a leas ralio (S. 6,] than 62S5.46 1 has 
to2000,or than 3142.7305 has to 1000: but the ralio of 22 to 7 i a greater 
than the mlio of 3143.7305 to 1000, Iheretore the circumference has a less 
ratio to the diameter than 22 has to 7, er the circumference is less than 22 
of the parts of which the diameter contains 7. 

It remains to demonstrate, that the part by which the circumference ex- 

cee^s the diameter is greater than — of the diameter. 

Itwaabefore shewn, that CG'=750000; wherefore CG=866.02545—, 
. because (866.02545)' is greater than 750000-; therefore AC+CG=1866, 
02545—, 

Now, P being, as before, the perpendicular from the centre on the chord 
of one twelfth of the circumference, P»= AH (AC-fCG)— S00x(1866. 
02546)— =933012.73-; and P=966,92586-, because (fl65.926851» 
u greater than 633012.73. Hence also, AC+P= 1965.92586— . 
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Next, as Q= tha perpenificiilftr drawn from Ihe centre on the chord of 

onotwemy-fourthoftbacircumfereneo, Q'=AH(AC-f-P)=«00x{1966■ 
^2585— )=983962.93— ; anii Q = 99i.4449&-, because (991.41496)* 
is greater than 982963.93. Hence also, AC-|~Q:r:;1991.44495— . 

In jike manner, as S is the perpendicular from C on the chord of one 
forty-eighth of the cireuLnferBnce, S'=AH (AC4-Q)=500(1991.44495— ) 
=995722,475-, and 8^(997.86895-) because (997.8589ft)" is greater 
than 995722.475. 

But Che sqnareof the chord of the ninely-Hxth part of the circumference 
= AB(AC— S) = 2000 [2.14105+)=4a82.1-f-, and the chord iiEelf = 
65,4377+ because (65.4377/ is less than 4282,1; Now the chord of one 
ninety-sixlh par! of the circumference being =65.4377+, the perimerer 
of a polygon of ninety-six sides inscribed in the circle =(65.4377+)96 = 
6232. 0I9+. But the circumference of the circle is greater than the pe- 
rimeter of the inscribed polygon ; iherefore the circumference is greater 
tiian 6282 019, of those pans of which the radius conlninH 1000 ; or than 
Jtl4i.0O9 of the parts of which the radius contains 500, or the diameter 

contains 1000. Now, 3141.009 has to 1000 a greater ratio than 3+^ 

to I ; therefore the circu nife rence of the circle haa a greater ratio to the 

diameter than 3+ — has to 1 ; that is, the excess of the circumference 

above three limes the diameter is ^eater than ten of those parts of which 
the diameter contains 71 ; and it has already been shewn to be less than 
ten of those of which the diameter 



Cor. 1. Hence the (liampler of a circle being pveit, the circumference 
. may be found nearly, by making as 7 to 22, so the given diameter to a 
fourl,h proporlional, which will be greatpr Ihan the circumference. And 

10 
if as 1 to 3 + ~, or as 71 or 223, so the given diameter to a fourth pro- 
porlional, this will be nearly equal to the circumference, but will be lew 

Cor. 3- Because the difference between -and — is , therefore the 

lines fouiid by these proportionals differ by — - of the diameter. There- 
fore the (liffprence of either of them from the cirouniference must bo less 
than the 497|b part of the diameter. 

Cor. 3. As 7 lo 22, so the square of the radius lo the area of the circle 
nenrly. 

For it haa bpen Bhewn^thaj (1, Cor. 5. 1. Supi) the diameter of a. cir- 
cle ia 10 its circumference a» the square of the radiiw to the area of the 
cirele; hut ihe clia.neifr is lo the drcuuiference nparly as 7 to 22, there- 
fore the square of the radius is to the area.of the circle nearly in thai eamfl 
raiio. 
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SCHOLIUM. 

It is evident that the method employed in this propoeitioii, for finding 
the liooita of the ratio of th« circumference of the diameter, tuny bo carrtM 
to a greater iegtt» of exactneBs, by finding the perimeter of an inscribed 
and of acircuoiscribed polygoaof n greater number of sides iban 96. The 
inannef in which the perimeters of such polygons approach nearer to one 
another, as the number of their sides increases, may be seen from the fol- 
lowing' Tiible, which is conetrucied on the principles explained in the fore- 
going ProposiiioD, and in which the radius is supposed ^1. 



NO. of Si<]fi 


Perimeleroftbe 


Perimetarofihe 


oftbePoly- 


inscribed Pol;- 




KOti. 


gon. 


PoljBon. 


e 


6.000000 


6.822033— 


12 


6.211657- 


h 


6 430781— 


24 


6.265257- 


- 


6.319320 — 


48 


6.278700- 




6 292173— 


96 


6.232063- 




6.285430— 


192 


6.282904- 




6.2S3747— 


384 


6 2S3I15- 




6.283327— 


768 


6.283167- 




6.233221— 


1536 


6.283180- 




6.2SS195— 


S072 


6.283184- 




6.283 IKS — 


6144 


6.283185- 




6.233186— . 



The pan that is warning in the numbers of the second colnmn, to make 

up I he entire pRtimeier of any of the inscribed polygons, is less than unit , 
ia the aixib decimal place; and in like manner, the part by which the 
numbers in (he last column exceed the perimeter of any of the drcmnscrib- 
ed polygons is less than a unit in ths sixth decimal place, that is, than 

■ ■— of the radius. Also, as the numbers in the second column are 

less than the perimetefs of the inscribed polygons, ihey are each of (hem 
lesn than the circumference of the circle ; and for the same reason, each of 
ihoae in the third column is greater than the circumference. But when 

the arc of ^ of the circumference is bisected ten times, the number of sides 
in the polygon is 6144, and the numbers in the Table differ from one an- 
other only by ---r; part of the raiUus, and iberefbre the perimeters of 

the polygons differ by leas than that quantity ; and consequenily the cir- 
cumference of the circle, which is greater than ihe least, and less than ihe 
greatest of ihese numbers, is determined within, less than the millioneth 
part of the radius. 

Hence also, if R be the radius of any circle, the circumference is greater 
than Rx8'293185,or than 2RX3.141392, but less iban2Bx3.141S93 ; 
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and these oumbers diSer from one another only by a millionelh part of the 
radius. So also R"-!- 3. 141592 ia leSa, and R'x3.14l593 greater than the 
area, of the circle; and these numbers differ from one another only by a, 
millioneth part cf the square of the radius. 

In tbis waj,«,lBo, the ctrcumference and the area of the circle may be 
found still nearer to the truth ; but neither by this, nor by any olber me- 
thod yet known to geometers, can they be exactly determined, though the 
errors of both may be reduced to a lees quantity than any that can be as- 
jigaed. 
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BOOK ir. 

OF THE INTERSECTION OP PlJlNES. 



DEFINITIONS. 



1. A STRAIGHT line is periKodicular or at right angles to b plane, whea 
it maJces right angles wiib ever; straight line which it me«U in that 
plane. 

2. A plane is perpendicular to a plane, when the straight lines drawn iit 
□ae of the planes perpendicular to the common section of the two planes, 
are perpendicular to the other plane. 

3, The incHnation of a straight line to a. plane is the acute angle contained 
by thai straight line, and another drawn from the point in vhich the 
first Une meets the plane, to the point in which a perpendicular to the 
plane, drawn &om anj point of the first line, meets the same plane. 

4, The angle made by two planes which cut one another, is the angle con- 
tained by two straight lines drawn from any, the same pmnt in the line 
of their common section, at right angles to that line, the one, in (he one 
plane, and the other, in the other. Of the two adjacent angles made by 
two lines drawn in this manner, that which is acute is also called the in< 
clination of the planes to one another. 

fi. Two planes are said to have the same, or a Uke inclination to one an- 
other, which two other planes have, when the angles of indinatitra abovo 
defined are equal to one another. 

6. A straight line is said to be parallel to a plane, when it does not meet 
the plane, though produced ever ao far. 
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7. Planes are aaiil to be parallel to one another, which do not meet, though 
produced ever so far. 

8. A solid atjgle is an angle made by the meeting of more than two plane 
angles, which are not in the same plane in one point. 

PROP. I. THEOB. 
Oneparl of a strtught lint camol he in a plane and anolher part <Aout U. 

U it be possible let AB, pari of the straight line ABC, be in the plaoe, 
and the part BC above it ; and since the 
straight line AB is in the plane, it can be 
produced in that plane (2, Post. 1.) ; let 
It be produceil to D : Then ABC and 
ABD are Iwo straight lines and the^ 
have the common segment AB, which is 
impossible (Cor. def 3. 1.). Therefore 
ABC is not a straight line. . 



^ 



\a b d\ 



PROP. n. THEOK. 

,3rty three straigkl tines wAicA meet one another, not tn Me same point, are m one 
plane. 

Let the three straight lines AB, CD, CB meet one another Id the pcunts 
B, C and E ; AB, CD, CB are in one plnne. 

Let any plane pass through the atraifrhi line 
EB, anil let the plane be turned about EB, pro- 
duced, if necessary, until it pass through the 
point C : Then, because the points E, C are in 
this plane, the straight line EC is in it (def. 5.1.): 
for the same reason, the straight line BC is in 
the same ; and, by the hypothesis, EB is in it ; 
'theieforelhe three straight lines EC, CB, BE 
are in one plane : but the whole of the lines DC, 
AB, and BC produced, are in the same plane 
with the pans of them EC, EB, BC (1. 2. 
Sup.). Therefore AB, CD, CB, are all in one 
plane. 

CoK. It is manifest, that any two straight lines which cut one another 
aia in one plane : Alao, that any three points whatever are in one plane. 
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PROP. U[. THEOE. 

If two plants cut etu another, their eommon section it a straight line. 



r^^ 



^^ 



Let two planes AB, BC cut one another, 
and let B and D be two points in the line of 
(heir common section. From B lo D draw the 
straight line BD ; and becEiuse the points B 
anr] D are in the plane AB, the straight line 
BD is in that plane (def. 5, 1.) : for the same 
reason it is in the plane CB ; the straig'ht line 
BD 13 therefore common to the planes AB 
and BC, or it is the common section of tbece 
planes. 



PROP. IV. THEOR. 

Jf a straight line gland at right anglet io each of two straight liius in the point 
of their intersection, it will also be at right angles to the plane in which these 
lines are. 



to each of the straight 
AB is also at right an- 



Let the straight line AB stand at right 
lines EF, CD in A, the point of iheir intersi 
gles to the plane passing through £F, CD. 

Through A draw an^ line AG in iha 
plane in which are EF and CD ; let G be 
anv point in that line ; draw GIH parallel 
to A D J and make HF= HA, join FG ; and 
when produced let it meet CA in D j join 
BD, BG, BF. Because GH is parallel lo 
AD, and FH=HA: therefore FG=GD, 
so that the line DP is bisected in O. And 
because BAD ia a right anffle, 30"= AB' 
-f-AD^ (37, I.) ■ and for the same reason, 
BP=AB'+AP, therefore BD'+BF-z:: 
2AB'+AD' + AP; and berause DF is 
bisected in G (A. 2), AD'-f AF'z=2AG'+ 
ZGF*, therefore BD'+BF^=:2AB'+2AG' 
+2GF''. But BD'+BF'= (A. 2.) 2Ba'+2GP, therefore aBG"-}- 
2GF'=2AB"+2AG'+2GF' ; and taking 2GF' from both, 2BG^=2AB'' 
+2AG', or BG=^^^AB'4-AG'; whence BAG (aS. 1.) is a right angle. 
Now AG iaany straight line ilrawn in the plane of the lines AD, AF; and 
when a straight hne is at ;-ight angles to any stiaijrhi line which it meets 
with in a plane, it is at right angles to the plane itself (def. 1 . 2. Sup.}. AB 
is therefore at right angles to the plane of the tines AF, AD. 
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PROP. V. THEOB. 

If three ttnught &ttg meet aSinone point, and a ttraighi line ttand ai right an- 
gUi totachofthemintkatfoint; these Ihte ttraig/Ulina art in one and the 
tame plane. 

Let the straight line AB stand at right angles to each of the straight lines 
BG, BD, BE, in B, the point where the; meet ; BC, BD, BE are id one 
and the same plane. 

If not, let BD and BE, if possible, be in one plane, and BC be above it; 
and let a plane paw through AB, BC, the common section of vhich with 
the plaQe,iD which BD and BE are, shall be a straight (3. 2, Sup.) line ; 
let this be BF : therefore the three atreight lines AB, BG, BF are all in 
one plane, tiz, that which passes through AD, BO ; and because AB 
■lands at right angles to each of the straight lines BD, BE, it is aha at 
right angles (4. 2. Sup,) to the plane passing j^ 
through them ; and therefore makes right an- 
gles with ever; straight line meeting it in that 
plane ; but BF which is in that plane meets it ; 
therefore the angle ABF is a right angle ; but . 
the angle ABC, hy the hypothesis is also a right 
angle ; therefore the angle ABF is equal to the 
angle ABC, and thej are both in the same 
I^ane, which is impossible; therefore the straight 
line BC is not above the plane in which are BD 
and BE : Wherefore the three straight lines 
BC, BD, BE are in one and the same plane. 

PROP. VI. THEOR. 

Two straight Hues tohuA are at right angles to the sameplane, areparalUto 

one aaolher. 

Let the straight lines AB, CD be at right angles to the same plane BDE : 
AB is parallel to CO. 

Let them meet the plane in the points B, D, 
Draw DE at right angles to DB, in the plane BDE, 
and let E be any point in it : Join AE, AD, EB. 
Because ABE is a rightangle, AB'-|-BE'=; (37. 1.) 
AE', and because BDE is a right angle, 6E*=BD* 
4-DE'; therefore AB'+BD''-j-DE"=AE'-, now, 
AB'-j-BIHi^AD*, because ABD is a right angle, 
therefore AD»-}-DE'=AE', and ADE is therefore 
a. (38. !.} right angle. Therefore ED is perpenifi- 
cular to the three lines BD, DA, DC, whence these 
lines are in one ploQe (6. 2. Sup.). But AB is in the 
plane in which are BD, DA, because any three 
straight lines, which meet one another, are in one 
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plane (2. 2. Sup.) : therefore AB, BD, DC are in one plane ; and each of 
the angles ABD, BDC is a. right angle ; therefore AB 18 parallel (Cor. 20, 
I.) to CD. 

PROP. Vn. THEOR. 

J/bso straight Unes be parallel, and me of them at right angles to a plane ; lie 
other is also at right angles to the same pl^. 

Let AB, CD be two parallel atraig-ht 
lines, and let one of them AB be at 
right angles to a plane ; the olher CD 
is at right angles to the same plane. 

For, if CD be not perpendicular to 
the plane to which AB is perpendicular, 
Jet DG bo perpendicular to it. Then 
(6.2; Sup.-) DG is parallel to AB: DG 
and DC therefore are both parallel to 
AB, and are drawn through the eame 
point D, which is imposaible (11. Ax. 
1.). 

PROP. VIII. THEOR. 

Two straight lines which are each of them parallel to the same straight Hne, Ihov^h 
not both in the same plane with it, areparaUelto one another. 

Let AB, CD be eachof ihem parallel to EF, and not in the same plana 
with it; ABehall be paraitelto CD. 

In EFtakeanypointG, from which draw, in the plane passing through 
EF, AB, the straight line GH at right angles to EF; and in the plane 
passing through EF, CD, draw GK at right angles lo the same EF. 
And becaase EF is perpendicular both to GH and GK, it ia perpendicular 
(4. 2. Sup.) to the plane HGK passing through them ; and EF is parallel 
loAB; rtietefore ABisat right ^ 

angles (7. 2. Sup.) to the plane '* 

HGK. For the same reason, CD 
is likewise at rieht angles to tbo 
plane HGK. Therefore AB, CD 
are each of them at right angles 
to the plane HGK. But if two 
straight tines are at right angles 
to the same plane, they are parat' 
lei (fi. 2. Sup.) to one another. Therefore AB is parallel to CD. 

PROP. IX. THEOR. 

ff two straight lines meeting arte another be parallel to two others that meet one 
another, though not ia the same plane with the first two ; the fist two and the 
olher two shall contain egual angles. 

liot the two straight Unes AB, BC which meet one another, be parallel 
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to the two Btraigbt linee DE, EF thftt meet one another, Bud are not in the 
mme plane wiih AB, BC. The angle ABC is equal lo the angle DEF. 

Take BA, BC, ED, EF all equal to one an- 
other; andjoin AD, CF.BE.AC, DF: Becauae 
BA is equal and paiallel to £0, therefore AD is 
(27. I.] both equal and parallel to BE. For the 
same TeoBon, CF is equal and parallel to BE. 
Therefore AD and CF are each of them equal and 
parallel to BE. But etraight lines ttiat are paral- 
lel to the same straight line, though not in (he 
■ame plane with it, are parallel (B. 2. Sup.) to one 
another. Therefore AD is parallel to CF ; and it 
is equal to it, and AC, DF join them towards the 
same parta; and therefore (27. I.) AC ia equal 
and parallel to DF. And because AB, BC are 
equal to DE, EF, and the base AC to the base 
DF ; the angle ABC is equal (6. 1.) to the angle 
DEF. 




PROP. X. PROB. 
To draw a itraigk line perpendicuiar to a plane,/rom a givenpoml above U. 

Let A be (he given point above the plane BH, it is required to draw from 
the point A a straight line perpendicular to the plane BH. 

In the plane draw an; straight line BC, and from the point A draw (Prob. 
7. 1.) AD perpendicular to BC. If then AD be also perpendicular to tho 
plane BH, the thing required is alreadj' done ; but if it be not, from the 
point D draw (Prob. 6. I.), in the 
plane BH, the straight line DE at 
right angles lo BC ; and from the 

Stint A draw AF perpendicular to 
E; andthroughFdrftw(Prob.]3. 
1 . ) G H parallel to BC : and because 
BCisAtrightanglestoED.andDA, 
BC is at right angles (4. 2. Sup.) to 
the plane passing through ED, DA. 
And GH is parallel to BC; buliftwo 
straight tines be parallel, one of which is at riffht angles to a plane, the 
other shall be at right (7. 'i. Sup.) angles to the same plane; wherefore 
OH is at right angles lo the plane through ED, DA, and is perpendicular 
(def 1. 2. Sup.) to every straight line meeting it in that plane. But AF, 
which is in the plane through ED, DA, meets it : Therefore GH is per- 
pendicular to AF, and consequently AF is perpendicular to GH ; and AF 
IS also perpendicuiar to DE ; Therefore AF is perpendicular to each of the 
straight lines GH, DE. But if a straight line stands at right angles to 
each of two straight lines in the point of ibetr intersection, it is also at right 
angles to (be plane passing through them (4. 3. Sup). And the plane 
passing thiough KD, OH is the plane BH ; tbeiefore AF is perpendicular 
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to the plane BH ; bo that, from (he given point A, above tha plane BH, 
the straight line AF ia drawn perpendicular to that plane. 

Cor. If it be required from a point C in a plane to erect a perpendicular 
to that plane, take a point A above the plane, and draw AF perpendicular 
to the pinne ; then, if from C a line bo drawn parallel to AF, it will be ihe 
perpendicular required ; for being parallel to AF it will be perpendicular to 
tha same plane to which AF is perpendicular (7. 2. Sup.). 

PROP. XI. THEOR. 

F^om the same point in a plane, there carmot be two straight Unet at right mglea 
to the plane, upon the same side of it ; And there can be but one perpendicular 
to a plane from a point above'il. 

For if it be possible, let the two straight lines AC, AB be at right angles 
to a given plane from the eame point A in the plane, and upon the same 
side of it ; and let a plane pass through BA, AC ; the common eection of 
this plane with the given plane is a straight (3, 2, Sup.) line passing through 
A : L.et DAE be their common section : Tberefbre the straight lines AB, 
AC, DA E are in one plane : And because CA ie at right angles to the 
given plane, it makes right angles with every 
straight line meeting it in that plane. But 4* 

DAE, which is in that plane, meets CA: there- 
fore C AE is a riebt angle. For the same rea- 
son BA E is a right angle. Wherefore the an- 
gle CAE id equal to the angle BAB; and 
they are in one plane, which is impossible. 

Also, from a point above a plane, there can be -.=-— 

but one perpendicular to that plane ; for if there U A K 

could be two, they would be parallel (6. 2. 9up.) 10 one another, which is 
absurd,. 

PROP. XIl. THEOB. 

Planes to which the tame straight line is perpendicular, are paraUel to one another. 

Let the straight line AB be perpendicular to 
each or the planes CD, EF : these planes are pa- 
rallel to one another. 

If not, thej must meet one another when pro- 
duced, and their common section must be a straight 
line OH, in which take any point K, and join AK, 
BK: Then, because AB is perpendicular to ihe 
plane EF, it is perpendicular (def 1. 2. Sup.) to 
the straight line BK which is in that plane, and 
therefore ABK is a right angle. For the same 
reason, BAK is a ripht angle ; wherefore the two 
angles ABK, BaK of the triangle ABK are 
equal to two right angles, which is impossible, 
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(10, 1.); Therefore the planes CD, EF, though produced, do not meet 
one another ; that is, they are parallel (def. 7. 2. Sup.). 

PROP. XIII. THEOR. 

\e another, beparaM to two stratghi l^ which 
not in the same plane with Ike Jrst two : the 

plant whichpasses through the first two isparaUel to the planepatsitig through 

the others. 

Let AB, BC, two straight lines meeting one another, be parallel to DE, 
EF that meet one another, but are not in the same plane with A B, BC : 
The planes through AB, BC, and DC, EE^ shall not meet, though pro- 
duced. 

From the point B draw BG perpendicular (10. 2. Sup.) to the plana 
which passes through DE, EF, and let it meet that plane in G ; and 
through G draw GH paraUel to ED (Prob. 13. 1.), and GK parallel to EF : 
And because Bti is perpttndicular to the plane through DE, EF, it must 
make right angles with every 
straight line meeting it in that 
plane (1. def. 2. Sup.). But 
the straight lines GH, GK in 
that plane meet it : Therefore 
each of the angles BGH, BGK 
is a right angle : And because 
BA is parallel (8. 2. Sup.) to 
GH (for each of them is paral- 
lel to DE), the angles GBA, 
BGH are together equal (31. 
1.) to two right angles: And 

BGH is a right angle ; therefore also GBA is a right angle, and GB per- 
pendicular to BA : For the same reason, GB is perpendicular to BC : 
Since, therefore!, the straight line GB stands at right angles to the two 
straight lines BA, BC, that cut one another in B ; GB is perpendicular 
(4. 2. Sup.) to the plane through BA, BC : And it is perpendicular to the 
plane through DE, EF ; therefore EG is perpendicular to each of iha 
planes through AB, BC, and DE, EF : But i^anea to which the same 
etraight line is perpendicular, are parallel (12. 2. Sup.) to one another; 
Therefore the plane through AB, BC, is parallel to the plane through DE, 
EF. 

Cor. It follows from this demonstration, that if a stiaight line meet two 
parallel planes, and be perpendicular to one of them, it must be perpen- 
dicular to the other also. 
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PROP. XIV. THEOE. 

if two parailei pianea he cut by aaolher plane, their cormoH BecHons wM it a 

paraiiels. 

Let the parallel planes A6, 
CD, be cut by the plane EFHG, 
and let their cammonaections with 
it be £F, OH ; EP w paiaUel to 
GH. 

For the straight lines EF and 
OH are in the same plane, viz. 
EFHQ which cuts the planes 
AB and CD; and they do not 
meet though produced ; for the 
planes in which they sre da not 
meet : therefore EP and GH 



parallel (def. 15. 1. 
PROP. XV. THEOB. 



"3^ 



If two paraM planes beeulhy a third plane, they have the tame incSnaOim 

that plane. 

Let AB and CD be two parallel planes, and EH a ihird plane cutting 
them ; The planes AB and CD are equally inclined to EH. 

Let the siiaight iinoa EF and GH be the common section of the piano 
EH with the two planes AB and CD ; and fix)m K, any point in EF, draw 
in the plane EH the atfaight line KM at right andes to EF, and let it 
meet GH in L ; draw also KN at right angles to EF in the [dane AB : 
and through the straight lines KM, KN, let a plane be made to p&sa, cut- 
ting the plane CD in the Une LO. And because EF and GH are the 
common sections of the plane EH with the two parallel planes AD and 
CD, BF is parallel to GH (14. 2. Sup.). But EF is at right angles to 
the plane that passes through KN and KM (4. 2. Sup.), because it is at 
right angles to the lines KM and KN : therefore GH is also nt right an- 
gles to the same plane (7. 2. Sup.), and it is therefore at right angles to 
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the lines LM, LO which it meele in that plane. Therefore, since LMand 
LOare at right angles to LG, the cdmmon section of the two ;>lanes CD 
and EH, the angle ULM is the inclination of the plane CD lo the plane 
EH (4. def a. Sup). For the same reason the angle MKN is the inclina- 
tion of the plane AB to the plane EH. But because KN and LO are pa- 
rallel, being the common eections of the parallel planea AB and CD with 
a third plane, the inieriot angle NKM is e(]ual to the exterior angle OLM 
(21.1 ); that IB, the inclination of the plane AB lo the plane £H, ia equal 
to the inclination of the plane CD to the same plane EH. 

PROP. XVI. THEOR. 

If two straight Unes be cut by parallel planes, they must be cut in the same ratio. 



b;» tfie parallel planes GH, KL, 



Let the straight lines AB, CD be cut 
MN, in the pointB A, E, B; C, F, D: 
As AE is to EB, so is CF lo FD. 

Join AC, BD, AD, and let AD meet 
the plane KL in the point X ; and join 
EX, XF : Because the two parallel 
planes KL, MN areculliy the plane 
EBDX, the coraraon sections EX, BD, 
areparallei (14,2. Sup.), For the same 
reason, because the two parallel planes 
GH. KL are cut hy the plane AXFC, 
the common sections AC, XF are paral- 
lel : And because EX ia parallel to BD, 
a Bide of the triangle ABD, as AE to 
EB, 80iB(2. 6.) AX toXD. Again, be- 
cause XF is parallel AC, a side of the 
triangle ADC, as AX to XD, so is CP 
toFD: and U was proved that AX i^ 
toXD.asAEtoEB: Ttierefore(11.5.i, 
ti AE to EB, BO ia CF to FD. 



PROP. XVir. THEOR. 

If a straighi line be at right angles lo a plane, every plane which patsea thtough 
that line is at right angles to the^st mentioned plane. 

Let the straight line AB be at rightanglps to the plane CK ; ccery- plane 
which passes through AB is at right angles to the plane CK. 

Let any plane DE pass through A B, and iet CE be the commtm section 
of the planes DE, CK ; lake any point F in CE, from which draw FG in 
the plane DE at right angles to CE : And because AB is perpendicular 
to the plane CK, therefore it ia also perpendicular to every Biraight line 
meeting it in thai plane (1. def, 2. Sup.) j and consequently it is perpen- 
dicular to CE : Wherefore AEF is a right angle ; But GFB ia likewise a 
right angle ; therefore AB is parallel (20. 1.) to FG, And AB is at right 
angles to tha plane CK : therefore FG is also at right angles to the uun* 
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plane (7. a. Sup.). But one plane is 
at right anglea lo another plane when 
the atraighc lines drawn in one of the 
planes, at right angles lo their com- 
mon aection, are also at right angles 
to the other plane (def 2. 2.) ; and 
anjr Blraight line FG in the plane DE, 
which is at right angles to CE, the 
common section of the planes, has been 
proved to be perpendicular to the other 
piano CK ; therefore the plane DE 
IB at right angles to the plans CK. In like manner, it may be proved 
that all the planes which pass through AB are at right angles to the plane 

PROP. XVm. THEOR. 

If two ptana cutting ime tmother be each of ihaa perpendicular lo a third jtbme, 

lAeir common leclion is perpendicular to the tame platte. 

Let the two planes AB, BC be each of them perpendicular to a' third 
plane, anil IID be the common section of the first two ; BD is perpendicular 
to the plane ADC, _ 

From D in the plane ADC, draw DE perpen- 
dicular to AD, and DF lo DC. Because DE is 
perpendicular la AD, the common section of the 
planea AB and ADC ; and because the plane 
AB is at right angles to ADC, D£ is at right 
angles to the plane AB f def 2. 2. Sup ), and there- 
fore also to tho straight line BP in that plane 
{def. 1 . 2, Sup.). For the sanje reason, DF is at 
right angles to DB. Since BD is therefore. at 
right angles to boiti the lines DE and DF, it is 
at right angle* to the plane in which DE and 
DF aie, that is, to the plane ADC (4. 2. Sup.). 



PROP. XIX. THEOR. 



Two ttraighi liaes not in the tame plane being gim 

ttraiglu Has perpendicular to them both. 

Lqt AB and CD be the given lines, which are not in the same plane ; it 
is required to draw a straight line which shall be perpendicular bmh to AB 
and CD. 

In AB take any point E, and through E draw £F parallel to CD, and 
let EG be drawn perpendicnhr lo the plane which passes through £B, 
BF (to. 2. Sup.). Through AB and EG let a plane pass, viz. GK, and let 
this plane meet CD in H ; from H draw HK perpendicular to AB ; and 
HK is the line required. Through H, draw HG parallel to AB. 
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Then, «nca HK and GE, which are in the same plane, are both at right 
angles to the straight lins AB, thej are parallel to one another. And be- 
cauae the lines HG, HD nre paiallel to the lines £6, EF, each to each, 
theplaneGHDisparallelto theplane(13. 2. Sup.) BEF; and therefore 
EG, which IB perpendicular lo the plane BEF, is perpendicular also to the 
plane (Cor. 13. 2. Sup.) GHD. Therefore HK, which is parallel lo GE, 
IS also perpendicular to the plane GHD [7. 2. Sup), and it is therefore per- 
pendicular to HD (def. 1. 3. Sup.), which is in that plane, and it is also 
perpendicular to AB ; therefore HK is drawn perpendicular to the tw» 
given lines, AB and CD. 

PROP. XX. THEOR, 

IfatoHdaagU be omlaiTud by three plane anghs, any two of these mffla are 
gTeattr than the third. 

Let the solid angle at A be contained fay the three plane angles BAG, 
CAD, DAB. Any two of them are greater than the third. 

If the angles BAC, CAD, DAB be aU equal, it k evident that any twi> 
of them are greater than the third. But if they are nOi, let BAC be th^ 
angle which is not leas than either of the other two, and k.greater thaa 
one of them, DAB ; and at the point A in the 
■Craight Une AB, make in the plane which 
passes through BA, AC, the ancle BAE equal 
(Prob, 9. 1.) W> the angle DAB ; and make 
AE eqnal to AD, and through E draw EEC 
cutting AB, AC in the points B, C, and join 
DE, DC. And because DA is equal to AE, 
and AB is common to the two triangles ABD, 
ABE, and also the angle DAB equal to the 
angle EAB; therefore the base DR is equal (1. 1.) to the base BE. And 
becauae BD, DC are greater (13. 1.) than CB, and one of them BD has 
been proved equal lo BE, a part of CB, therefore the olhef DC is greater 
than the remaining part EC. And because DA is equal to AE, and AC 
common, but the base DC greater than the base EC ; therefore tDe. angle- 
DAC is greater (16. 1.) than the angle EAG ; uad, by the oonstruiiUoD, 
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<he nng-Io DAB is e(}ual to the anplo BAE ; wherefbro tha angles DAB, 
DaC are tog^eiher grnaler than BAE, EAC, that is, tbaa the angle BAC. 
But BAC b not leas than either of the angles DAB, DAC; tber^oreBAC, 
wilt eilhei of ihain, is greater than the other. 

PROP. XXI. THEOR. 

The plane attglei which contain any golid angle are together ins Ikanfour 

right angles. 

Let A be a aoliii angle contained by anjr number of plane angles BAC, 

CAD, DAE, EAF, FAB ; these togeiher are jess than.fo'jr rif ht angles. 

Let iho planes which contain the solid angle at A be cut bj anoihei 

flane, and let the section of them bj ilrnt plane be the rectilineal fj^urs 
1CD£F. And because the solid angle at B is contained b; three plan* 
angles CBA, ABP, FBC, of which any two a 

ftre greater (20. 2. Sap.) thi^n the third, the 
angles CBA, ABF are greater than the an- 
gle FBC : For the same reason, the two 
plane angles at each of the points C, D, E, 
F, viz. the angles which are at the bases of 
the triangles having the common vertex Ai 
are greater than tha third angle at ibo same 

glint, which is one of the »nglea of tbe-figure 
CDEF; therefoie all the angles at the 
basea ittitie triangles are together greater 
than all the angles of the figure : and be- 
muse all the angles of the ttiangles sre to- 
gether equal to twice as many right angles as there are trianglea {26. 1,) ; 
that is, aa there are sides in the figure BCDEF ; and because all the an- 
gles of the figure, together with four right angles, are likewise equal to 
twice as many right angles as there are sides in thefgure (26. 1.); there- 
fore all the angles of the triangles are equal to ali ^ne angles of the rectili- 
neal figure, together with four right angles, Bw« all the angles at the baaes 
-of ibe triangles are greater than all the ai>£les of the rectilineal, as has 
been proved. Wherefore, the remaining angles of the triangles, viz. those 
at the vertex, which cantaia the solid ^ngle at A, are leas than four light 
angles. 

Otherwise. 

Let the sum of al> tbo angles at the bases of the triangles =: S ; the 
fiumefali the anj'es of the rectilineal figure BCD£F=2; the sum of the 
plane angles »< A=X, and let R= a right angle. 

Then, b^auae S+X=twice (25. 1.) as many right angles aa there are 
triangl^,' 01^ as there are sides of the rectilineal figure BCDEF, and as 
2 4_<lt is also equal to twice as many right angles as there are sides of the 
\ «inie figure ; therefore S-|-X=Z-(-4R. But because of the three plane 
angles which contaia a solid angle, any two ore greater than the third, 
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S 7 Z ; atid thererore X jl 4R ; that is, the mm of the plane uigla which 
conttiia the solid angle at A is lyaa ttian four right anglee. 

BCHOUUM. 

Itia evident, that vheo any of the angles of the figure BCDEFiaexCe- 
nor, like ihe angle at D, in the an- 
nesed figure, the reasoning in the 
above proposition does not hold, be* 
cause the solid angles at the base 
are not all contained by plane an- 
gles, of which two belong ta the tri- / J) 
angular planes, having theit com- 
mon vertex in A, and the third is an 
interior angle of the rectilineal figure, 

or base. Therefore, it cannot be g (j 

concluded that Sis necessarily great- 
er than 2. This proposition, therefore, is subject to a limitation, which is 
fiuther explained in the notes on this Book. 
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BOOK III. 

OF THE COMPARISON OF SOUDS. 



DEnNITIONS. 



1. A S01.1D ifl that which has length, breadth, and thicknets. 

2. Similar solid figures are aucti aa are contained b^ the tB.me number of 
similar planes mmilailjr situated, and having like inclinaijoDs to one an- 
other. 

8. A pyramid is a aoUd figure contained b; planes that are constituted be- 
Vmxi one plane and a point above it in which they meet. 

4. A prism is a solid figure contained by plane figures, of which two that 
are epposile ars equal, simllari and parallel to one another ; and the ' 
others are parallelograms. 

6. A parallelepiped is a solid figure contained b; ux quadrilateral figures, 
-whereof every opposite two are parallel. 

5. A cube is a solid figure contained by six equal squares. 

7. A sphere is a solid figure described by the revolution of a semicirch 
about a diameter, which remains unmoved. 



9. The centre of a sphere is the same with that of the semicircle. 

10. The diameter of a sphere is any atnught line wl»eh passes through 
tha centre, and is terminated both wa;« ^y the superficies oT the sphsn. 
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11. A cooe ia a Boltd fi^re deacribed by the Tevolution of a right Bng:led 
biaDgle about one of the wdes conlaining the right angle, which aide 
ramuuB fixed. 

12. The axie of a cone ia the fixed straight tine about which the triangie 
levolve*. 

15. The base of a cone is the circle deacribed hy that aide, contumng the 
right angle, which revolvea. 

14. A cjlindpf is a aolid figure described by the revolution of a right an- 
gled paiallelograiQ about one of iu aides, which remains fixed. 

16. The axis of a cylinder is the fixed straight line about which the paral- 
lelogram revolves. 

IB. The bases of a cylinder are the circles described by the two revolving 
oppoute aides of the parallelogram. 

IT. Similar cones and cylinders are those which have their axes, and the 
diameters of theii bases proportionals. 



PROP. I. THEOR. 

If Me toUdt be eontianed by the same namher of equal and simitar pl<mes timi- 
iarly eiiuated, and if . the inclinaiion of afty lieo eorUigvovs planes in the one 
idlid he the same tsich the inclination of tke two ejual, tmd aimHarly siiualtd 
planes in the other, the solids themsd.ves are eqwd and similar. 

Let AG and KQ be two aolids contained bj the aaiji^ number of equal 
and aimilar planes, similarly, situated so that the plane AC is similar aitd 
equal to the plane KM, the plane AF to the plane KP ; BG to LQ, GD 
to aN, DE to NO, and FH to PR. Let also the inclination of the plarw 
' AF tolhe plane AC be the same with that of the plane KP to the plana 
KM, and so of the rest j the solid KQ, is equal and similar to the solid AG. 

Let the soLd KQ be applied to the solid AG, so that the bases KM and 
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AC, which are equal and similar, may cdncide (8. Ax. 1.), the point N 
coinciding with the point D, K with A, L wMi B, and so on; And b»- 
couae the plane KM coincide! with the plane AC, and, by hypothaua, the 
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it mtij be proved that each 
H 



inclinatioQ of KR to KM is the same wMt the iDcUoation of AH to AC, 
the plane 'KR will bo upon the [Jane AH, and willcoincide wilhit, becauM 
they are similar and equal (8. Ax. l.]i ^'^^ because tbeir equal udes KN 
and AD coincide. And in the same manner it ie shewn that the other 
planes of the aolid KQ. coincide with the other planes of the eolid AG, each 
with each : wherefore the solids KQ and AG do wholly coincide, and are 
equal and Bimilai to one another. 

PROP. 11. THEOR. 

If a solid be contained by six plaiKi, lioo and two of wAieh are paralid, the cfpo- 
tite planes are simtlar and eyual parailelogrmu. 

Let the aolid CDGH be contained by the parallel planes AC, OF ; BG, 
CE ; FB, AE : its opposite planes are similar and equal parallelogranu. 

Becauae the two parallel planes BO, CF, are cut by the plane AC, their 
common sections AB, CD are parallel (14. 2. Sup.). Again, because tba 
two parallel planes BF, AE are cut by the plane AC, their common sec- 
tions AD, BC are parallel (14. 2. Sup.) : and AB is parallel to CD ; there- 
fore AC is a parallelo^am. In like manner, i 
of the figures CE, FG, GB, BE, AE is a pa- 
lallelograra ; join AH, DF ; and because AB 
ie parallel to DC, and BH to CF; the two 
straight lines AB, BH, which meet one an- 
other, are parallel to DC and CF, which meet 
one another ; wherefore, though the 6rst two 
are not in the same plane with the other two, 
they contain equal angles (9. 2. Sup.) ; the 
angle ABH is therefore equal to the angle 
.DCF. And because AB, BH, are equal to DC, CF, and the angle ABH 
equal to the angle DCF; therefore the base AH is equal (1. 1.) to the base 
DF, and" the triangle ABH to the triangle DCF: For tbe same reason, 
the triangle AGH is equal to the triangle DEF : and therefore the paTa^ 
leiogram BG is equal and similar to the parallelogram CE. In the eama 
manner, it may be proved, that the parallelogram AC is equal and umilar 
to the parallelogram GF, and the parallelogram AE to BF. 

PROP. ra. THEOR. 

■If a tolid paralkkpiped be cut by a plane parallel to two of il9 appoiiU plana, it 
will be divided into two toUdt, which will ^ to one another as the iatet. 

I«t the solid parallelopiped ABCD be cut by; the fdane EV, which ia 
parallel to the opposite planes AR, HD, and divides tbe whole into the 
solids A&FV, EGCD ; as the base AEFY to tbe base EHCF, so is the 
solid ABFV to the aolid EGCD. 

Produce AH both ways, and take any number of straight lines HM, 
MN, each equal to EH, and any number AK, KL each equal to EA, and 
complete the parallelogranui LO, KY, HQ,, MS, and the solid* LP, KR, 
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HU, MT ; then, becauae the straight lines LK, KA, AE are all equal, and 
alM the straight bnea KO, AY, EF which make equal anglea with LK, 
KA, AE, the parallflogramB LO, KY, AF are equal and similar (30. 1. 
& def. 1. 6.) : and likewise the parailelograma KX, KB, AG ; as atoo 
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(a. 3. Sup.) (he parallelograras LZ, KP, AR, because they are opposits 
planes. For the same reason, the parallelograms EC, HQ,, MS are equal 
(30. 1. & def. 1.6.) ; and the paralltilogrHms HG, HI, IN, as also (2. 3. 
Sup.) HD, MU, NT ; therefore three planes of the solid LP, are equal and 
similar to three planes of the solid KR, as also io three planes of ihe solid 
AV : but the three planes opposite to these three are equal and similaj to 
them (2. 3. Sup.) in the several Bolide ; therefore the solids LP, KR, AV 
are contained b^ equal and aimilar planes. And because Ihe planes LZ, 
KP, AR are parallel, and are cut by the plane W, the inclination of LZ 
to XP is equal to that of KP to PB ; or of AR lo BV (15. 2. Sup.) and 
the same Is true of the other contiguous planes, therefore the solids LP, 
KR, and AV, are equal to one another (1. 3. Sup.). For the same rea- 
son, the three solids, ED, H U, MT are equal to one another j therefore 
what multiple soever the base LF is of the base AF, the same multiple is 
the solid LV of the solid AV ; for the same reason, whatever multiple th« 
base NF is of the base H F, the same multiple is the solid N V of the solid 
ED : And if the base LF be equal lo the base NF, the solid LV ia e^ai 
(1. S. Sup.) to (he solid NV ; and if the base LF be greater (hau the base 
NF, the solid LV ia greater than (he soMd NV : and if less, less. Since 
then there are four magnitudes, viz. the two bases AF, FH, and the iwo 
solids A V, ED, and of the base AFand solid AV, the base LFand solid 
LV are any equimultiples whatever ; and of ihe base FH and solid ED, 
the base FN and solid NV are any equimultiples whatever; and ii has 
been proved, that if the base LF is greater than (he base FN, the solid LV 
it greater than the solid NV; and if equal, equal; and if less, less : There- 
fore (def. 5. 6.) as (be base AF is to the base FH, so is the w&A AV to 
the solid ED, 

Cor. Because (he paftillelogram AF is to the parallelogram FH as YP 
to FC (1. 6.), therefore the solid AV is (o the solid ED as YF to PC. 
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PROP. IV. THEOR. 

^ a aoUd paraUeiopiped benaby a plane passing through lie diagonals of tvo 
of the opposite planes^ ii will be cat into tu>o equal prisms. 

Let AB be a Holid pamUelopiped, and DE, CF tba diagonals of the op- 
posite paralJelograinB AH, GB, viz, those which are drawn betwixt the 
equal angles in each ; and because CD, F£ are each of them parallel to 
GA, though not in the same plane with it, CO, F£ are parallel (8. 2. Sup.) ; 
wherefore the diagonals CF, DE are in the plane in which Iho parall^ 
are, and are thetuHelves parallels (14. 2. Sup.); 
the planeC DEF cuts the solid AB into two equal 
parts. 

Because the triangle COFis equal (34. 1.) 
to the triangle CDF, and the triangle DAE to 
DHE ; and eince the parallelogram CA is equal 
(2. 3. Sup.) and similar to the opposite one BE ; 
and the parallelogram GE to CH : theicfore the 
planes which contain the prisms CAE, CBE, 
are equal and similar, each to each ; and they . 
are also equally inclined to one another, because 
the planes AC, EB are parallel, as also AF and 
BD, and the^ are cut by the plane CE (16. 2, Sup.). Therefore the prism 
CAE is equal to the prism CBE (1, 3. Slip.), and the-eolid ABis cut ijita ' 
two equal priama by the plane CDEF. 

N. B. The insisting straight lines of a parallelopiped, mentioned in tho 
following proposiuons, are the sides of the parailelograma betwixt the Ijiass ■ 
and the plane parallel to it. 

PROP. V. THEOR. , . 

SoUd parallelopipeda t^on the same base, and of the same altitude, the. intitting 
. straight lines of which are terminated in ihe same straight lines in the plana op- 
posite to the base are equal to one another. 

Let the solid parallelopipeds AH, AK be upon the same base AB, and 
ofthe same altitude, and let their insisting straight tines AF, AG, LM, CN 
b^ terminated in the same straight line FN, and let the insiating lines CD, 
C^, BH, BK ba terminated in the same straight iiiw DK ; the solid AH 
is equal to the solid AK. 

Because CH, CK are parallelograms, 06 is equal (34. 1.) to eacli of - 
the opposite sides DH, EK ; wherefore DH is equal to EK : add, or tako- 
away tinfcommon part HE ; then DE is equal to HK : Wherefore also 
\\i$ triangle ODE is equal (32. 1.) to the triaogte BHK ; and the parallel- 
ogram 1X3 is equal (30. 1.) iotbe parallelogram HN. For the same rea- 
son, the triangle AFG is equal to the triangle LMN, and the pareillelograif 
CFjsequal (2. 3. Sup.) to the pftrallelogram BM, and CGf to BN;,-fdr 
they are oppdbite. Therefore the planes which contaili the prism P^G^' ' 
ore eimilai and equal to those wjnch contain the prism HLN, each to each ; 
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aad the coDdgudus planes &re also equally iDclined lo one acoiher (15. 2. 
6up.), because that the paraJlel planea AD and LH, as alao AB and LK 




aie cut bjr the same plane DN : therefore the pnems DAG, HLN are 
equal (1: 3. Sup.)^ If theiefote the prism LNH be taken from the solid, 
of which the bue is the parallelogram AB, and FDKN the plane opposite 
to the base ; and if from this same solid there be taken the prism AGD, 
the remaining solid, viz. the parallelepiped AH ia equal to the remakung^ 
parallelepiped AK. 

PROP. VI. THEOR. 

SoUd paralkiopipeds upon the same base, and of the same altiludts, the insiating 
ib-ieight Sues of which are not terminated in the same straight lines in the plane 
•opposite to the base, are egual to one another. 

Let the paiallelopipeds CM, CN, be upon the same base AB, and of thff 
' same altitude, but their insisting straight lines AF, AG, LM, LN, CD, CE, 
BH, BK, not terminated in the same straight lines ; the solids CM, CN 
are equal to one another. 

Produce FD, MH, and NG, KE, and let them meet one another in the 
points O, P, Q, R ; and join AO, LP, BQ, CR. Because the planea (def. 
6. 3: Sup.). lAHM and ACDF are parallel, and because the plane LBHU 
is that in which ue the parailels LB, MHPQ, [def 5. 3. Sup.), and in whicb 
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aim ia the figure BLPQ ; &nd becauee the plane ACDF ib th&t in which 
are ihe parailels AC, POOR, and in which also ia the figures CAOR ; 
thecefoie the figures BLPQ, CAOB, ace in parallel planes. In like mao- 
oer, because the planes ALNG and CBKE are panUIel, and the plane 
ALNG is that in which are the paraltela AL, OPGN, and in which also 
is the figure ALPO ; and the plane CBKE ia that in which are the paral- 
lels CB, RQEK, and in which also is the figure CEaR ; iherelbie the 
liguies ALPO, CBQR, are in parallel planes. But the planes ACBL, 
ORQP are also parallel ; therefore the solid CP is a parallelopiped. Now 
die solid paraHeloptped CM is equal {6. 2. Sup.] to the solid parallelopiped 
GP, because they are upon the same base, and their insisting straight lines 
AF, AO, CD, CR ; LM, LP, BH, BQ, are temjinated in the same straight 
lines FR, MP ; and the solid CP is equal (5, 2. Sup.) to the solid CN ; 
for thej are upon the same base ACBL, and their insisting straight lines 
AO, AG, LP, LN ; CR, CE, Ba, BK are terminated in the same straight 
lines ON, RK ; Therefore the solid CM is equal to the solid CN, 

PROP. VII. THEOR. 

Solid paralielopipeds, tafach are upon ejTial bases, and a/ (lit tame altitude, are 
egual to one another. 

Let the solid parallclopipcda, AE, CF, be upon equal bases AB, CD, 
and be of the same altitude; the solid AE ia equal to the solid CP. 

Case 1. Let the insisting straight lines be at right angles to the bases 
AB, CD, and lot the bases be placed in the same plane, and so as that the 
sides CL, LB, be in a straight line ; therefore the straight line LM, which 
is at right angles to the plane in which the bases are, in the point L, is 
common (11. 2, Sup.) to the two solids AE, CF ; let the other insisting 
lines of the solids be AG, HK, BE ; DF, OP, CN : and first, let the angle 
ALB be equal to the angle CLD ; then AL, LD are in a straight line (7. 
1.), Pfoduoe OD, HB, and let them meet in Q and complele the solid 
parallelopiped LR, the base of which is the parallelogram LQ, and of 
which LM is one of its insisting straight fines : therefore, because the pa- 
rallelogram AB ia equal to CD, as the base AB is to the base Lft, so is 
(7. 6.) the base CD to the same LQ. : and because the solid parallelopiped 
AR ia cut by the plane LMEB, which is parallel to the opposite planes 
AK, DR ; as tha base AB is to the base LQ,, so is (3. 3. Sup,] the aoM 
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AE to the solid LE r for the same reason becauBo the solid parallelopiped 
CR is cut by the plane LMFD, which is parallel to the opposite planes 
CP, BR ; aa the base CD to the haae IM \ so ia the solid CF to the solid 
LR ; but aa the base AB to the base LQ, so the base CD to the base LQ, 
as has been proved : therefore as the soUd AE to the solid LR, so is the 
Bohd CF to the solid LR ; and therefore the solid AE is equal (9. 6.) lo 
the solid CF. 

But let the solid parallelopipeda, SE, CF be upon equal bases SB, CD, 
and be of the same altitude, and let their insisting straight hnea be at right 
angles to the bases ; and place the bases SB, CD in the same plane, so that 
CL, LB be in a straight hne ; and let the angles SLB, CLD be unequal ; 
the solid SE is also in this case equal to the solid CF. Produce DL, TS 
until they meet in A, and from B draw BH parallel lo DA ; aod let HB, 
OD produced meet in &, and complete the solids AE, LR : therefore the 
aoUd AE, of which the base is the parallelogram LE, and AK the plane 
opposite to it, is equal (5. 3. Sup,] to the soUd SE, of which the ba^ e is LE, 
and SX. the plane opposite ; for they are upon the same base LE, and of 
the same altitude, and their insisting straight lines, viz. LA, LS, BH, BT i 
MG, MU, EK, EX, are in the same straight lines AT, GX : and because 
the paraLelogram AB is equal (29. I.) lo SB, for they are upon the same 
bilse LB, and between the same pacallela LB, AT ; and because the base 
'SB is equal to the base CD; therefore thebaee AB is equal to the base 
CD : but the angle ALB is equal to the angle CLD : therefore, by the 
lirstcase, the solid AE is equal to the solid CF; but the solid AE is equal 
to the solid SE, as was demonstrated : therefore the solid SE is equal to 
the solid CF. 

Case 2. If the insisting suaight lines AO, HE, BE, LM ; CN, BS, 




DP, OP, bo not at right angles to the bases AB, CD ; in this case likewise 
the sohd AE is eqiud to the solid CF. Because solid parallelo^Hpeds on 
the same base, and of the same altitude, are equal (6. 3. Sup.), if two solid 
parallelopipeds be constituted on the bases AB and CD of die same alti- 
tude with the solids AE and CF, and with their insisdng lines perpendicu- 
lar to their bases, they will be equal to the sohda AE and CF ; and, hy the 
first case of this proposition, they will be equal to one another ; wheiefioe, 
the solids AE and CF are also equal. 
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PROP. vm. THEOR. 
S«tid paralieiap^tait wMcA have the tame aUititde, art ie one anetker at thnr 

JjeX AB, CD be aolid parallelopipedB of tho Mune Kltiluda ; they are to 
one another as theii baaes ; that i>, as the base AE to the base CF, so ia 
the solid AB to the solid CD . 

To the Btraight Una FG apply the paraUelognuD FH equal (Cor. Prob. 
16. 1.) to A£, to that the angle FOH be equal to the angle LCO ; and 




complete the solid porallelopiped OK upon the base FH, one of whoM u>- 
nsting lines is FD, whereby the solids CD, GK iDUSt be of the same alti- 
tude. Therefore the solid AB is equal (7. 3. Sup.) tc the solid GK, be- 
cause they are upon equal bases AE, PH, and ore of the same altitude : 
and because &e solid paialielopiped CK is cut by the plane DO which i»- 
parallel to its opposite planes, the base HF is (3. 3. Sup.) to the base FC, 
as the solid HD to the solid DC : But the base HF is equal to the base 
AE, and the solid GK to the soLd AB : therefore, as the bate AE to tho 
base CF, so is the soUd AB to the solid CD. 

Cob. 1 . From this it is manifest, that prisms upon triaagular bases, and 
of the same altitude, are to one another as theii bases. Let the prisms 
BNM, DPG, the bases of which are the trianglea AEM, CFG, have the 
same altitude : complete the parallelograms A£, CF, and the solid paral- 
lelopipeda AB, CD, in the first of which let AN, and is the other let CF 
he one of the insisting lines. And becatisa the solid parallelopipeds AB, 
CD hare the same altitude, they aie to one anodier as the base A£ ia to 
the base CF ; wherefore the prisms, which are their half ea (4. 8. SJp.) 
are to one another, as &e base AE to the base CF ; that is, as the trian- 
gle AEM to the triangle CFG. 

CoH. 2. Also a prism and a parallelopiped, which have the same alti- 
tude, are to one another as Ibeir bases ; that is, the prism BNM it to Ifaa 
paralldopiped CD as the triangle AEM to the parallelogram LG. Tea 
by the last Cor. the prism BNM is to the prism DPG as the tiiangle AME 
to the triangle CGF, and therefore the prism BNM is to twice the prism 
DPG as the triangle AME to twice the triangle CGF (4. b.y, that is, the 
-prism BNM is to the parallelopiped CD as the triangle AME to the ponl- 
telogiGim jiiQ. 
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PROP. IX- THEOR. 

Solid paraildopipedi are ta om anafJier in the ratio that ii eompowtded of the 
ralioi of the aretu 0/ their boMei, and of their altitudes. 

Let AF ftnd OO be two solid paralleloppeds, of which the bases are the 
p&rallelogr&ini AC and GK, &nd the aliiiudes, the perpendiculars let fall 
on the planes of these bases from any point in the opposite planes EF and 
MO; the soDd AF is to the solid GO in a ratio compounded of the ratios 
of the base AC to the base OK, and of the perpendicular on AC, to tha 
peTpendiculai on GK. 

Case 1. When tha insisting lines ore perpendicul&r to the bases AC 
and GK, or when the solids are upright. 

In GM, one of the insisting lines of the solid GO, take GQ equal to AE, 
one of the insisting fines of the solid AF, and through Q let a plane pass 
parallel to the plane GK, meeting the other ioaisting tines of the solid GO 
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in the points R, S and T. It is evident that OS is a solid paxallelopiped 
(def. 6. Z. Sup.) and that it has the same altitude with AF, viz. GQ i» 
AE. Now the sdid AF is to the solid GO in a ratio compounded of the 
tatioa of the solid AF to the solid GS (def. 10. 6.}, and of the solid GS to 
the solid GO ; but the ratio of 6xe solid AF to the solid OS, is (be same 
.with ibxt of the hose AC to the base OK (8. 3. Sup.}, because th«r aid- 
ttides AE and GQ ar« equal ; and the ratio of the solid GS to the solid 
OtX is the same with that of GQ to GM (3. S. Sup.) ; therefoie, the ratio 
vHob is compoondsd of the ratios (tf the solid AF to the soSd GS, and of 
dt* ioiid OS to t^e sofid GO, is the same with the ratio which is compound- 
ed flf the ratios of the base AC to the base GK, and of the altitude AE to 
the altitude GM (P. 5.). But ttie ratio of the sohd AF to the solid GO, is 
tiiat which is compounded of the ratios of AF to GS, and of GS to GO ; 
therefore, the ratio of the solid AF to the solid GO is compounded of the 
nitioB of the baas AC to the base GK, uid of the altitude AE to the Blti» 
(ude GM. 
Com 3. When the insisting lines are not perpendicular to the base*. 
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Let tbe parallelogramB AC and GK be the bttaea as before, and let AE 
and GM be the altiCudcE of two paTctllelopipeds Y and Z on these biwes. 
Then, if the upright parftU^pipeda AF and GO be constituted on tbs 
bases AC and GK, with the altitudes AE and GM, thej will be equal to 
the parallelopipeda Y aod Z.(7. 3. Sup.]. Now, the solids AF and GO, 
by the fint case, ue in the ratio compounded oT the latioa of the base* AC 
and GK, and of the altitudes A& and GM ; therefore also the solids Y 
and Z have to one another a latio that is compounded of tbe same ratios. 

Cob. 1. Hence, two straight lines may be found having tbe same ratio 
with the two parallelopipeds AF and GO. To AB, one of the aides of the 
paralletogram AC, apply the parallelogram BV equal to GK, having an 
angle equal to [he angle BAD (Frob. 15. 1.) ; and as AE to OM, so let 
AVbe to AX (12. 6.), then AD is to AX as the solid AF to tbe solid GO. 
For the ratio of AD to AX is compounded of the ratios (def. 10. 6.) of AD 
to AV, and of AV to AX ; but the ratio of AD to AV is the same with 
that <^ the parallelogram AC to the parallelogram BV*(I. 6.} or GK ; 
and the ratio of AV to AX ia the same with that of A£ to G M ; therefore 
the ratio of AD to AX is compounded of the ratio* of AC to GK, and of 
A£ to GM (E. 5.}. But the ratio of the solid AF to the solid GO is com- 
pounded of the same ratios ; therefore, as AD to AX, so is the solid AF t» 
tlie solid GO. 

Cor. 2. If AF and GO are two parallelopapeds, and if to AB, to th« 
perpendicular from A upon DC, and to the altitude of the paralletopped 
AF, the numbers L, M, N, be proportional ; and if to AB, to GH, to the 
perpendicular from G on LK, and to the altitude of the parallelepiped GO, 
the numbers L, /, m, n, be proportional ; the solid AF is to the solid QO as 
LxMxNto/xmX«- 

For it may he proved, asin thaTthof thelstof the Sup. that LxMx 
Nis to /x^'X" in the ratio compounded of the ratio of LxM to /x^^i and 
of the ratio of N ton. Now the ratio of LxM to iX"* is that of the area 
of the parallelogram AC to that of the parallelogram GK ; and the ratio 
of N to n is the ratio of the altitudes of tbe parallelopipeds,. by hypothesis, 
therefore, the ratio ofLxMxNtoiX'nX''"* compounded of the ratio of 
the areas of the bases, and of the ratio of the altitudes of the parallelopipeds 
AF and GO ; and the ratio of the parallelopipeds themselves is ehewo, in 
this proportion, to be compounded of the same ratios ; therefore it is the 
same with that of the product Lx^X^ to the product ix^Xf^ 

Coa. 3. Hence all prisms are to one another in the ratio compounded of 
the ratios of their bases, and of their attitudes. For every prism is flitiial 
to a paralleloinped of the same altitude with it, artd of an equal base (2. 
Cor. 8. 3. Sup.). 

PROF. X. THEOR. 

SoUd paraiklop^ed», tghieh hone their baset md abUudeB reeiproeaily proper- 
iioiKii, are eqaal ; and paroMopipeds which are egvai, have their baee^ and 
kltilfdet redprocaliy proporlionai. 

Let AG and KQ. be two solid parallelopipeds, of which tbe bases aie 
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AC and KM, and the allitudea AE and KO, and let AC be to KM aa KO 
to AE ; the aolids AG and KQ ars equal. 

Aa the base AC to the boaa KM, bo let the etraight liae KO be lo the 
straight line 8. Then, since AC ia to KM m KO lo S, and also bj hypo- 
theais, AC to KM aa KO to AE, KO haa the same ratio to S that il baa 
toAE(ll. 6.); wherefore AF IB equal to S (9. 6.). But the solid AG is 
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to the solid KQ, in the ratio compounded of the ratioa of AE to KO, and 
of AC to KM (». 3, Sup.), that is, in the ratio compounded of the ratioa of 
AE to KO, and of KO to 8. And the ratio of AE to S ia also compound- 
ed of the same ratioa (def 10. 5.) ; therefore, the solid AG haa to the solid 
Ka the same ratio that AE haa lo S. But AE was proved to he equal 
to S, therefore AO is equal to Ka. 

Again, if the solids AG and Ka be equal, the base AC is to the base 
KM aa the altitude KO to the altitude AE. Take S, so that AC may be 
to KM as KO to S, and it will be ahewn, ae waa done above, (hat the aohd 
AG is to the solid Ka aa AE to S ; now, the solid AO is, by hypotheais, 
equal to the solid Ka : therefore, AE ia equal to S ; but, by conatructlon, 
AC ia to KM, aa KO is to S ; therefore, AC ia to KM as KO to AE. 

CoR. In the aame inanner, it may be demonstrated, that equal priams 
have th«r baaea and altitudes reciprocally proportional, and conversolj. 



PROP. XI. THEOR. 

Simiiar solid paraSelopiptde are lo one another in the triplicate n 
homoiogous tides. 
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Let AG, Ka be two similar paralleloppeds, of which AB and KL are 
'.wo homologous sides ; the ratio of the aohd AO to the solid KQ is tripli- 
cate of the ratio of AB to KL. 

Because the solids are similar, the parallelogram a AF, KB are similar 
(def. 3. 3. Sup.), aa also the parallelograma AH, KR ; therefore, the ratioa 
of AB to KL, of AE to KO, and of AD to KN are all equal (def. 1. 6.). 
But the ratio of the solid AG to the solid KQ is compounded of the ratios 
of AC loKM, and of AE to KO. Now, the ratio of AC to KM, because 
they aifl equiangular parallelograms, ia compounded [23. 6.) at the ratios 
of AB to KL, and of AD to KN. Wherefore, the mtio of AG to Ka is 
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compounded of the three ratios of AB to KL, AD to KN, and AE to KO : 
and ihe three ratios have already been proved to be equal ; therefore, the 
ratio that is compounded of them, viz. the ratio of the Bohd AQ to thn eohd 
KQ, is triplicate of any of them (def. 12. S.]: it is Iberofore triplicate of ihe 
ratio of AB to KL. 

Cor. 1. Ifaa ABtoKL,BoKL to m, and as KL to ffi, so is ni lo n, then 
AB is 10 n as the BoHd AQ to the solid KQ. For the ratio of AB to n ia 
triplicate of the raiio of AB to KL (def. 12. 6.), and is cberetbre equal to 
that of the solid AG to the sohd KQ. 

GoR. 2. As cubed are similar solids, therefore the cube on AB ia to tho 
cube on KL in the triplicate ratio of A B to KL, that is in the same ratio 
with the solid AO, to the solid KQ,. Sknilar solid parallelopipeds are there- 
fore to one another as the cubes on their homologous aides. 

Cor. 3. In the same manner it is' proved, that similar prisms are to one 
another in the triplicate ratio, or in the ratio of the cubes of their homol<^us 
■ides. 

PROP. 511. THEOR. 

1/ [too trianguiar pt/ramids, which have equal batti and aliiiudet, be cut by planet 
that areparaUd to tht batet, and at equal ^tanetafrom iMm, the aecliona are 
egwU to one attotker. 

Let ABCD and EFGH be two p^rramida, having equal bases BDC aod 
FGH,and equ&l altitudes, viz. the perpendiculars AQ, and ES drawn irom 
A and £ upon the planes BDC and FGH : and let them be cut by planes 
parallel to BDC and FGH, and at equal altitudes QR and ST above ihode 
plaries, and lei tho sections bo the trian^os KLM, NOP ; KLM and NOP 
are equal to one another. 

Because the plane A BD cuts the parall^ platlM BDC, KLH, tin com- 
mon sections BD and KM are parallel (14.2. Sup.;. Fcv the same rea- 
son, DC and ML are parallel. Since therefore KM and ML are parallel 
to BD and DC, each to each, though not in the same plane with them, the 
angle KML is equal to the angle BDC (9. 2. Sup.). In like manner the 
other angles of these triangles are proved to be equal : therefore, the trian- 
^es are equiangular, and consequently similar ; and tDe same is true of the 
triangles NOP, FGH. 

Now, ebue the straight lines ARQ, AKB meettbe \KaSA ptaoes BDC 
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ftod KML, thaj are cut by thorn proportionally (16. 2. Sup.}, or Q,R : RA 
: : BK : KA ; and AQ : AR : : AB : AK (IS. 6), for the same leaeon, 
£S : ET : : EF : EN ; therefc«e AB : AK : : £F : EN, because Aa is 
equal to £S, and AR to ET. Again, because the triangles ABC, AKL 
uenmikr, 

AB : AK : : BC : KL ; and for the same reason 

EF : EN : : FQ : NO ; therefore, 

BC : KL : : FG : NO. And, when four straight lines are propw- 
tionala, the umilar figure* described on them are also proportionals (22. 6.) ; 
therefore the triangle BCD is to the triangle KLM as the triangle FGH 
to the triangle NOP ; but the triangles BDC, FGH are equal ; therefore^ 
the triangle KLM is also equal to the triangle NOP (1. S.). 

CoR. 1. Because it has been shewn that the triangle KLM is similar 
to the base BCD ; therefore, any section of a triangular pyramid parallel 
to the baae, ia a triangle similar to the ba^e. And in the same manner it is 
ebewn, that the sections parallel to the base of a polygonal pyramid are 
nmilai to the base. 

, Cob. 3. Hence also, in polygonal pyramids of equal bases and altitudes, 
the sections parallel to the bases, and at equal distances from them, ar» 
equal to one another. 

PROP. Xm. THEOR. 

A leria o/pritmi tfl^ samealHtudenuty bt iMvanamhed aioid aUf pyranud, 
suck t^ the sum of the prisms shall taxed the pyramid hy a goUd leas t/utn 
any given soUd. 

Let ABCD be a p3rramid, and Z* a given solid ; a series of prisms bar- 
ing all the same altitude, may be circumscribed about the pyramid ABCD, 
■o that their sum shall exceed ABCD, by a solid leas than Z. 



* Tk solid Z it DM 



in the figure of ihii, or iha fDllmins 
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Xm, Z be equal to & prism Handing on the same base with the pjramidi 

■viz. the triangle BCD, and havin? for its altitude the perpetidiculax dravni 

from a certain point E in the line AC -^ -y 

upon the plane BCD. It ie evident, that 

CE multiplied bj a certain number ni 

will be greater than AC ; diTide CA into 

as many equal parts as there are unila in 

m, and let thew be CF, FG, GH, HA, 

each of which -will be leu than CE. 

Throtigh each of the poInU F, G, H, let 

planes be made to paw parallel to the 

plane BCD, making with the aides of the 

pyramid the aeclions FPQ, GRS, HTU, 

whicb will be all eimilar to one another, 

and to the baee BCD (1. cor. 12. 3. Sup.). 

From the point B draw in the plane of 

the triangle ABC, the straight line BK 

parallel to GF meeting FP produced in 

K. In like rauiner, from D draw DL pa- 

raUel to CF, meeting FQ in L : Join KL, 

and it is plain, that the solid KBCDLF 

is a prism (def 4. 3. Sup.). By the same 

construction, let the prisms FM, RO, TT 

be described. Alao, let the straight hue IP, which is in the plane of the 

triangle ABC, be produced tilt it meet BC in h ; and let the line MQ be 

produced till it meet DC in g : Join hg ; then hC gQFP is a prism, and is 

«qual to the prism PM(1. Cor. 8. 3. Sup.). In the same manner is describ- 
«d the priam MS equal to the prism RO, and the prism qU equal to the 
priam TV. The sum, therefore, of all the inscribed prisms h^, mS, and 
qU is equal to the sum of the prisms PM, RO and TV, that is, to the sum 
of all the circumscribed prisms except the prism BL ; wherefore, BL is the 
excess of the prism circumscribed about the pyramid. ABCD above the 
prisms inscribed within it. But the prism BL is less than the priam which 
has the triangle BCD for its base, and for its altitude the perpendicular 
from £ upon lbs plane BCD ; and the prism which has BCD for its base, 
«nd the perpendicular from E for its altitude, is by hypothesis equal to the 
given solid Z ; therefore the excess of the circumscribed, above the inscrib- 
ed prisms, is less than the given solid Z. But the excess of the circum- 
scribed prisma above the inscribed is greater than their excess above the 
P3rramid ABCD, because ABCD ie greater than the sum of the inscribed 
prisms. Much more, therefore, is the excess of the circumscribed prisms 
above the pyramid, less than the solid Z. A series of prisms of the same 
altitude haa therefore been circumscribed about the pyramid ABCD, ex- 
ceeding it by a soUd less than Che^ven solid Z. ^^ 

PROP. XIV.' THEOR. 

Pt/ramids that have equal bases and allitudet are equal to one mother. 

Let ABCD, EFGH, be two pyramids that have equal basei BCD, FGI^ 
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and also equal oltitudei, viz. the perpendiculars drawn from the veiticee A 
and £ upon the planes BCD, FQH ; the pyramid ABCD is equal u> the 
pyramid EFGH. 

If they are not equal, let the pyramid EFGH exceed the pyramid ABCD 
by the solid Z. Then, a aeries of prisms of the same aluiude jna.j be de- 
Bcnbed abouu the pyramid ABCD that ^all exceed it, by a solid less than 
Z (18. 3. Sup.) ; lei tbeee be the prismB that have for their bases the trian- 
gles BCD, NftL, ORI, P8M, Divide EH into the same number of equal 
parU inio which AD is divided, via. HT, TU, UV, VE, and through the 




points T, CI and V, let the sections TZW, USX, VtY ba made parallel 
to the baee FGH. The section NQL is equal to the section WZT (12. 
3. Sup.) ; as also ORI to XeU, and PSM to Y*V ; and iberefore also the 
prisma that stand upon the equal sections are equal (1. Cor. 8. 3. Sup.], 
that is, the prism which stands on the base BCD, and which is between 
the planes BCD and NQL, is equal to the prism which elands on the base 
FGH, and which is between the planes FGH and WZT ; and so of the 
rest, because they have the same altitude : wherefore, the sum of all the 
prisms described about the pyramid ABCD is equal to the sum of all those 
deacribed about the pyramid EFGH. But the excess of the prisms de- 
Bcribed about the pyramid ABCD above the pyramid ABCD is less than 
Z [13. 3. Sup.) ; and therefore, the excess of the prism described about 
the pyramid EFGH above the pyramid ABCD is also less than Z. But 
the excess of the pyramid EFGH above the pyramid ABCD is equal to 
Z, by hypothesis, therefore, the pyramid EFGH exceeds the pyramid 
ABCD, more than the priaras described about EFGH exceed the same 
pyramid ABCD. The pyraotld EFGH is therefore greater than the sum 
of the prisms described about it, which is impossible. The pyramids 
ABCD, EFGH, therefore, are not unequal, that is, they are equfu to one 
another. 
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PROP. XV. THEOR. 

Eivery prism having a triangviar bate may be dividtd into three pyrmnidt ihal 
haee triaitguliBr baeea, and thai are tqval to another. 

Let there be a priam of which the base ie the irianRle ABC, and let DEF 
be the triangle opposiie the base : The priam ABCDEF may be divided 
into three ei^uai pvramids having triangular basea. 

Join AE, EC, CD ; and because ABED ia a parallelogram, of which 
AE ia the diameter, the triangle ADE ia equal 
(38. 1.) to the triangle ABE: therefore the pyra- 
mid of which the base is the triangle ADE, and 
vertex the point C, is equal (14. S. Sup.) to the 
pjrainid, of which the base is the triangle ABE, 
and vertex the point C. But the pyramid of 
which the base is the triangle ABE, and vertex 
the point C, that is, the pyramid ABCE te equal 
to the pyramid DEFC (14. 3. Sup.), for they 
have equal baaes, via. the triangles ABC, DEF, 
and the same altitude, viz. the altitude of the 
prism ABCDEF. Therefore the three pyramids 
ADBC, ABEC, DFEC are equal to one another. 
But the pyramids ADEC, ABEC, DFEC make 
up the whole prism ABCDEF ; therefore, the 
prisD) ABCDEF is divided into three equal pyra- 




CoR. 1. From this it is manifest, that every pyramid is the third part 
of a priam which has the same base, and the same altitude with it \ for if 
the l^ae of the prism be any other Gguie than a triangle, it may be divided 
into prisms having rriangular bases. 

Cor, 2. Pyramids of equal altitudes are to one another as their bases ; 
because the prisma upon the same bases, and of the same altitude, are (1. 
C«. 38. Sup.) to one another as their bases. 

PROP. XVI. THEOR. 

If from tmy point in the circun^ereace of the base of a cylinder, a ttraighl Une 
be drawn perpendicular to the piaiK of tht base, it will be tehoUy t'n the eylindric 
superficies. 

Let ABCD be a cylinder of which the base is the circle AEB, DFC 
the circle opposite to the base, and OH the axis ; from E, any point in the 
circumference AEB, let EF be drawn perpendicular to (he plane of the 
circle AEB ; the straight line EF ie in ihe superficies of the cylinder. 

Let F be the point in which EF meets the plane DFC opposite to the 
base; join EG and FH; and let AGHD be the rectangle (U.def. 3. Sup.) 
by the revolution of which the cylinder ABCD is described. 
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Nov, becaiue GH is at right ang'lee to GA, 
the straight line, which by its revolution describes 
the circle AEB, it is al right angloH to (til the 
straight hnes in the plane of that circle which 
meet it in G, and it is tberefbre at right angles 
to the plane of the circle ABB. fiut EF is at 
right angles to the same plane ; therefore, EF 
and GHare parallel (6. 2. Sup.) ind in Iheeame 
plane. And since the plane through GH and 
£P cuU the> paraUel planes AEB, DFC, in the 
str&ight lines EG and PH, EG is parallel to FH 
(14. 2. Sup.). The figure EGHF is therefore 
a parallelogram, and it has the angle EGH a 
light angle, therefore it is a rectangle, and is 
equal to the rectangle AH, because EG is equal 
to AG. Therefore, when in the revolution of the 
rectangle AH, the straight line AG coincides with EG, the two rectangles 
AH and EH will coincide, and the straight line AD wUl coincide with the 
straight line EF. But AD is always in the superficies of the cylinder, 
for it describes that superlicies j therefore, EF la also in the superficisB of 
the cjliDder. 

PROP. XVII. THEOR. 

J eyUtuier and a parallelopiptd hamng egual bases and altitudes, are equal to one 
another. 

Let ABCD be a cylinder, and EF a parallelopiped having equal bases, 
viz^ the circle AGB and the parallelogram EH, and having also equal al' 
tiludes ; the cylinder ABCD is equal to the parallelepiped EF. 
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If not, let them be unequal ; and first, let the cylinder be less than the 
|ianU*lopiped £F \ and from the parallelopiped EF let thei* be cut off a 
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part EQ hy n plane PQ parallel to NF, equal to the cylinder ABCD. In 
the circle AGB inscribe the polygon AGKBLM that shall differ from the 
circle by a space less than the parallelogran) PH (Cor. 1. 4. 1. Sup.), and 
cut off from the parallelogram EH, a part OR equal to the polygoa 
AGKBLM. The point R will fall between P and N. On the polygon 
AOKBLM let an upright prism AGBCD be constituted of the same ald- 
tude with the cylinder, which will therefore be less than the cylinder, be- 
cause it is within it (16. 3. Sup.) ; and if through the point R a plane B^ 
parallel to NF be made to paas, it will cut off the parallelopiped ES equal 
(2. Cor. 8. 3. Sup.) to the prism AGBC, because its base is equal to that 
of tbe prism, and its aliitude is the same. But the prism AGBC is less 
than the cylinder ABCD, and the cylinder ABCD is equal to the parallel- 
opiped EQ, by hypothesis ; therefore, ES is less than E<^, and it is also 
greater, which is impoistble. The cylinder ABCD, therefore, is not leas 
tb&Q the pf.rallelopiped EF ; and in the eame roanner, it may be shewn 
not to be greater than EF. 

PROP. XVin. THEOR. 

If a cons and eyhniler have Ihs tame base and Ihe iomt aititude, the cone is tie 
thirdpart oftke cylinder. 

Let the cone ABCD, and the cylinder EFKG have the same base, viz. 
the circle BCD, and tbe same altitude, viz. the perpendicular from the 
point A upon tbe plane BC D, the cone A BCD is the third part of the cylin- 
der BFKG. 

If not, let the cone ABCD be the third part of another cylinder LMNO, 
having the same altitude with the cylinder BFKG, but let the bftiea BCD 
and LIM be unequal ; and first, let BCD be greater than LIM. 
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Then, because the circle BC D is greater than the circle LIM, a polygon 
may be inscribed in BCD, that shall differ from it less than LIM does (4. 
1. Sup.), and which, therefore, will be greater than LIM. Let this be the 
polygon BECFD ; and upon BECFD, let there be constituted the pyra^ 
mid ABECFD, and the prism BCFKHG. 
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Soa SUPPLEMENT TO THE ELEMENTS 

Bec<vuse the polygon BECFD is greater than the circle LIM, (&e pcism 
BCFKHO is greater than the cylinder LMNO, for they have the same 
altitude, but the prism has the greater base. But the pyramid ABECFD 
is the third part of the prism (15. 3, Sup.) BCFKHG, therefore it is great- 
er than the third part of the cylinder LMNO. Now, the cone ABECFD 
is, by hypoihesia, the third part of the cyiindet LMNO, therefore the pyt»- 
mid ABECFD is greater Ihan the cone ABCD, and it is also less, because 
it IB inscribed in the cone, which ieirDpoasible. Therefore, the cone ABCD 
is not less than the third part of the cylinder BFKG : And in the ssoie 
manner, by circumscribing a polygon about the circle BCD, it may be 
shewn that the cone ABCD is not greater than the third part of the cylin- 
der BFKO \ therefore, it is equal to the third part of that cylinder. 

PROP. XIX. THEOR. ,, 

y a hemitphere and a cone h<a>e ejuai basei and allUudei, a tenee of cyUndtrt 
may he inscribed in Ike hemisphere, and another seriet may be described abotU 
the cone, having all the same aliitadet loiih one another, and luch that their svm 
shall differ from the sum of the hemisphere, and the cone, by a solid less thaa 
any given sokd. 

Let ADB be a semicircle of which ihe centre is C, aud let CD be at right 
angles [a KM; let DBand DA be squares described on DC, draw CE, 
and let the figure thus constructed revolve about DC : then, the seciar 
BCD, which is the half of the semicircle ADB, will describe a hemisphero 
having C for its centre (7. def. 'A. Sup.), and the triangle CDE will describe 
a cone, having its vertex to C, and having for its base the circle (11. def. 
3. Slip.) described by DE, equal to that described by BC, which is the bass 
of the hemisphere. Let W be any given solid. A series of cyhnders may 
be inscribed in the hemisphere ADB, and another described about theconv 
ECI, so chat [heir sum shall differ from the sum of the hemiaphere and 
the cone, by a solid less than the solid W. 

Upon the base of lbs hemisphere let a cylinder be conslituted equal to 
W, and let its altitude be CX. Divide CD into such a number of equal 
parts, that each of them sbali be tees than CX ; let these beCH,HG,GP, 
and FD. Through the pointn F, G, H, draw FN, GO HP parallel to 
CB, meeting the circle in the points K, L and M ; and the straight line 
CE in the points Q, R and S. From the points K, L, M draw Kf, Lg, 
Mb, perpendicular to GO, HP and CB j and from Q, R, and S, draw Gq, 
Rr, Ss, perpendicular to the same lines. It is evident, that the figure being 
thus constructed, if the whole revolve about CD, the rectangles Ff, Gg, Hh 
will describe cylinders [14. def. 3. Sup.) that will be circumscribed by the 
hemispheres BDA ; and the rectangles DN, Fq, Gr, Hs, will also describe 
cylinders that will circumscribe the cone ICE. Now, it may be demon- 
strated, as was done of the prisms inscribed in a pyramid (13. 3. Sup.), 
thai the sum of all the cylinders described within the hemisphere, is ex- 
ceeded by the hemisphere by a solid less than the cylinder generated by 
the rectangle HB, that ia, by a solid less than W, for the cylinder generatt^ 
by HB is leas than W. In the same manner, it m^ be demonstrated, 
that th« sum of the cylinders circumscribing the cone ICE is greater than 
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the cone by a solid lees than the cylinder generated by the rectangle DN, 
that is, by a solid lei* ihtin W. Tlierefore, eitice the Biim of the cylinders 
inscribed in the hemisphere, together with a. solid lees than W, is equal (o 
the hemisphere ; anH, since the sum of the cylinders described about the 
cone is equal (o the cone logeiher with a solid less than W ; adding equals 
to equals, the sum of alt these cylinders, together with a solid less ibun W, 
is equal to the sum of Ihe hemisphere and the cone together with a solid 
lesa than W. Therefore, the difference between the whole of the cylin- 
ders and the sum of the hemisphere and the cone, is equal to the difference 
of two solids, which are each of them less than W ; but this difference 
must also be less than W, therefore the difference between the [wo serien 
of cylinders and the sum of the hemisphere and cone is less (tnin the given 
Bolid W. 



PROP, XX. THEOR. 

The Bam things being svppoted as in the last propoeilion, Ihe sum of oil 'the 
cyliaders inscribed in the hemisphere, and described about theeone, is egual to 
acylinder, having the same base and aliitude with (he hemisphere. 

l>et thehg^ieBCD be. constructed aa before, and supposed to revolve 
about CD ; the cylinders inscribed in the hemisphere, that is, the cylinders 
described by ihe revolution of the rectangles Hh, Gg, Ff, together with • 
those described.about theeone, that is, the cyhnders described by the revo- 
lution of the rectangles Hs, Gr, Fq, and DN are equal to the cylinder de- 
scribed by the revolution of the rectangle D6. 

Let L be the point in which GO meets the circle ADB, then, because 
CGL is a right angle if CL be joined, the circles described with the dis- 
tances CG and .GL are equal to the circle described with the distance CL 
(2. Cor. 6. 1. Sup,) or GO; now, CG is equal lo GR, because CD is equal 
to DE, and therefore also, the circles described with the distances GR and 
GL are together equal to the circle described with the distance GO, that 
is, the circles described by the revolution of GR and GL about the point 
G, are together equal to the circle described by the revolution of GO about 
the same point G ; therefore also, the cylinders that stand upon the two 
first of these circles, having the common altitudes GH, are equal to the 
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cylinder which Bland B on th« lenutininf; circle, and which hfta the samff 
altitude GH. Tbe cjliodera describeit by rlie reveliition of ihe rectangles 
Gg, and Gr are iberefere eqjiel to ihe cyRnder described by the rectangle 
O^. And AS The same- may be shewn of all the met, therefore the cylin- 
ders dcBCribed by the reelanglee Bh, Gg, Ff, and by the recranglee Ha, Or, 
Fq, DN, are together equal to the cylinder described by DB, tJiMC is, to ititf 
cylinder haviDg the earns base and aliiiude with the beioispbere. 

PROF. XXr. THEOR. 

Every sphere is Iwo-lhirds of the drcttmsaihing cylinder. 

Let ihe figure be constructed as in the two Inst jiroposiliona, and if thff 
IiBcnisphere described by BOC be not equal to iwo-ihirds of ihe cylinder 
described by BD, let it be greater by the solid W, Then,a8 the cone de- 
scribed by CDE IB one-third of the cylinder (18. 3. Si]}>.) deaenbed by BD, 
the cone and the hemisphere together will exceed the cylinder by W. But 




K C~ 

that cylinder is equal to the sum of all the cylinders described by the recC' 
angles Hh, Gg, Ff, Hs, Gr, Fq, DN (20. 3. Sup.) ; tberefoie the hemiBphere 
and the cone added ti^ther exceed the Bum of all tbestr cylinders by the 
given solid W, which is absurd ; for it has been shewn (19. 3. ^np.), that 
SiB hemiaphere and the cone together differ from the sum of tl^ cylinders 
by a solid less than W, The benHsphere is therefore equal to two-thirds 
.of the cylinder described by the rectangle BD ; and therefore the wbotfr 
sphere ie equal to two-lbirds of the cylinder described by twice the roctai^' 
gle SD, tl^t is, to tvo-lbiids o£ the circumscribing cylmder. 
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PLANE TRIGONOMETRY. 



Trigonometry is the applicalion of Arithmetic to Geometry : or, more 
precisely, it is the nppliciition of number lo express the relaiions of the Bides 
and angles of triangles to one another. It therefore neceBsariiy supposes 
the elementary operaiions of ariihmetic to be understood, and it borrows 
from that science several of th« signs or characters which peculiarly belong 
toil. 

TheelemenlsofPlaneTrigonomelrjijMlaid down here, are divided into 
three sections: the firitt explains the principlfe ; the second delivers the 
roles of calculation; the third coniaina the conslruciiou of tngonoineirical 
tables, together with the invt^atigHMonof B0n:ie Theorems, useful for extend- 
ing trigonomeuy to the solution of the moie difficult piob^ms. 



SECTION L 



^n angle at the centre of a drcle it to few right angles at the are on wAioh it 
Hands is to the whole drcutnferettce. 

Let ABC be an angle at the centre of the circle ACF, standing on the 
circumference AC : the angle ABC is to four right angles as the arc AC 
to the whole circumference ACF. 

Produce AB till it meet the circle 
in.G, anil draw DBF perpendicular to 
AE. 

Then, because ABC, ABD are two 
angles at ibe centre oflhe circle ACF, 
the angle ABC is to the an-rle ABD as 
the arc AC to the arc AD, (3S. 6.); 
and therefore aleo, the angle ABC ia to 
four dines th» angle ABD as the arc 
AC tofourtimestheare AD(4. 5.). 

But ABD is a right angle, and ihere- 
for? fooi limes tha arc AD is ei^ual to 
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the whole circumference ACF ; therefore the angle ABC ii to four right 
angle* u the arc AC to the whole circumference ACF. 

Cor. Equal angles at the centres of different circles elanil on arcs which 
have the same raiio to their circumferences. For, if the angle ABC, at 
the centre of the circles, ACE, GHK, stand on the arcs AC, GK, AC is 
to the whole circumference of the circle ACE, aa the angle ABC to four 
right angles ; and the arc HG is to the whole circumference of the circle 
OHK in the sams ratio. 



DEFINITIONS. 



1. If two straight lines intersecl one another in the centre of a circle, the 
arc of the circumference intercepted between them is called the Measure 
of the angle which they contain. Thus the arc AC u the measure of 
the angle ABO. 

2. If the circumference of a circle be divided into 360 equal parts, each of 
these parts is called a Degree ; and if a degree be divided into 60 equal 
parts, each of these is called a Minute • and if a minute be divided into 
60eqi]alpari8,eachof them is called a Seeontf, and soon. And as many 
degrees, minutes, seconds, &c. as are in any arc, so many degrees,^ mi- 
nutes, seconds, &v. are said to be in the angle measured by that arc. 

Cor. 1. Any arc is to the whole circumference of which it is a part, as 
the number of degrees, and parts of a degree contained in it is to ths 
number 360. And any angle is to four right angles as the number of 
degrees and parts of a degree in ^e arc, which is the measure of that 
angle, is to 360. - 

Cor. 2. Hence also, the arcs which measure the same angle, whatever 
be the radii with which tbey are described, contain the same number aS 
degrees, and parts of a degree. For the number of degrees and parts of 
a degree contained in each of these arcs has the same ratio to the num- 
ber 360, that the angle which they measure has bo four right angles 
(Cor. Lsm. 1 .}. 

The degrees, minutes, seconds, &c. contained in any arc or angle, are 
usually written as in this example, 49°. 36'. 24". 42"' ; that is, 49 de> 
girees, 36 minutes, 24 seconds, and 42 thirds. 

B. Two angles, which are together equal to two right angles, or two arcs 
which are together equal to a semickcle, are called the Suippkmenu of 
one another. 

-4. A atnught line CD drawn through C, one of the sxtremilies <rf the am 
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AC, perpendicular to ibe (liametet 
passing through the other extremity 
A, is callerf the Sine of the arc AC, 
or or the angle ABC, of which AC ia 
ttfe measure. 

Cor. 1. The sine of a quadrant, or of Fj 
a right ungle, is equal to the radius. 

Cor. 2. Tbe eine of an arc ia half ibe 

chord of twice that arc : ibis is evi- , 

dent by producing the sine of any *■ 
arc till it cut the circumference. 



6. The segment DA of the diameter passing through A, one extremity of 
the arc AC, between the sine CD and the point A, is called the Feried 
sine of the arc AC, or of the angle ABC. 

6. A straight line AE touching the circle at A, one extremity of the arc 
AC, and meeting the diaraeier BC, which passes through C the other 
extremity, is called the Tang-ent of the aic AC, or of the angle ABC. 

Cob. Th« tangent of half a right angle i* equal to the radius. 

T. The straight line BE, between the centre and the extremity of the IftD- 
gent AE is called the Secant of the arc AC, or of the angle ABC. 

Cor. to Def. 4, 6, 7, the sine, tangent and secant of any angle ABC, ai« 
likewise. the sine, tangent, and secant of its BUpplement OBF. 

It is manifest, from Def 4. that CD ia the sine of the angle CBF. Let 
CB be produced till it meet the circle again in I ; and it is also manifest, 
that AE is the tangent, and BE the secant, of the angle ABI, oi CBF, 
from Def. 6. 7. 

Coa. to Def 4, 5, 6, 7. The sine, versed sine, tangent, and secant of an 
. arci which is the measure of any gi- 
ven angle ABC, is to the eine, versed 
eine, tangent and secant, of any other 
arc which is the measure of ibe same 
angle, as the radius of the £rat arc is 
to the radiuB of the second. 

Let AC, MN be measures of Ibe angle 

ABC, according to Def. 1. : CB the „* - ■ , ., 

mne, DA the versed Bine. AE the OMP 

tangent, and BE the secant of the arc AC, according to Def. 4,5,6,7; 
NO the sine, OM the versed sine, MP the tangent, and BP the secant 
of the arch MN, according to the same definitions. Since CD, NO, AE, 
MP are parallel, CD ; NO : : red. CB : rad. NB, and AE ; MP ; : rad. 
AB ; rad. BM, also BE : BP : : AB ; BM ; likewUe because BC : BD 
.' : BN : BO, that is, BA : BD : : BM : BO, by conversion and alterna- 
tion, AD : MO : : AB : MB. Hence the corollary is manifest. And 
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therefore, if tables be constructed, exhibiting in numbers the eines, tan- 
genta, secants, and versed sinea of certain angles to a given radius, ibey 
will exhibit the ratios of ihe aines, langenta, &.c. of the same angles to 
an J radius whar soever. 
In such tables, which are called Trigonometrical Tables, the radius ia either 
supposed 1, or some in the series 10, 100, 1000, &c. The use and con- 
struction of these tables are about to be explained. 

8. The difference betwefin any angle 
and a right angle, or between any 
arc and a quariranr, is called the 
Complement of that angle, or of that 
arc. Thus, if BH be perppndicular 
to AB, the anglo CBH is the com- 

, plement of the angle ABC, and the 
arc HC the complement of AC ; 
also, the complement of the obtuse 
angle FBC is the angle H(tC, its 
excesa above a right angle ; and 
the complement of the arc FC is 
HC. 

9. The sine, tangent, or aecant of the complement of any angle ia called 
the Coaini, ColangenI, or Cosecant of that angle. I'hus, let CL or DB, 
■which is equal to CL, be the sine of the angle CBH ; HK the tangent, 
■and BK the secant of the same angle : CL or BD is the cosine, UK the 
cotangent, and BK the cosecant of the angle ABC. 

Con. 1. The radius is a mean proportional between the tangent and the 
cotangent of any angle ABC ; that ia, lan. ABCxcQt. ABC=R*. 

For, since HK, BA are parallel, the angles HBK, ABC are equal, and 
KHB.BAE are light angles; therefore the triangles BAE, KHBare 
similar, and therefore AE is to AB, as BH or BA to HK. 

Cor. 2. The radius is a mean propordonal between the cosine and secant 
of any angle ABC; or 
COS. ABC xsec. ABC=R'. 

Since CD, AE are paraUel, BD is to BC or BA, as BA to BE. 

PROP. r. 

• In a right angled plane triangle, as the hypotmase to either of the sides, so tke 
radius to the sine of the angle opposite to thai side ; and as either of the tides 
is to iKe other side, so is Ihe radius to the tangent of the angle opposite to that 
side. 

Let ABC' be ii right angled plane triangle, of which E!C is the hypote- 
nuse. From the centre C, with any radius CD, describe the arc DE; 
draw DF at right angles to CE, and from E draw EG touching the circle 
in E, and meeiing CB in Q ; DF is the sine, and EG thR tangent of tb« 
uc DE, or of the angle C. 
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equiangular, because the angles 




The two triangles DFC, BAC, 
DFC, BAC are right angles, and the 
angle at C is coramoa. Therefore, 
CB : BA : : CD : DF ; but CD is 
the radius, and DP the sine of the 
angle C, (Def. 4.); therefore CB: 
BA : : R : sin. a 

Also, because EG touches the cir- 
cle in E, CEG ia a right angle, and 
therefore equal to the angle BAG ; 
and since the angle at C is commoa 
to the triangles CBA, CGE, these triangles are equiangular, wherefore 
CA : AB : : CE : EG ; but CE is the radius, and EG the tangent of the 
angle C j therefore, CA : AB ; : R : tan C. 

Cor. 1. As the radius to the secant of the angle C, so is the side adja- 
cent to that angle to the hypotenuse. For CG is the secant of the angl« 
G (def. 7.), and the triangles CGE, CBA being equiangular, CA : CB : : 
CE ; CG, that is, CA : CB : : R : sec. C. 

Cor. 2. If the analogies in this proposition, and in the above corollary 
be arithmeticallv expressed, making the radius = 1, they give sin. C = 

ATI ^g 20 

; tan. C = -i-p;, sec, C=-j-yT. Also, since sin. C=coB. B, because B 



BC 



-AC'- 



-AC 



and for the same reason, cos. C = 



a drawn from any of the 
A 



is the complement of C, cob. B : 

AC 

BC 

OoR. 3. In ever; triangle, if a perpendicular 
an^es on the opposite side, the segments of 
that side are to one another as the tangents of 
the parts into which the opposite angle is di- 
vided by the perpendicular. For, if in the tri- 
angle ABC, AD be drawn perpendicular to 
the base BC, each of the triangles CAD, ABD 
beingright angled, AD : DC : ; R : tan. CAD, 
and AD : DB : : R : tan. DAB ; therefore, ex 
roquo, DC : DB : L tan. CAD : tan. BAD. 

SCHOLIUM. 

The proposition, just demonstrated, is most easily remembered, by stating 
it thus : If in a right angled triangle the hypotenuse be made the radius, 
the aides become the sines of the opposite angles ; and if one of the sides be 
made the radius, the other side becomes the tangent of the opposite angle, 
and the hypotenuse the secant of it. 
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PROP. 11. THEOR, 



The sides o/aplane triangle a. 



angles. 



\e mother u the sines of the opposite. 



From A an; angls in the triangle ABC, 
let AD be dr&wn perpendicukr to BO. 
And because the triangle ABD is light 
angled at D, AB : AD : : B : sia. B ; and 
for the same reason, AG : AD : : R : 
sin. C, and inversely, AD r AC : : sin. 
C : R ; therefore, ex Eequo inversely, AB 
: AC : : lin. C : ein. B. In the Mme 
mannsr it may be demonstrated, that AB 
: BG : : Bin. : sin. A. 



PROP. HI. THEOR. 




The sum of the sines of any two arcs of a circle, is to tie difference of their 
sines, as the tangent af ha^ the stm of the arcs to the tangent of half their 
- difference. 

Let AB, AC be two arcs of a circle ABCD ; let E be the centre, and 
AEG the diameter which passee through A ; sin. AC+sin. AB : sin AC 
-sin. AB : : tan. i (AC+AB) : tan i (AC-AB). 

Draw BF parallel to AG, meeting the circle again in F. Draw BH 
and CL perpendicular to AE, and they will be the sines of the arcs AB 
and AC ; produce CL till it meet the circle again in D ; join DF, FC, DE, 
EB, EC, DB. 

Now, Mnce EL from the centre is perpendicular to CD, it bisects the 
line CD in L and the arc GAD in A : 
DL is therefore equal to LB, or to the 
sine of the arc AC ; and BH or LK 
being the sine of AB, DK is the sum 
of the sines of the area AC and AB, 
andCKia the difference of their sines; 
DAB also is the sum of the arcs AC 
and AB, because AD is equal to AC, 
and BC is their difference. Now, in 
the triangle DFC, because FK is per- 
pendicular to DC, (3. cor. 1.), DK : 
KC : : lan. DFK ; tan. CFK ; but 
tan. DFK=tan. ^ arc. BD, because 
the angle DFK (30. 3.) is the half of DEB, and therefore measured by 
half the arc DB. For the aamereason, tan. CFK=tan. + arc BC; and 
consequently, DK : KC : : tan. i arc. BD : tan. i arc. BC. But DK is 
the sum of the sines of the arcs AB and AC ; and KC is the difference of 
the sinas ; also BD ia the sum of the arce AB and AC, and BC the diffe- 
rence of those area. 
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Cor. 1. Becauae EL is the cosine of AC, and EH of AB, FK is the 
aum of these cosines, and KB their differenc« ; for FK — ^ FB+EL=EH 
4-EL, and KB=LH=EH~EL. Now, FK : KB ; : tan. FDK ; tan. 
BDK ; and tan, DFK=cotan. FDK, because DFK is the complement 
of FDK ; therefore, FK ; KB : : cotan. DFK : tan. BDK, that is, FK : 
KB ; : cotan. J arc. DB r tan. ^ arc. BC. The sum of the cosinea of two 
arcs is therefore to the difference of the same cosines as the cotangent of 
half the sum of the arcs to Che tangent of half their dllFerence. 

Cor. 2. In the right angled triangle FKD, FK : KD : : R : ton. DFK ; 
Now FK=cos, AB+coa-AG, KD=sin. AB-f ain, AC.and tan. DFK = 
tan. -J (AB+AC), therefore cos, AB+coa. AC : sin. AB+sin. AC : : R : 
tan. i (AB+AC). 

In the same manner, by help of the triangle FKC, it may be shewn that 
COS. AB+COH. AC : sin. AC— ain. AB : ; R ; tan. i^ (AC-AB). 

Cor, 3, If the two arcs AB and AC be together equal to 90°, the tan- 
gent of half their sum, that is, of 46°, ia equal to the radius. And the arc 
EC being the excess of DC above DB, or above 90°, the half of the wo 
BC will be equal to the excess of the half of DC above the half of DB, that 
is, to the excess of AC above 45° ; therefore, when the sum of two area is 
90°, the- sum of the aines of those arcs is to their difference as the radius to 
the tangent of the difference between either of them and 45°. 

PROP. IV. THEOR. 

Tie Bum of any two siJes of a triangle w te their difference, at lAe tangaU of 
half the sum of the angles oppoaite to those aides, to the tangent of hdf thar 
^ffertnce. 

Let ABC be any plane triangle ; 
CA+AB ; CA- AB : : Un. } (B+C) : tan. \ (B— C). 
For (2.) CA : AB : : sin. B : sin. C ; 
«nd therefore (E. 6.) 

CA+AB : CA-AB : : sin. B+sin. C : ain. B-sin. C. 
But, by the last, ain. B+ain. G : sin. B— sio. C : : 
ttn i (B4-C) : tan i (B-C) ; therefwe also, (11. 5.) 
€A-{-AB ; CA— AB i : tan j- (B+C) : tan i (B-CJ. 
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Otherwise, without the 3d. 



Let ABC be a triangle ; the sum af AB and AC any tvo sides, is t* th 
difference of A Band AC as the tangent of half the sum of the angles ACB 
and ADC, to the tangent of half their difference. 

About ibe centre A with the radius AB, the greater of the two eidea, de- 
Bciibc a circle meeting BC pioduced in D, and AC produced in E and F. 
Join DA, EB, FB ; and draw FG parallel to CB. meeting EB in G. 



"1 



Because the exterior angle EA6 is equal to the two interior ABC, ACB 
(25, 1.) : and the angle EFB, at the circumference is equal to half the an- 
gle RAB at the centre (20. 3.) ; therefore EFB ie half the sum of the an- 
gles opposite to the sides AB and AC. 

Again, the exterior angle ACB is equal to the two interior CAD, ADC, 
aod therefore CAD is the difference of the angles ACB, ADC, that is, of 
ACB, ABC for ABC ia equal to ADC. Wherefore aUo DBF, which is 
the half of CAD, or BFG, which ia equal to DBF, is half the difference of 
the angles opposite to the sides AB, AC. 

Nov because the angle FBE, in a semicircle is a right angle, BE is the 
tangent of the angle EFB, and BG the tangent of the angle BFG to the 
radius FB ; and BE ia therefore to BG as the tangent of half the sum of 
the angles ACB, ABC to the tangent of half their difference. Also CE is 
the sum of the sides of the triangle ABC, and CF their difference ; and be- 
cause BC is parallel to FG, CE l CF : : BE : BG, (2. 6.) that is, the sum 
of the two aides of the triangle ABC is to their difference as the tangent of 
half the sum of the angles oppoaite to those sides to the tangent of half 
their difference. 
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PROP. V. THEOR. 



If a perpendicular be drawn Jrom any angle of a triangle to the opposite tide, or 
base ; the sum of the segments of the base is to^ke sum of the other Iwostdea 
of the triangle as the difference of those aidee to the difference of the segments 
of the base. 

For (K. 6.), the recl&ngle under the sum and difference of the segments 
of the base is equal to the rectangle under the sum and difference of the 
rides, and therefore (16. 6.) the aum of the segments of the base is to the 
sum of the sides as the difference of the sides to the difference of the seg- 
ments of the base. 



PROP. VI. THEOR. 

In any triangle, twice the rectangle contairted by any two sides is to the difference 
between the sum of the squares of those sides, and the square of the base, as 
the radius to the cosine of the angle included by the two sides. 

Let ABC be any triangle, 2AB.BC ia 
to the difference between AB'--|-BC' and 
AC as radius to cos. B. 

From A draw AD perpendicular to 
EC, and (11. and 12.2.) the difference 
between the sum of the squares of AB and 
BC, and the square on AC ia equal to 
2BC.BD. 

But BC.BA : BC.BD ; : BA : BD : ; 
R : coe. B, therefore also 2BC.BA : 2BC. 
BD : : R : cos. B. Now 3BC.BD is 
and A C, therefore twice the rectangle 
AB.BC is to the difference between 
AB"+BC, and AC as radiiM to the 
coaine of B. 

Cor. If the radius =1,BD=BA 
XcoB. B, ( 1 .), and 2BC.B A xcos. B 
=2BC.BD, and therefore when B is 
acute, 2BC.BA xcos. B=BC'+BA' 
— AC, and adding AC" to both; AC 
+2 CO.. BxBC.BA=BC + BA"i 
and taking 2 cos. BxBC.BA from both, AC=BC— 2 cos. BxBCJBA 
-}-BA'. Wherefore AC=*^/[BC— 2 cos. BxBC.BA+BA'). 

If B is an obtuse angle, it ia sh ewn in the saioe way Chat AC = 
^/ (BC+2 coe. BxBC.BA+BA'). 
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PROP. Til. THEOR. 



Fovr tinui the rectangle toitiatned by any two tides of a triangle, it to the reel- 
angle contained by two straight lines, ofwkieA one is the base or third side of 
the triangle increased by the difference of the ttao sides, and the other the base 
diminished hy the difference of the same sides, as the sguart of the radius to 
the sguare of the sine of half ihe angle included between the two sides of the 



Let ABC be a triangle of which BC is the base, and AB the greater of 
thatwOBidea; 4ARAC : (BC+(AB-AC))x{BC-(AB— AC)) :: R' 
: (sin. -J BAC)*. 

Produce the wde AC to D,so that AD=AB; join ED, and draw AE, 




CF at right angles to it ; from the centre C with the radius CD describe 
the semicircle GDH, cutting BD in K, BC in O, and meeting BC pro- 
duced in H. 

It IB plain that CD m the difference of the sides, and therefore that BH ia 
the base increased, and BG the base diminished by the difference of the 
sides ; it is also evident, because the triangle BAD is isosceles, that DE ia 
the half of BD, and DF is the half of DK, wherefore DE— DF= the half 
0fBD-DK(6. 6.), that is, EF=i BK. And because AE ra drawn pa- 
rallel to CF, a side of the triangle CFD, AC : AD : : EF : ED, (2. 6.) ; 
and rectangles of the same altitude being aa their bases ACAD : AD" : : 
EF.ED : ED* (1. 6), and therefore 4AC.AD : AD» : : 4EF.ED ; ED', or 
alternately, 4AC.AD : 4EF.ED : ; AD" : ED^. 

But since 4EF=2BK, 4EF.ED=2BK.ED=2ED.BK=DB.BK= 
HB.BO ; therefore, 4AC.AD : DB.BK ; : AD' : ED'. Now AD : ED : i 
E : sin. EAC^sin. ^BAC (1. Trig.) and AD" : ED' : ; R' : (sin. i BAC}': 
therefore, (11. 5.) 4AC.AD : HB.BG i : R' : (ein. i BAC)', or siDce AB 
= AD, 4AC.AB : HB.BG : : R" i (sin. J BAG)'. Now 4AC.AB is four 
4ime9 the rectangle contained by the sides of the triangle ; HB.BO is that 
contained by BC-|-(AB— AC) and BC- (AB— AC). 

Cor. Hence 2 ^ACAD ; VHB.BQ i : R ; sin. J BAC. 
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PROP. VIII. THEOR. 

Fow limes the rectangle contained by any two sidtt of a triangle, it to the rect- 
angle contained by Hoc itraight Hnea, of which one is the sum of those sides 
increaeed by thelase of the triangle, and the other the sum of the same sides 
diminished by the base, as the square of the radius to the square of the cosine of 
half the angk included between [he two sides of the triangle. 

Lat ABC be a tritingle, of which BC is ihe base, and AB the greatar of 
th« other two ndea, 4AB.AC : (AB-f-AC+BC) (AB-f AC- BC) : : R> : 
(coe. + RAG)". 

From the centre C, with the radius CB, deacribe the circle BLM, maeU 
ing: AC, produced, in Land M. Produce AL to N, so that AN=AB; let 
AD= AB ; draw AE perpendicular to BD ; join BN, and let it meet the 
circle again in P ; let CO be perpendicular to BN ; andletit meet AEinR. 

■It is evident that MN^AB+AC+BC ; and that LN=AB+AC_ 
BC. Now, because BD is bisected in E, and DN in A, BN ia parallel to 
AE, and is therefore perpendicular to BD, and the triangles DAE, DNB 
are equiangular ; wherefore, since DN=2AD.BN=2AE, and BP=2B0 
= 2RE; also PN=:2AB. 

But because the triangles ARC and AED are equiangular, AC : AD : : 
AR : AE, and because rectangles or the same albtude are as their baaea 




f 1. 6), ACAD : AD" : : ARAB : AE^ and alternately ACAD : AR.AE 
■ : AD" : AE» and 4ACAD : 4AR.AE : : AD" : AE". But 4AR AE= 
2ABX2AE=NP.NB=MN.NL ; therefore 4AG.AD : MN.NL : : AD" i 
AE". But AD t AE : : R L cos. DAE (l)=oo8. i (BAC) i Whersftofl 
4AC.AD : MN.NL : : R" : (cos. ^ BAC)'. 
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Now 4AC.AD is four timei the rectangle under (he sides AC and AB, 
(for AD= AB), and MN.NL is the rectangle under the sum of the eides in- 
creased bj the base, and the sum of the Bides diminjehed by the base. 

Cor. 1. Hence 2v/AC7aB : V^^^^NL : : R : coa. J BAG. 

Cor. 2. Since by Prop. 7. 4AaAB : (BC+(AB- AC)) (BC-(AB 
— BC)} : r R' : (sin. + BACV ; and as has been now proved 4AC.AB : 
(AB+AG4.BC) (AB+AC-BC) L : B' : (cos. i BAG)"; therefore, ex . 
»quo, (AB+AC+BC) (AB+AC— BC) : [BC-HAB— AC)) (BC- 
( AB— AC)) : : (cos. i BAG)' : (sin. ^ BAG)". But the cosine of any arc 
it to the sine, aa the radius to the tang:ent of the same arc ; therefore, ( AB 
+AC+BC) (AB+AC— BG) : (BC+(AB-AC)) (BC— (AB-AC)) 

: : R* : (tan j BAG)' ; and 

VCAB +AC+BC) (AB+AC-BCj : 

VtBC+AB— AG) (BG-(AB-AC)) : : R ; tan iBAC. 



1/ there be two uneguai magmiitda, half their differaux added to half their «um 
it tfual to the greater ; and half their difference takenpom half their 9vm is 
eqaai to the leas. 

Let AB and BC be two unequal magnitudes, of which AB is the gteat- 
er; suppose AC bisected in D, and A£ 

equal to BC. It is manifest that AC is A £ D B C 

the sum, and EB the difference of the 

magnitudes. And because AC is bisected in D, AD is equal to DC : but 
AE is also equal to BC, therefore DE is equal to DB, and DE or DB is 
half the difference of the magnitudes. But AB is eqiml to BD and DA, 
that is, to half the difference added to half the sum | and BC is equal to 
the excess of DC, half the sum above DB, half the difference. 

Cor. Hence, if the sum and the difference of two magnitudes be given, 
the magnitudes themselves may be found ; for to half the sum add half the 
difference, and it will ^ve the greater : from half the sum subtract half 
the difference, and it will ^ve the leas. 

SCHOLIUM. 
This property is evident fi^>m the algebtEUcal sum and difference of the 
two quantities a and i, of which a is the greater ; let thar sum be denoted 
by », and their difference by d : then, 
a+b=8 » 
a — b=di 
.: by addition, '2a=t-\-d \ 

and =— - + — -. 
2 ~ 2 
By subtraction, 2i =s - (f ; 

aod.'.i=4--4-. 
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SECTION II. 



OF THE RULES OF TRIGONOMETRICAL 
CALCULATION. 

The Gbsbral Problem which Triffonomelry propoaea to resolve is : 

In any plane triangle, of the three sides and the three angles, any three being 
given, mdone of these three being a side, lo find any of the other three. 

The thingB liere said to be given are underatood to be expreaaed by their 
numerical values : the angles, in degreee, minutes, &ic. ; and the sides in 
feet, or any other known meaenre. 

The reason of the restriction in this problem to those cases in which at 
least one side is given, is evident from this, that by the angles alone being 
given, the magnitudes of the sides are not determined. Innumerable tri- 
angles, equiangular to one another, may exist, without the aides of any 
one of them being equal lo those of any other ; though the ratios of then 
■ides to one another will be the same in them all [4. 6.). If therefore, only 
the three angles are given, nothing can be determined of the triangle but 
the ratios of the sides, which may be found by trigonometry, as being the 
sarne with the ratios of the sines of the opposite angles. 

For the convenience of calculation, it is usual to divide the general pro- 
blem into two ; according as the triangle has, or has not, one of the angles 
a. right angle. 

PROBLEM I. 

In a right angled triangle, of the three sides, and three angles, any mo being 
given, besides the right angle, and one of those two being a side, U is required 
to find the other three. 

It is evident, that when one of the acute angles of a right angled triangle 
IB given, the.other is given, being the complement of the farmer to a right 
angle; itiaalsoevident that the sine of any of the acuto angles ia the cosina 
of the other. 

This problem admits of several cases, and the solutions, or rulee for cal- 
culation, which all depend on the first Proposition, may be conveniently 
exhibited in the form of a table ; where the first column contains the things 
given ; the second, the things required ; and the third, the rules or propo- 
sitions by which thoy are found. 
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MVRK. 


.OUOHT. 


«,^nT.O», 




CB and B, the 

hypotenuse and 
angle. 


AC. 
AB. 


R : sin B r : CB : AC 
R ; coe B : : CB : AB 


1 
2 


AC and C, a 

side and one of 
the acute angles. 


BC. 

AB. 


Cos C : R : : AC : BC 
R : tan C : : AC : AB 


3 

4 


CB and BA 

and a side. 


C, 
AC. 


CB : BA ; ; R : sin C 
R : cos C : : CB : AC 


6 
6 


AC and AB, 

the two sides. 


C. 
CB. 


AC : AE : ; R : tan C 
Cos C : R : : AC : CB. 


7 

8 




Remaris on the SdutioM in the taibki 

In the second case, when AC and C are given to find the hypotenuea 
BC, a solution may also be obtained hy help of the secant, for CA : CB : : 
R : sec. C. ; if, theTefoic, this proportion be made R : sec. C : : AC : C^ 
CB will be found. 

in the third case, when the hypotenuse BC and the side AB aie given 
to 6nd AC, thia may be done either aa directed in the Table, or by the 
47th of the first ; for since AC = BC _ BA^ AC = yBC — BA». 
This value of AC will be easy to calculate by logarithms, if the quantity 
BC"— BA' be separated into two multipliers, which may be done; because 
(C or. 5. 2.), BC-BA' ={BC + BA).(BC — BA). Therefore AC = 
V(BC+BA) (BC— BA). 

When AC and AB are given, BC may be found from the 47th, as in the 
preceding instance, for BC=^BA'-j-AC', ButBA^^-AC cannot be 
separated into two multipliers ; and therefore, when BA and AC are large 
numbers, this rule is inconvenient for computation by logarithms. It is 
best in such cases to seek first for the tangent of C, by the analogy in the 
"Table, AC: AB : : R : tan C; but if C itself is not required, it is suiBcient, 
having found tan. C by this proportion, to take firoro the l^gonomeliic 
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Tables the cosine that conesponda to tan. C, and then to compuU CB from 
the proportion cos. C : R : i AC : CB. 

PROBLEM IL 

In an oblique angled triangle, of the three sides and three angles, any three being 
given, arid one of these three being a side, it is required to fold the other three. 

This problem has four cases, in each of which the solution depends ob 
some of the foregoing propositions. 



Two angles A and B, and one side AB, of a triangle ABC, being given, 
to find the other sides. 



Because the angles A and B are given, C is also given, being the sup- 
plsment of A-f-B ; and, (2.) 

Sin. C : sin. A : : AB : BC ; also, 
Sin. C : sin. B : : AB : AC. 




Two sides AB and AC, and the angle B oppodte to one of them, being 
given, to find the othei angles A and C, and also the other side BC. 



The angle C is found from this proportion, AC : AB : : sin B : sin C. 
Also, A=180°— B-C; and then, am B : sin A : : AC : CB, by Case 1. 

In this case, the angle C may have two valaea ; for its sine being found 
by the proportion above, the angle belonging to that sine may either be that 
which is found in the tables, or it may be theaupplement of it (Cor. def.4.). 
This ambiguity, however, does not arise ftom any defect in the solution, 
but from a eircumstance essential to the problem, viz. that whenever AC 
is leas than AB, there are two triangles which have the aides AB, AC, and 
the angle at B of the same magnitude in each, but which are nevertheless 
unequal, the angle opposite to AB in the one, being the supplement of that 
-which is opposite to it in the other. The truth of this ai^raars by describ- 
ing £:om the centre A with the radius AC, an arc intersecting BC in C 
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and C ; then, if AC and AC bo drawn, it is evident that the triangles 
ABC, ABC have the side AB and the angle at B common, and the eides 
AC and AC equal, but hare not the remaining side of the one equal to the 
remaining side of the other, that is, BC to BC, not their other angles equal, 
viz. BCA to BCA, nor BAC to BAG. But in these triangles the angles 
ACB, ACB are the supplements of one another. For the triangle CAC 
is isosceles, and the angle ACC'=ACC, and therefore, ACB, which is 
the supplement of ACC, is also the supplement of ACC or ACB ; and 
these two angleS) ACB, ACB are the angles found 1^ the computadott 
above. 

Froro these two angles, the two angles BAC, BAC will be found : the 
angle BAC is the Bupplemect of the two angles ACB, ABC, (25. 1.), and 
therefore its sine is the same with the sine of the sum of ABC and ACB. 
But BAC is the difference of the angles ACB, ABC : for it is the diffe- 
rence of the iingles ACC and ABC, because ACC, that is, ACC is equal 
to the sum of the angles ABC, BaC, (25. J\ Therefore, to find BC, 
having found C, make sin C : sin (C+B) : : AB : BC ; and agMn, aa C : 
sin(C-B):: AB:BC. 

Thus, when AB is greater than AC, and C consequently greater than 
B, there are two triangles which satisfy the conditions of the question. 
But when AC ia greater than AB, the intersections C and C fall on oppo- 
•itesidesofB, so that the two triangles have not the same angle at B com- 
mon to them, and the solution ceases to be ambiguous, the angle required 
being necessarily less than B, and therefore an acute angle. 

CASE m. 

Two sides AB and AC, and the angle A, betvireen them, being g^ven to 
find the other angles B and C, and aUo the side BC. 



Tiist, make AB+AC : AB— AC : : tan * (C+B) ; tan i (C-B). 
Then, since i (C-f-B) and J (C — B) are both given, B and C may be found. 
ForB=i(C-i-B)-H(C— B),andC=i(C+B)-i(C-B). (Lem. a.) 



Haling found B, naks sin B : tin A : : AC : EG. 
But B C may also be found without seeking fiw the angle B and C ; for 
BC= VAB'-2 cos A XAB.AC+AC', Prop. 6. 
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This method of finding BC is extremely useful in many geometrical ior 
veatigations, but it is not very well adapted for computation by logarithms, 
because the quantity under the radical sign cannot be separated into sim- 
ple multipliers. Therefore, when AB and AC are expressed by large 
numbers, the other solution, by finding the angles, and then computing BC, 
is preferable. 

CASE IV. 

The three sides AB, BC, AC, being given, to find the angles A , B, C. 



Take F such that BC : BA+AC : -. BA— AC : F, then F is either the 
sum or the difference of BD, DC, the segments of the base (5.). If F be 
greater than BC, F is the sum, and BC the difference of BD, DC ; but, if 
F be less than BC, BC is the sum, and F the difference of BD and DC. 
In either case, the sum of BD and DC, and their difference being g^ven, 
BD and DC are found. (Lem. 2.) 

Then, (1.) CA : CD : ; E : cos. C ; and BA : BD : : R i cos, B ; where- 
fore C and B are given, and consequently A. 

A ^ 




Let D be the difference of the sides AB, AC. Then (Cor. T.} S^A^-^*^ 
: V(SC+D} (BC-D) : : R ( sm J^ BAC. 



BObnTiotf m. 



L et S be the sum of th e sides BA and AC. Then(l.Cca:.8.)2VAB.AC 
; V(8+BC) (8-BC) : : R : cos i BAC. 



SOLUTION IT. 



8andDretainingtbee ignificationBaboTe,(2.Cor.6.)V(S4.BC)(S— BC) 
: VCBC-4-D) (BC— D) : : R : tan i BAC. 

It may be observed of these four solutions, that the first has the advan- 
tage of being easily remembered, but that the others are rather more expe- 
ditious in calculation. The second solution is preferable to the thud, when 
the angle sought is less than a right angle ; on the other hand, the third 
' " the second, when the angle sought is greater than a light 
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angle ; and in extreme cases, ihat is, when the angle sought U very acute 
or very obtuse, this distinction ia very material to be considered. The rea- 
son is, that the sines of angles, which are nearly — 90°, or the cosines of 
angles, which are nearly ^ 0, vary very little for a considerable vaiiatioa 
in the corresponding angles, as may be seen from looking into the tables o( 
sines and coaioea. The consequence of this is, that when the sine or cosiDe 
of such an angle ia given, (that is, a sine or cosine nearly equal to the ra- 
dius,) the angle itself cannot be very accurately found. If, for instaoce, 
the natural sine ,9998500 is given, it will be immediately perceived from 
the tables, that the arc corresponding is between 89°, and 89° 1' ; but it 
cannot be found true to seconds, because the sines of 89° and of 89° 1', 
differ only by 50 (in the two last places,) whereas the area themselves 
differ by 60 seconds. 'J'wo arcs, therefore, that differ by 1", or even by 
more than 1", have the same sine in the tables, if they fall in the last degree 
of the quadrant. 

The fourth solution, which finds the angle from its tangent, is not liable 
to this objection ; nevertheless, when an arc approaches very near to 90°, 
the variations of the tangents become excessive, and are too irregulax to 
allow the proportional parts to be found with exactness, so that when the 
angle sought is extremely obtuse, and its half of consequence very near to 
90, the third solution is the best. 

it may always be known, whether the angle sought is greater or less 
than a right angle by the square of the side opposite to it being greater or 
less than the squares of the other two sides. 



SECTION in. 



CONSTRUCTION OF TRIGONOMETRICAL TABLES. 

In all the calculations performed by the preceding rules, tables of sines 
and tangents sjre necessanly employed, the construction of which remains 
to be explained. 

The tables usually contain the sines, &c. to every minute of the quadrant 
ftom 1' to 90°, and the first thing required to be done, is to compute the 
sine of 1', or of the least arc in the tables. 

1. If ADB beacircle, of which the centre ia C, DB, any arc of that cir- 
cle, and-I,he arc DBE double of DB ; and if the chords DE, DB be drawn, 
also the perpendiculars to them firom C, viz. OF, CG, it has been demon- 
strated, (8. 1. Sup.) that CG is a mean proportional between AH, half the 
radius, and AF, the line made up of the radius and the perpendicular CF. 
Now CF is the cosine of the arc BD, and CG the cosine of the half of BD ; 
whence the cosine of the half of any arc BD, of a circle of which the ra- 
dius = J, is a mean proportional between i and l^-cos BD. Or, for the 
^reatei genemlity, supposing A = any arc, cos i A is a mean pro|H>rtioaal 
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between i and 14-cos A, and therefore (cos ^ A)'=^ (1-|-cob A] or cos 
iA=\/i[l+<iOBA). 

2. From this theorem, (which is the same that ia demonstrated (8. I. 
Sup.), only that it ia here expresaed trigonometricallv,) it ia evident, that if 
the coeine of any arc be given, the cosine of half tnat arc may be found. 
Let BD. therefoie, be equal to 60°, bo that the chord BD=-radiua, then the 
cosine or perpendicular CF was shewn (9. 1. Sup,) to be =i, and there- 

forecoH. iBD,orcoB30°i=,^J-(l-]jr)=^|=^-. In the Bameman- 



ner, coa 15°= -^/i(l+coa aO"), and cos 7°, 30'=^^ (l-f cos 15°), &c 
In this way the cosine of 3°, 45', of 1°, 52', 30", and eo on, will be com- 
puted, till after twelve bisections of the arc of 60°, the cosine of 52", 44'". 
93"". 45'. is found. But from the cosine of an arc its sine ina.y be 
found, for if from the square of the radiue, that ia, from 1, the square of 
the coaine be taken away, the remainder ia the sqiiare of the sine, and its 
square root is the sine itself. Thoa the sine of 52". 44"', 03"". 45". 10 
found. 

3. But it is manifest, that the sines of very small arcs are to one another 
nearly as the arcs themselves. For it haa been shewn that the number of 
the sides of an equilateral polygon inscribed in a circle may be so great, 
that the perimeter of the polygon and the cii'cumference of the circle may 
differ by a line lesB than any given lino, or, which is the same, may W 
nearly to one another in the ratio of equajity. Therefore their like parts 
will also bo nearly in the ratio of equality, so that the side of the polygon 
will be to the arc which it subtends nearly in the ratio of equably ; and 
therefore, half the aide of the polygon to half the arc subtended by it, that 
is to say, the sme of any very small arc will be to the arc itself, nearly in 
the ratio of equality. "Therefore, if two arcs are both very small, the firat 
will be to the second as the sine of the brst to the sine of the second. - 
Hence, from the sine of 52", 44'". 03"", 45'. being found, the sine of i' 
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} known ; for, ns 62". 44'". 03"". 45'. to 1, so is the sine of ths 
former arc to the sine of the laller. Thus the line of 1' is found = 




4. The sine 1' being thus found, the sines of 2', of 3', or of any number 
of minutes, may be found by the following proposidon. 

THEOREM. 

Let AE, AC, AD be three such arcs, that BC the difference of the first 

and second is equal to CD the difference of the second and third ; the m- 

' dius is to the cosine of the common difference BC as the sine of AC, the 

jniddle arc, to half the sum of the sines of AB and AD, the extreme area. 

Draw CE to the centre ; let BF, CG, and DH perpendicular to AE, be 
the sinea of the arcs AB, AC, AD. Join BD, and let it meet CE in I ; 
draw IK perpendicular to AE, also 6L and 
IM perpendicular to DH. Then, because 
the arp BD is bisected in C, EC ia at right 
angles to BD, and bisects it in 1 ; also BI is 
the sine, and EI the cosine of BC or CD. 
And, since BD is bisected in I, and IM is 
parallel to BL (2. 6.), LD is also bisected in 
M. Now BF is equal to HL, therefore, BF 
+DH=DH-|-HL=DL+2LH=2LM+ 
2LH=2MHor2KI; and therefore IK is 
half the sura of BF and DH. But because 
the triangles CGE, IKE are equiangular, 
CE : EI : : CG : IK, and it has been shewn that EI=coa BC, and IK= 
i (BF+DH) ; therefore R : cob. BC : : ein. AC : i (sin. AB+sin. AD). 

CoR. Hence, if the point B coincide with A, 
R : cos. BC 1 : sin. BC : ^ sin. BD, that is, the radius is to the cosine of 
any arc as the sine of the arc is to half the sine of twice the arc; or if any 
arc = A, J- ain. 2A=sin. A Xcos. A, or sin. 2A=2 sin. A xcos. A. 

Therefore also, sin 2'=2' sin 1' ycos. 1' ; so that from the sine and co- 
sine of one minute the sine of 2' is found. 

Again, 1', 2', 3', being three such area that the difference between the 
first and second ia the same as between the second ani third, R i coe 1' : : 
ain 2 : i (sin I'+sin 3'), or sin l'-{-sin 3'=2 cos I'-j-ain 2', and lakjnff 
ein 1' from both, sin 3'^2 cos 1' x^in 2' — sin I. 

In like manner, sin 4'=2' cos 1' xsin 3'— ain 2, 
Bin 5'=2' cos 1' Xain 4'— ain 3, 
sin 6'=:2' COB 1' Xsin 5'— sin 4, &c. 

Thus a table containing the sines for every minute of the quadrant nwiy' 
be computed ; and as the multiplier, cos 1' remains always the same, the 
calculation is easy. 

For computing the sines of area that differ by more than 1', the method 
is tiie same. Let A, A+ti, A-|-2B be three such area, then, hy thiff the- 
orem, R : cos E : : sin (A+B) : i (sin A-f-ain (A4-2B)) ; and therefore 
making the radius 1, 
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sin A-f-ain (A4-2B)=2 cob Bxein (A+B), 

or sin (A+2B)=2oo3Bxsin (A+B)-Hin A, 
By means of these theorems, a table of the sinei, and consequently also 
of the cosinea, of arcs of any number of degrees and minutes, from U) 90, 

may be conatrucled. Then, because tan A= j, the table of tangents 

is computed by dividing the sine of any arc by the conna of the same arc. 
When the tangents have been found in this manner as &r as 48°, the tan- 
gents for the other half of the quadrant may be found more easily by an- 
other rule. For Che tangent of an arc above 46° being the co-tangent of 
an arc as much under 4A° -, and the radius being a mean proportional be- 
tween the tangent and co-tangent of any arc, [l.Cor. def 9.), it follows. If 
the differencQ between any arc and 4S° be called D, that tan (45°— P) : 

1 : : 1 : tan (46°-f D), ao that tan C46°+D)= _i__- _.. 

tan (46" — U) 
Lastly, the secants are calculated from (Cor. 2. def. 9.) where it is 
shewn Uiat the radius is a mean pioporUonal between the cosine and the 

secant of any arc, so that if A be any Eire, sec A= -. 

The veraed sines are found by Bubtracting the coeinee from the radius. 

5. The preceding Theorem is one of four, which, when arithmetically 
expressed, are frequently used in the application of trigonometry to the so- 
lution of problems. 

Imo, If in the last Theorem, the arc AC=A, the arc BC=:B, and the 
radius EC=I, then AD= A+B, and AB=A— B; and by what h&s just 
been demonstrated, 

1 : cos B : : sin A : i sin (A4-B)4-+ sin (A-B), 

■ and therefore, 
einAxcoBB=-jBin(A+B)-H(A-B). 
2do, Because BF, IK, DH are parallel, the straight lines BD and FH 
are cut proportionally, and therefore FH, the difference of the strught lines 
FE and HE, is bisecied in K ; and therefore, as was shewn in the last 
Theorem, KEia half the sum of FE and HE, that is, of the cosines of the 
arcs AB and AD. But because of the similar triangles EGC, EKI, EC 
: EI : ; GE I EK ; now, GE ia the cosine of AC, therefore, 
R : COB BC : : cos AC ; J cos AD+i cos AB, 
ofl:coeBrLC08A:ioos (A+B)4-i cos (A— B) ; 
and therelore, ' 
cos Axcos B=i.cos (A+B)-4-icoa (A-B); 
3(M, Again, the irianglea IDM, CEG are equiangular, for the angles 
KIM, EID are equal, being each of them right angles, and therefore, tak- 
ing away the angle EIM, the angle DIM is equal to the angle EIK, that 
is, to the angle ECG ; and the angles DMI, CGE are also equal, being 
both right angles, and therefore the triangles IDM, CGE have the sides 
about their equal angles proportionals, and consequently, EC ; CO : : DI 
1 IM : now, IM ia half the difference of the cosines FE and EH, therefore, 
B : sin AC : : sin BC : i C03 AB— J- cos AD, 
or 1 :sinA:TBinB:ico8(A-B)-ico8(A-fB); 
30 
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and also, 
an Ax«iii B=icos (A-B)— i coa (A+B). 
4to, Lastly, ia the »ame tn&ngles ECG, DIM, EC : EG : ; ID i DM ; 
now, DM is half tha difference of the sines DH and BE, therefore, 
R : cos AC : : sin BC : J Bin AD — i sin AB, 
Ml;C08A:;8inB:isin (A+B)— i sio (A+B) ; 
and therefore, 
cos A xsin B= J- sin (A+B) -i an (A -B). 

6. If thereforo A and B be any two arcs whataoever, the radius being 
supposed 1 ; 
I. am AxcoaB=J-sin(A+B)+iBin(A— B). 
IL cosAxcoBB=icos{A-B)4-icos(A+B). 

III. sinAxsinB=icoa(A— B)-icos(A+B). 

IV. coaAx8inB=i8iii(A+B)-i^sin(A-B). 
From these four Theorems are alao deduced other four. 

For adding the first and fourth together, 
sin Axcos B+COB Axsin B=8in (A+B). 
Also, by taking the fourth from the first 
sin AxoosB— COB AX8inB=sin (A— B). 

Again, adding the aecond and third, 
COS Axcos B+ain Axsin B=cob (A— B) ; 
And, lastly, subtracting the third &om the aecond, 
COB AxcoB B-Bin Axsin B=cos (A+B). 

7. Again, since by the first of the above theorema, 
BinAxc{»B=tsin(A+B)+isin(A-B),if A+B=S,ttndA-B=D, 

OVA S+D , „ S — D ^ , . S+D 
then (Lem. 3.) A= — L — ^ end B= — — - ; wherefore sin — *- — x eoa 



preserve the former notation, they may be called A and B, which also ex- 
press any arcs whatever : thus, 

sin ^Xcoa:^t^=isin A+isin B, or 

n A+Bin B. 
In'the same maimer, from Theor. 2 is derived, 
2coB-^Xco9— ^=coaB+coe A. From the 3d, 

=coa B — coa A ; and ftom the 4th, 

A+B . A-B . . , „ 

2 COB — ^ — Xsm — - — =sm A— sin B. 

In all these Theorems, the arc B is supposed lesa than A. 

8. Theorems of the same kind with respect to the tangents of arcs may 
be deduced from the preceding. Because the tangent of any arc is equal 
to the sine of the arc divided by its cosine, 
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tan (A+B)= "° f aTbV ^' '' hafl juat been shewo, that 
sin (A-f-B)=Bin A Xcoa B+coe A Xmn B, aod that 
co8(A-)-B)=cM AxcosB-Bin Axain B; therefore, ton (A + B) = 
ain A xcobB+coh AxwnB , ,. -j. . , . . ,. 

. ■ - - ti — ^—1 — -^-u I and Qinding both the numerator and deno- 

4}oe Axctw B— sin Axflui B * 

miimtot of tluB fraodoo by «w Ax cob B, tan (A+B)= '~'^ ."^'^p - 
"" ^ I \ T I I tan AxtanB 

In Uke manner, tan (A— B)=— ^^^A?",?—. 
' ^ ' 1+tanAxtanB 

9. If the Theorem demonstrated in Prop. 8, be ezpnwed in the s&om 
maimer with those above, it gives 

aJD A+ein B _ lan j (A+B) 

Bin A— ain B ~" tan ^ (A— B]' 
Ak) by Cor. 1, to the Sd, 

ooeA-fcoBB _ cot j ^ (A+B) 

cos A— cos B ~ tan i (A— B)' 
And by Cor. 2, to the same propoeitioo, 

wnA+dnB tan i (A+B) ■ „ ■ ^ j , 

cosA-|-cobB R ' '^^ ' 

8Jn A+ain B _ ,,.,„■, 

10. In all the preceding Theorems, R, the radiuBi is euppoeed =1, be- 
cause in this way the propositions are most concisely expressed, and are 
aleo most readily applied to trigonometrical circulation. But if it be re- 
quired to enunciate an^ of them geometrically, the muttipliei B, which 
has disappeared, by bemg made = 1, muBt be restored, and it will always 
be evident from inspection in what terms this multiplier is wanting. Thus, 
Theor. 1, 'isin AxG0BB=ain(A4'B)-|-Bin(A — B), isatniepropoaitioD, 
taken arithmetically ; but taken geometrically, is absurd, unless we sup- 
ply the radius as a multiplier of the terms on the right hand of the sine of 
equality. It then becomes 2 ain A Xc<w B=R (sin (A-f-Bj+ain (A— B)) ; 
or twice the rectangle under the sine of A, and thecosine of B equal to Uie 
rectangle unilei the radius, and the sum of the sines of A-f>B and A — B. 

In general, the number of linear multipSers, that is, of lines whose nume- 
rical values are multiplied together, must be the same in every term, other- 
wise we will compare unlike magnitudes with one another. 

The propoaitiona in this section are useful in many of the higher branches 
of the Mathematics, and are the foundation of what is called the .BrithmOia 
efSmet. 
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ELEMENTS 

or 
SPHERICAL 

TRIGONOMETKY. 



If a sphere be cut by a plane through the eaitre, the eection is a circk, having the 
same centre uricA the sphere, and ejval to the drcle by the revolatum of whkk 
the sphere was described. 

FoK a\\ the straight Hne« drawD from the ceotre to the euperficiee of the 
sphere are equal to the radius of the generating semicircle, [Def. 7. 3. 
Sap.). Therefore the common section of the spherical superficies, and of 
a plane passing through its centre, ie a line, Ijing in one plane, and hav- 
ing all ilfl points equally distent from the centre of the s[)here ; therefore it 
is the circumference of a circle, (Def. 11. 1 . ), having for its centre the cen- 
tre of the sphere, and for its radius the radius of the sphere, that is, of the 
aemidrcle b; which the sphere has been described. Ic Is equal, therefore, 
to the uicie of which that semicircle was a part. 



DEFINITIONS. 



1. A5T circle, which is a section of a sphere by a plane through its centre, 
is called a great circle of the sphere. 

Con. All great drclee of a sphere are equal ; and an; two of them bisect 
one another. 

The; ue all equal, having all the same radii, as has juet been shewn ; and 
any two of them bisect one another, for as they have the same centre, 
their common section is a diameter of both, and therefore bisects both. 

3. The pole of a great circle of a sphere is a point in the superficies of the 
sphere, &om which all Btraight Imes drawn to the circumference of the 
circle are equal. 

3. A spherical angle is an angle on the superficies of a sphere, contained 
by the arcs of two great circles which intersect one another ; and is the 
jKune with the inclination of the planes of these great circles. 
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4. A spherical triajigle ia ti figure, upon the superficies of a sphere, com- 
piebended by thiee area of three great ciicleB, each of which ia Issa ihan 
a fiemiclrcle. 

PROP. II. 

^^ an of a grattcirclt, between the pok and the armmference»f another greal 
eirde, is a quadraM. 

^ Let ABC be a great circle, and D ite pole ; if DC, an arc of a giaat cir- 
cle, pasa through D, and toeet ABC in C, the arc DC is a quadrant. 

Let the circle, of which CD is an aio, meet ABC again in A, and lei 
AC be the common section of the planes 
of these great circles, which will pass 
through E, the centre of the sphere : Join 
DA, DC. Because AD=DC, (Def. 2,), 
and equaj straight lines, in the same cir- 
cle, out off equal arcs, (27. 3.) the arc AD 
= the arc DC ; but ADC ib a semicircle, 
therefore the arcs AD, DC are each of 
them quadrants. 

CoK. 1. If DE be drawn, the angle AED is a right angle ; and DE 
being therefore at right angles to every line it meets with in the plane of 
the circle ABC, is at right angles to that plane (4, 2. Sup.). Therefore 
the straight line drawn from the pole of any great circle to the centre of the 
sphere is at right angles to the plane of that circle ; and, conversely, a 
straight line drawn fiom the centre of the sphere perpendicular to the plaiie 
of anj greater circle, meets the superfidea of the sphere in the pole of that 
dtcle. 

CoR. 2. The circle A&C has two poles, one on each side of its plane, 
which are the extremities of a diameter of the sphere perpendicular to the 
plane ABC ; and no other points but these two can be poles of the circle 
ABC. 

PROP ni. 

If the pole of a greta circle b» lh« aame witk the intereecthn of other two great 
dreka : thearoof ihefa-tl mentioned circle iraerceptei between the other tvo, 
it the measure of the ephaical angle which the same two circles make with 
oneanolher. 

Let the great circles BA, CA on the superficies 
of a sphere, of which the centre is D, intersect one 
another in A, and let BC be an arc of another great 
ciide, of which the pole is A ; BC is the measure 
of the spherical angle BAC. 

Join AD, DB, DC ; since A is the polo of BC, 
AB, AC are quadrants, (2.), and the angles ADB, 
ADC are right angles : therefore (4. def. 2. Sup.), 
the angle CDB ia the inclination of the planes of 
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the circles AB, AC, and ia (def. 3.) equal to the spherical angle BAG; 
K X^!^ BC mekaurea ihe angle BDC. therefore it abo meaaurea the 
spherical angle BAC • 

Cob If two arcs of great circles, AB and AC, which intereect one an- 
other in A, be eacb of them quadrants, A will be the pole of the great cir- 
cle which ^aaaea through E and C the extremil.ea «{ th'^e wca. For amce 
the area AB and AC are quadrants, the anglea ADB ADC are right ao- 
glee ai>d AD is therefore perpendicular to the plane BDC, that is, to the 
plane of the great circle which passes through B and C. The pcant A m 
therefore {Cor. 1. 2.) the pole of the great oirole which passes through B 
sod C, 

PROP. IV. 

If the plmeB of two great circles of a sphere be at ngkt angke to one another, 

At circumfererwe of each of the drdes passes through the poles of the other i 

and if the circumferettee of one great ckcUpasi through the poles of <motha, 

the plaaes of these circles are at right angles. 

- Let ACBD AEBF be two great circles, the planes of which are right 

ancles to on» another, the poles of the circle AEBF are in the circuinference 

ACBD, and the polea of the circle ACBD in the circumference AEBF. 

From G the centre of the sphere, draw GC in the plane ACBD perpen- 
dicular to AB. Then because GC in the plane ACBD, at right angles 
to the plane AEBF, ia at right angles " 

to the common section of the two 
planes, it ia (Def. 2. 2. Sup.) also at 
right angles to the plane AEBF, and 
therefore (Cor. 1. 2.) C is the pole of 
the drcle AEBF ; and if CG he pro- 
duced to D, D ia the other pole of the 
circle AEBF. 

In the same manner, by drawing 
GE in the plane AEBF, perpendicu- 
lar to AB, and producing it to F, it has 
shewn that E and F are the poles of 
t^e circle ACBD. Therefore, the poles 
of each of these circles are in the circumference of the other. 

Again, If C be one of the poles of the circle AEBF, the great circle 
ACBD which passes through C, is at right angles to the circle AEBF. 
For, CG being drawn ftom the pole to the centre of the circle AEBF, is 
at right angles (Cor. 1.2.) lo the plane ofthat circle; and therefore, every 
plane passing through CG (17. 2. Sup,) ia at right anglea to the plane 
AEBF; now, the plane ACBD passes through CG, 

Cob. 1. Ifoftwo great circles, the first passes through the poles of the 

• When in any tefereBce no manlion is made of a Book, ot of the Plape Trigonometij, Ibe 
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eecond, the eecoad also paeaes through the poles of the first. F«, if the 
first passes through tho polea of the aecond, the plane of the first must be 
at rig'ht angles to the plane of the second, bj the second part of ibis propo- ' 
tntion ; and therefore, by the first part of it, the circumference of each passes 
through tha poles of the other. 

Cor. 2. All greater circles that have a common diameter have their 
poles in the circumference of a circle, the plane of which is perpendicular 
to that diameter. 

PROP. V. 

In isosceies BpheHeal triangles the angUa at the bate are eguai. 

Let ABC be a spherical triangle, having the side AB equal to the aide 
AC i the spherical angles ABC and ACB are equal. 

Let C be the centre of the sphere ; join 
DB, DC, DA, and ftom A on the straight 
lines DB, DC, draw the perpendiculars AE, 
AF ; and ftom the points E and P draw in 
the plane DBC the straight lines EG, FO 
perpendicular to DB and DC, meeting one 
another in O : Join AG. 

Because DE is at right angles to each of 
the straight lines AE, EG, it is at right an- 
gles to the plane AEQ, which passes through y^" 
AE, EG (4- 2. Sup.) ; and iherefors, every ■^ 
plane that passes through DE is at right angles to the plane AEG (17. 2. 
Sup.) ; wherefore, the plane DBC is at right angles to the plane AECf. 
For the same reason, the plane DBG ia at right angles to the plaoe AFG, 
and therefore AG, the common section of the planes AFG, AEG is at right 
angles (18. 2. 3iip.) to the plane DBC, and the angles AGE, AGF are 
consequently right angles. 

But since the arc AB is equal to the aro AC, the angle ADB is equal 
to the angle ADC. Therefore the triangles ADE, ADF, have the angles 
EDA, FDA, equal, as also the angles AED, AFD, which are right an- 
gles ; and they have the aide AD common, therefore the other sides aro 
'equid, viz. AE to AF, (2. 1.), and DE to DF. Again, because the angles 
AGEi AGF are right angles, the squares on AG uid G£ are equal to the 
square of AE ; and the squares of AG and GF to the square of AF. But 
the squares of AE and AF are equ;al, therefore the squares of AG and -GE 
are equal to the squares of AG and GF, and taking away the common 
square of AG, the remaining squares of GE and GF are equal, and GE is 
therefore equal to GF. Wherefore, in the triangles AFG, AEG, the side 
GF is equtd to the side GE, and AF has been proved to he equal to AE, 
and Uie base AG is common ; therefore, the angle AFG is equal to the 
angle AEG (6. 1.). But the angle AFG is the angle which the plane 
ADC mak<» with the plane DBC (4. def 3. Sup.), because FA and FG, 
which are drawn in these planes, are at right angles to DF, the common 
section of the planes. The angle AFG (3. def) is therefore equal to the 
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epheiical angle ACB ; and, for the same reason, the angle AEG u eq^aal 
to the Bpherioal engle ABC. But the angles AFG, AEG are equal 
" "• Therefore the epheiical anglee ACB, ABC ere also equal. 



1/ Ae tmglea at the base of a sperieal trimgla be egMl, Iha triangle u isosceJea. 

Let ABC be a spherical triangle having the anglea ABC, -ACB equal 
to one another ; the eidea AC and AB are also oqual. 

Let D be the centre of the sphere ; join DB, DC, DA, and from A. on 
the fltraight Unee DB, DC, draw the perpendiculare AE, AF ; and from 
the points E and F, draw in the plane DBC ^ 
the straight lines EG, FG perpendicular to "~ 
DB and DC, meeting one another in G ; 
join AG. 

Then, h may be proved, as was done in 
the last proposition, that AG is at right an- 
gles to the plane BCD, and that therefore 
the angles AGF, AGE are right anglee, and 
also that the angles AFG, AEG are equal 
to the angles which the planes DAC, DAB _^ 
make with the plane DBC. But because ^ 
the spherical angles ACB. ABC are equal, the angles wiaab the planes 
DAG, DAB make with the plane DBC are equal, (3. def.) and therefore 
the angles AFG, AEO are also equal. The triangles AGE, AGP have 
therefore two anglea of the one equal lo two angles of the other, and they 
have also the side AG commoo, wherefore they are equal, and the side AF 
is equal to the side AE. 

Again, because ibe triangles ADF, ADE are right angled at F and E, 
the squares of DF and FA are equal to the square of DA, that is, to the 
squares of DE and DA ; now, die square of AF is equal to the square of 
AE, therefore the square of DF is equal to the square of DE, and the side 
DF to the mde DE. Therefore, in the triangles DAF, DAE, because DF 
is equal to DE and DA common, and also AF equal to AE, the angle 
ADF ia equal to the angle ADE ; therefore also the arcs AC and AB, ' 
which are the measures of the anglea ADF, and ADE, are equal to one 
aoothei ; aad the triangle ABC is ieoeceles. 

PROP. VII. 

A(y tw tides of a sphericai triangle are greater than the C/ard. 

Let ABC be a apherioal triangle, any two aides AB, BC are greater than 
the third side AC. 
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Let D be the centre of Uie aphere ; 
join DA, DB, 1X3. 

The solid angle at D is contained hy 
three plane angles ADB, ADC, BDC ; 
any two of which, ADB, BDC are 
greater (20. 2. Sup.) than the third 
ADC ; and therefore any two of the 
arcs AB, AC, BC, which meaeure 
these angles, as AB and BC must also 
be greater than the third AC. 



Let ABC be a spherical triangle as before, the three sides AB, BC, AC 
are less than the circumference of a great circle. 

Let D be the centre of the sphere : The iolid angle at D is contained 
by three plane angles BDA, BDC, ADC, which together are leas (ban 
four right angles (21, 2. Sup.) therefore the aidee AB, BC, AC, which are 
the measures of these angles, are together less than four quadrants describ- 
ed with the radius AD, that is, than the circumference of a great circle. 

PROP. IX. 

In a sphmcal triangle the greater angle is oppotite to the greater side ; and 
comersely. 

Let ABC be a spherical triangle, the greater angle A is opposed to the ■ 
greater side BC. 

Let the angle BAD be jnade equal A. 

to the angle B, and then BD, DA will — 

be equal (6.), and therefore AD, DC 
are equal to BC ; but AD, DC are 
greater than AC (7.), therefore BC is 
greater than AC, that is, the greater 
angle A ia opposite to the great«' side 
BC. The converse is demonstrated as 
Prop. 11. 1. Eiem. % C 

PROP. X. 

According as the sum nf two of the aides of a spherical triangle, is greater than 
a semiexrcte, equal to it, or less, each of the interior angles at the lose is greater 
than the exterior and opposite angle at the base, equal to it, or less ; and also 
the sum of the two interior angles at the base greater than two right angles, 
equal to two right angles, or lest than two right angles. 

I^t ABC be a spherical triangle, of which the sides are AB and BC ; 
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pioduca Boy of tiA two»idea as AB.nnd the baee AC, dtl they meet t^gaia 
4q D ; ^wa, the arc ABD is « iemftircle, and the apWrical angles at A. 
kM D are equal, becaiMQ ea(4t p( them U the inclination ot the circle ABI> 
■ to the circle A('D, ■ ' ■ 

1. If AB, BC be equal to a. 
Bemici4)e, that is, to AD, BC will 
be equal to BD, and therefore (6.) 
the angle D, or the angle A, wilt 
be equal to the angle BCD, that 
ja; the interior angle at the base 
equal to th« exterior and op[^ 
Bite. , ■ . ■' ' ' 

2. If AB, BC together be greater tbait a semteircle, t hat is,jgf eater than 
' ABD, BC will be greater than BD ; and therefore (fe.).'Hie an^' D, that 

is, the angle A, is greater than the angle BCD. 

8. In the same manner it ie ehewn, if AB, BC t'o^ether be less than a. 
■emicircle, that the angle A is less than the angle BCD. 

Now, since the angles BCD, BCA are equal to two right angles, if the 
angle A be greater than BCD, A and ACB together will be greater than 
two right angles. If A be equal to BCD, A aol ACB' together,, will be. 
equal to two right angles ; and if A be less than BCD, 'A «iid ACB will 
be less than two right ftoglea. 

PROP. XI. . . 

If the angular painis of a sphericai triangle be made iXe poles of t&rte great eir~ 
cks, Ihete three circUa by their intersectums will form a triangle, ^/aeh is smd 
to be supplemental to the farmer ; and the Iwo triangles are such, that the sides 
of the one are the supplements of the area which measure the akgies qf the 
olha-. 

Let ABC be a spherical triangle ; and from ihe points A, E, and C aa 
' poles, let the great circles FE, ED, DF be described, inlerEecting one an- 
other in F, D and E ; the aides of the triangle FED are the supplement of 
the measures of the angles A, B, C, viz. PE of the angle BAC, DE of the 
angle ABC, and DF of the angle ACB i And again, AC ie the supplftment 
of the angle DFE, AB of the angle FED, and BC of the angle EDF. 

Let AB produced meet DE, EF in G, M ; 
let AC meet FD, FE in K, L ; and let BC 
meet FD, DE in N, H. 

Since A ia the pole of FE, and the circle 
AC passes through A, EF wili pass through 
the pole of AC (1. Cor. 4,) and since AC 
passes throogh C, the pole of FD, FD will 
pass through the pole of AC ; therefore the 
polo of AC is in the point F, in which the 
area DF, EF intersect each other. In the 
eame manner, D is the pole of BC, and E 
the pole of AB. 

And lince F, E are the poles of AL, AM, the arc? FL and EM (3.) ate 
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^lUilTants, and FL, £M together, thftt is, FE and^L together, bM eqntif 
to a Bemicircle. Biit since A ia tbe pole of ML, ML is the measure of 'the 
ant^Ie BAC (3.), consequently FE is the supplement of tbe measufe 9f the . 
aji^le BAC, In the same manner, ED, DF are the aupplementa of the 
iaeftsures of"lh« angles, ABC, BCA. ^, 

■ SiiiCa Hkewfeo CN, BH are quadrants, CN and BH tcgether, that is, 
, NH aod BC together, are equal to a semicircle ; and since D is the pole of 
tin, NH is the measure of the angle FDE, therefore the measure of the 
angle FDE is tbe supplement of the side EC. In the same maaner, ilim. ■ 
shewn that tb« mewnr^ of the angles DEF, EFD ue the supplements 
. Of Ih^ sides 46, A,C in the triangle ABC- 

.".,-' -. * ' PROP. XII. • 

The ^ei'mglei of ' a tphetical triangle are greater than two, and lets than tix, 
right angles. 

TJuimcaaDrejof the angles A, B, C, in the triangle ABC, together with 
the three eiies of the' supple mental triangle DEF, are (11.) equal to three 
Betnioircles; but the three eidea of the triangle FDE, are (8.) leas than two 
. semicircles', ttterelore^the measures of the angles A, B, C are greater than 
a 8enflcir<de ; and tftnce the angles A, B, C are greater than two right 
a,n^s. ■ ' ■. 

And beoanse the.interior angles of any triangle, together with the exte- 
'nor,.are e((uaj to ax iij|ht angles, the interior alone are less than aix right 
angles: 

PROP. XIII. 

If to (he cirain^srence of a great circle, from a point, in the tvrfac£ of the sphere, 
which is nat the pole of that drde, arcs of great circles be drawn ; the greatest 
of these arcs'ii , that whifit passes through the pole of the frst-mentioned cir- • 
cle, and the supplement of it is the least ; and of the other arcs, that which ia 
nearer to the greatest is greater than that which it more remote. 

Let ADBhe thecircumfsrenceofa great circle, of which the pole isH, 
and let C be any other point ; through C and H let the semicircle ACB be 
drawn meeting the circle ADD in A and B ; and let the arcs CD, CE, CF 
B^ be described. From C draw CG perpendicular to AB, and then, be- 
cause the circle AHCB which passes 
through H, tbe pole of the circle ADB, 
is^t tight angles to ADB, CG is per- 
peodicnlar to the plane ADB. Join 
GD, GE, GF, CA, CD, CE, CF, CB. 

Because AB is the diameter of the 
circle ADB, and G a point in it, which 
ia not the centre, [for the centre is in 
the point where the perpendicular from 
H meets 4^)1 thereforp AG, the part 
of the diameter in which the centre is. 
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■ is the greatest (7. 3.}, and GB the least of all the straight lines that can be 
drawn from G lo the circumference ; and GD, which is nearer to Ah, ia 
greater than GE, which is mote remote. But the triangles CGA, CGD 
are nght angled at G, and therefore AC'=AG'+GC', and 'DC'=TKP-l- 
GC; but AG'-i-GC'7DG"+GC'; becauae AG7DG; therefore AC» 
7 DC, and AC7DO. And becauee the chord AC is greater than the 
chord DC, the arc AC is greater than the arc DC. In the same manner, 
since GD is greater than GE, and GE than GF, it is shewn that CD is 
greater than CE, and CE than CF. Wherefore also the arc CD is greater 
than the arc CE, and the arc GE greater than the arc CF, and CF than 
CB, that is, of all the arcs of greater circles drawn from C to the circum- 
ference of the circle ADS, AC which passes through the pole H, is the 
greatest, and CB ilB supplement is the least ; and of the olheiB, that which 
is nearer to AC the greatest, is greater than that which is more remote. 

PROP. XIV. 

In a right angled spherical triangle, ike sides containing lhs\ighl angle are of 
the same affection with the angles opposite to them, that is, if the sides be 
greater or less than qvadrmis, the opposite angles will be greater or less than 
right angles, and conversely. 

Let ABC be a spherical triangle, right angled at A, anj side A&.will 
he of the same affection with the opposite angle ACB. 

Produce the arcs AC, AB, tiil they meet again in D, and bisect AD in 
E. Then ACD, ABD are semicircles, and AE an arc of 90°. Also, be- 
cause CAB is by hypothesis a right angle, the plane of the circle ABD is 
perpendicular to the plane of the 
circle ACD, bo that the pole of G* 

ACD is in ABD, (cor. 1. 4.), 

and is therefore the point E, Let 
EC be an are of a great circle 
passing through E and C, 

Then becauae E is the pole of 
the circle ACD, EC ia a (2.; 
quadrant, and the plane of the 
circle EC (4.) is at right angles 
to the plane of the circle ACD, 
that ia, the spherical angle ACE 
is a right angle ; and therefore, 
when AB ia less than AE, the 
angle ACB, being less than 
ACE, ia le^B than a right angle. 
But when AB ia greater than 
AE, the angle ACB ia greater 
than ACE, or than a right an- 
gle. In the aame way may the 
converse be deaionetraied. 




.iir...,Goog[c 



SPHERICAL TRIGONOMETRY. 



If the two sides of a right angled spherical triangle about the right angle be of 
the same affection, the hypotenuse will be less than a quadrant ; and if they be 
of different affection, the hypotenuse will be greater than a quadrant. 

Let ABC be a, right angled spherical triangle ; according as the two 
sides AB, AC are of the eame ot of different afleciion, the hypotenuse BC 
will be less, or greater than a quadrant. 

The conBtruciiop of the last proposition remaining, biBcct the setnicircla 
AC D in G, then AG will be an arc of 90°, and G will be the pole of the 
circle ABD. 

1. Let AB, AC be each leaa than 90°, Then, because C is a point on 
the surface of the sphere, which is not the pole of the circle ABD, the arc 
CGD, which passes through G the pole of ABD is greater than CE (13.), 
and C!E greater than CB. But GE is a quadrant, as was before shewn, 
therefore CB is less than a quadrant. Thus also it is proved of the right 
angled triangle CDB, (right angled at D), in which each of the Eddea CD, 
DB is greater than a quadrant, that the hypotenuse BC is less than a 
quadrant. 

2. Let AC be less, and AB greater than 90°. Then because CB falls 
betwaen CGD and CE, it is greater (12,) than CE, thai is, than a quad- 
rant. 

CoK. 1. HenceconveT8ely,ifthe hypotenuse of a right angled triangle 
be greater ot less than a quadrant, the sides will be of different or the same 
affection. 

Cor. 2. Since (14,) the oblique angles of a right angled gpherical trian- 
gle have the same affection with the opposite sides, therefore, according as 
the hypotenuse ia greater or lees than a quadrant, the oblique angles will 
be different, or of the same affection. 

Cor. 3. Because the sides are of the same affection with the apposite 
angleSrtherefore when an angle and the side adjacent are of the same affec- 
tion, the h3rpotenuse ia less than a quadrant : and conversely. 

PROP. XVI. 

In imy spherical triangle, if the perpendicular upon ike base from the opposite an- 
gle faU within the triangle, the angles at the base are of the same affection ; 
and if the perpendicular fall without the triangle, the angles at the base are of 
different affection. 

Let ABC he a spherical triangle, and let the arc CD be drawn from C 
perpendicular to the base AB. 

1, Let CD fall within the triangle ; then, since ADC, BDC are right 
angled spherical triangles, the angles A, B must each be of the same affec- 
tion with CD, (14.). 



SPHEEICAL TEIGONOMETRY. 

c c 




2. Let CD fall without the triangle; then (14.) the angle B is of the 
Bame affection with CD ; and the angle CAD is of the same affection with 
CD; therefore the angle CAD and B are of the same affection, and the 
angle CAB and B are therefore of different affocliona. 

Cor. Hence, if the angles A and B he of the same affection, the per- 
pendicular will fall within the base ; for if it did not, A and B would be of 
different affection. And if the angles A and B be of different affection, 
the perpendicular will fall without the triangle ; for, if it did not, the anglea 
A and B would be of the same affection, contrary to the supposition. 

PROP. XVII. 

IftotM hast of a spkeiical Iriartgle a perpendicular be drawn from the oppose 
ang-le, which either falls within the triangle, or is the nearest of the two thai 
fall without ; the least of the seg-menls of the base is adjacent to the least of 
the sides of the triangle, or to the greatest, according as the sum of the sides 
is less or greater than a semicircle. 

Let ABEF be a great circle of a sphere, H its pole, and GHD any cir- 
cle passing through H, which therefore is perpendicular to the circle 



the circle ABEF, on opposite 



ABEF. Let A and B he two points 
sides of the point D, and let D he nearer 
to A than to B, and let C be any point 
in the circle GHD between H and D, 
Through the points A and C, B and C, 
let the arcs AC and BC be drawn, and 
let them be produced till they meet the 
circle ABEF in the points E and F, 
then the arcs ACE, BCF are semicir- 
cles. Also ACB, ACF, CFE, ECB, 
are four spherical triangles continued 
by arcs of the same circles, and having 
the same perpendiculars CD and CG. 

I. Now because CE is nearer to the arc CHG than CB is, CE ie greater 
*^^/iiP' *"'' 'berefore CE and CA are greater than CB and CA, where- 
fore CB and C A «n leas than a semicircle ; but because A D is by sup. 
position less than DB, AC is aUo less than CB, (13,), and therefore in this 
cue, viz. when the perpendicular falls within the triangle, and when the 
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sutn of the sides is lese than a semicircle, the last segment is adjacent to the 
least side. 

2. Again, in the triangle FCA the two sides FC and CA are less than 
a sennitircle ; for since AC ia leas than CB, AC and CF are leae than BC 
and CF. Also, AC ia less than CF, because it is more remote from CHG 
than CF is ; therefore in ihia caee also, viz. when the perpendicular fella 
-wiUioiit the iriangle, and when the sum of the sides is less than a semicir- 
cle, the least segment of the base AD is adjacent to the leaat aide. 

3. But in the iriang-!e FCE the two sides FC and CE are greater than 
a semicircle ; for, since FC ie greater than CA, FC and CE are greater 
than AC and CE. And because AC is leas than CB, EC is greater than 
CF, and EC is therefore riearer to the perpendicular CHG than CF is, 
wherefore EG ia the least segment of the base, and is adjacent to the 
greater side. 

4. In the triangle ECB the two sides EC, CB ate greater than a semi- 
circle ; for, since by aiipposition CB is greater than CA, EC and CB are 
greater than EC and CA. Also, EC ia greater than CB, wherefore in 
this case, also, the least segment of the base EG ia adjacent to the greatest 
side of the triangle. Therefore, when the sum of the sides ia greater than 
a semicircle, the least segment of the base is adjacent to the greatest side, 
whether the perpendicular foil within or without the triangle ; and it has 
heen shewn, that when the sum of the sides is less than a semicircle, the 
leaat segment of the base is adjacent to the leaat of the sides, whether the 
perpendicular fall within or without the triangle. 

PROP. XVIII. ' 

In right angkd spherical tnangkB, the sine of either of the sides about ike rigkl 
angle, is to the radius of the sphere, as the tangent of the remaining nde is 
to the tangent of the angle opposite to that side. 

Let ABC be a triangle, having the right angle at A ; and let AB be 
either of the aides, the aine of the side AB will be to the radius, aa the tan- 
gent of the other aide AC to the tangent of the angle ABC, oppoaite to AC. 
Let D be the ceniro"of the sphere ; join AD, BD, CD, and let AF be drawn 
perpendicular to BD, which therefore will be the aine of the arc AB, and 
from the point F, let there bo drawn in the plane BDC the straight line 
FE at right angles to BD, meeting DC in 
E, and let AE be joined. Since therefore 
the straight line DE ia at right angles to 
both FA and FE, it will also be at right 
angles to the plane AEF (4. 2. Sup.) ; 
wherefore the plane ABD, which passes 
through DP, is perpendicular to the plane 
AEF (17. 2. Sup.), and the plane AEF 
perpendicular to ABD : But the plane 
ACD or AED, is alao perpendicular to 
the same ABD, because the spherical an- 
gle BAC is a right angle; Therefore AE, 
the common eeclion of the planes AED, 
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AEF, a at right angles to the plans ABD, (18. 3. Sup.), and EAF, BAD 
an right angles. Therefore A£ u the tangent of the arc AC ; and in the 
rectihneal tnangle A£P, having aright angle at A, AF ia to the radius as 
AE to the tangent of the angle AF£, (1. PI. Tr.); but AF ia the sine of 
the arc AB, and AE the tangent of ihe arc AC ; and the angle A FE m 
the inclination of the planes CBD, ABD, (4, def. 2. Sup.), or ie equal to the 
ephericai angle ABO : Therefore the side of the arc AB is to the tadius as 
- the tangent of the arc AC to the tangent of the opposite angle ABC. 

CoR. Since by this proposition, ain AB : R : : tan AC : tan ABC ; 
and because R : cot ABC ; : Ian ABC : R (1. Cor. def. 9. PI. Tr.) by 
equality, sin AB : cot ABC : : tan AC : R. 



In right angled spherical trianglet the sine of ike kypoteiaae ittolie radius aa 
the tine of either tide is to the sine of the angle opposite to thai side. 

Let the triangle ABC be right angled at A, and let AC be either of the 
Bides ; the sine of the hypotenuse BC will be to the radius as Che eine of 
the arc AC is Co the sine of the angle ABC. 

Let D be the centre of the sphere, and let CE be drawn perpendicular 
to DB, which will therefore be the sine of the hypotenuse BC ; and from 
the point E let there be drawn in the 
plane ABD the straight line EF per- 
pendicular to DB, and let OF be joined : 
then CF will be at right angles to the 
plane ABD, because as was shewn of 
EA in the preceding proposition, it is 
the common section oT two planes DCF, 
ECF, each perpendicular to the plane 
ADB, Wherefore CFD,CFE are right 
angles, and CF is the sine of the arc 
AC; and in the triangle CFE having 
the right angle CFE, CE is to the radius, aa CF to the sine of the angle 
CEF (1. PI. Tr). Bm, since CE, FE are at right angles to DEB, which 
u the common section of the planes CBD, ABD. the angle CEF ia equal 
to the inclination of these planes, (4. def 2. Sup.), that is, to the spherical 
angle ABC. Therefore the sine of the hypotenuse CB, is to the radius, aa 
the smo of the side AC to the sine of the opposite angle ABC. 

PROP. XX. 

In right angled spherical triangles, the cosine of the hypotenuse is to the radius 
at the cotangent of either of the angles is to the tangent of the remaining ait- 
gle. 

Let ABC be a spherical triangle, having a right angle at A, the cosine 
of the hypotenuse BC is to the radius as the cotangent of the angle ABC 
to the tangent of the angle ACB. 
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Describe the circle D£, of which B is the pole, and let it meet AC in 
F, and the circle BC in £ ; and since the ciicle BD passes through the 




poleB, of the circle DF,DF must pass through the pole of BD, (4.]- And 
since AC is perpendicular to BD, the plane of the circle AC is perpendi- 
cular to the plane of the circle BAD, and therefore AC must alao (4.) pass 
through the pole of BAD ; wherefore, the pdle of the circle BAD is in the 
point F, where the circles AC, DE, intersect. The arcs FA, FD are 
therefoie quadrants, and likewise the arcs BD, BE. Therefore, in the tri- 
angle CEF, right angled at the point E, CE ie the complement of BC, the 
hypotenuae of the triangle ABC ; EF is the complement of the arc ED, 
the measure of the angle ABC, and PC, the hypotenuse of the triangle 
CEF, is the complement of AC, and the arc AD, which is the measure of 
the angle CFE, is the complement of AB. 

But (18.) in the triangle CEF, sin CE : R : : tan EF : tan ECF, that 
is, in the triangle ACB, cos BC : R ; : cot ABC : tan ACB. 

Cob. Becauae cos BC : R : : cot ABC : tan ACB, and (Cor. 1. def. 9. 
PI. Tt.) cot ACB ; R : : R : tan ACB, ex »quo, cot ACB : cos BC : : R ; 
col ABC. 



In right angled spherieal triangles, the eogine of an angle is la the radius as the 
tangent of the side adjacent to that angle is to the tangent of the hypotenuse. 

The same construction remaining ; In the triangle CE P, sin FE : R ; : 
tan CE: tan CFE (18): but sin EF= cos ABC; tan CE=cot BC.and 
tan CFE=cot AB, therefore cos ABC : R : : cot BC : cot AB. Now, 
because (Cor. I. def. 9. PI. Tr.) cot BC : R : ; R : tan BC, and col AB : 
R : : R : tan AB, by equality inversely, cot BC : cot AB : : tan AB : BC ; 
therefore (11. 5.) cos ABC : R : : tan AB : tan BC. 

Cor. 1. From the demonstration it is manifest, that the tangents of any 
two area AB, BC are reciprocally proportional to their cotangent!. 
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Cor. 2. Because cob ABC : R :: tanAB : tanBC,andR : coeBC- 
tan BC : R, by equality, ci» ABC : cot BC : : tan AB : R. That is, tbe 
cosine of any of the oblique angles is to the cotangent o( the hypotenuse, 
as the tangent of the side adjacent to the angle is to the ladius. 

PROP. XXU. 

In rigAt angled ipkeriail triangles, the cosine of dtker of the odes is lo the ra- 
dius, as the cosine of tke hypotenuse is to i/ie cosine of the olAa- aide. 

The same conalruction remaining : In the triangle CEF, sin CF : R : ; 
sin CE : sin CFE, (19.) ; but sin CF=:cos CA, nn CE=cos BC, and aa 
CF£=coaAB; therefore coa CA : R :; cob BC : cob AB. 

PROP. xxin. 

In right angkd spherical trimgles, the cosine of either of the sides it to the ra- 
dius, as the cosine of the angle opposite to that side is to the sine of the other 



The same conatruction remaining : In the triangle CEF, nn GF : R : : 
Bin EF : Bin EOF, (19.) ; but sin CF=cos CA, sin EF=cob ABC, and 
BinECF=:sinBCA: therefore, cos CA : R : : cob ABC i sin BCA. 



In Ipherical triangles, whether right angled or obligue angled, the sinet ofth 
tides are proportional to the sines of the angles opposite to them. 

'Hrst, let ABC be a right angled triangle, having a right angle at A ; 
theiafore, (19.) the aine of the hypotenuse BC is to Sie radius, (« tbe Noe 
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of the right ftngle at A], as the sine of 

the side AC to the aioe of the an^a B. 

And, in like manner, the sine of BC is 

to the sioe of the sngle A, as the sine 

of AB to the sine of the angle C ; 

wherefore (11. 5.) the ane of tlie aide ■ jr 

ACisto tbeeineof thBaiigle6,aBthe 1 ji^ 

side of AB to the sine of the angle C. A - ^ .— "'^ 

Secondly, Let ABC be an oblique angled triangle, the euie of any of the 
udes BC will be to the nne of any of the other two AC, as the side of th« 
angle A opposite to BC, is to tho sine of the angle B (^^mbCo to AC. 
Through the point C, let there be drawn an arc of a great circle CD per- 
pendicuiar to AB ; and in the right angled triangle BCD, nn BC : B : : 




nn CD ; Bin B, (19.) ; and in the triaiigle ADC, sin AC : R ; : nn CD : 
ain A ; wherefore, by equality invereely, sin BC : sin AC : : nn A : ab B. 
tn the same manner, it may he proved that idn BC ; sin AB : : sin A : an 
C,&c. 

PROP. XXV. 

In obtiaue angled ^ierkcUtrim^la, a perpe^iailar mv being draumJromoHf 
of the angles upon the oppotUe eiJe, the cosines of the angles at the bate art 

proportionai to the sines of the segments of the vertical angle. 

Let ABC be a trian^e, and the arc CD perpendicular to the base BA ; 
the Coeine of the angle B will be to the cosine of the angle A, as the sine of 
tho angle BCD to the sine of the angle ACD. 

For having drawn CD perpendicular to AB, in the riffht angled irianglo 
BCD, (23.) cos CD : R : : cos B : sin DCB ; and in the right angled tri- 
angle ACD, cos CD : R : : cob A ; on ACD ; therefore (11. 5.) cos B : 
Bin DCB : : cos A : sin ACD, and alternately, coa B : cos A : : an BCD : 
linACD. 

PROP. XXVI. 

I^e same tMngs rMtaining, the cesines of the tides BC, CA, areproporttMal 
to the eosmei of BD, DA, the segments of the base. 

For M tiia triaiigle BCD, (S2.), ca>BC:coiiBD::cosDC:R,aiidin 
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thetriiingle ACD, CMAC:coaAD::coaDC:R; therefore (11. 6.) cos 
BC : coa BD : : coe AC : cos AD, and alieinatelj, cos BC : cob AC : : coo 
BD : cos AD. 

PROP. xxvn. 

The same ametrwtion remaining, the sineg of BD, DA the segments of the base 
are reciproeaily proportional to the langenU of B and A, the angles at tJte base. 

In the triangle BCD, (18.), sin BD : R : : tan DC ; tan B ; and in the 
triangle ACD, sin AD : R : : tan DC : tan A ; therefore, by equality in- 
versely, sin BD : sin AD : : tan A : Ian B. 




PROP, XXVIII. 

Tke same cmsirvction remaining, the cosines of the segments of the vei^cal angle 
are reciprocaUj/ proportional to the tangents of the sides. 

Because (21.), cos BCD : R : : tan CD : Ian BC, and also coe ACD : R 
: : tan CD : tan AC, by equality inversely, cos BCD : cos ACD : : tan AC 
; tan BC. 

PROP. XXIX. 

Jfjrom an angle of a spherical triangle there be drawn a perpendietilar to the op- 
posite side, or base, the rectangle contained by the tangents of half the nm, 
and of half the d\fferenee of the segments of the base is equal to the rectangles 
contained by the tangents of half the sum, and of half the difference of the lao 
tides of the triangle. 

Let ABC be a spherical triangle, and let the arc CD ba drawn fiom the 
angle C at right angles to the base AB, tan i (m+n) X^*" i ("* — '*)=i 
tan (a+l) xi tan [a — b). 

Let BC=a, AC=b ; BD=»i, AD=n. Because (26.) coa a : coa b : : 
COBffl: cosn, (£. S.) cos a-{-i : cos a — coab : : cosm-j-cosn: coa tn— cosn. 
But {1. Cor. 3. PL Trig.), cos a-j-cos b : cos a— coa i:: cot j- (o-J-i) ; tan 
^ (a— 4), and also, cos m-j-co8 n : cos m — cos n : : cot iJ (ffi-|-tt) : tan iKm 
-n). Therefore, (11. 5.) cot-t (o+i) : tan i {a—b) : : cot j- (ra+n) : Ian 
!l(m — n). And because rectangles of the sams altitude are as their bases, 
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tan i (ffl+ft) Xcot i (a+b) : tan i («+*)xtan + {a—b) : : tan i (m+n) x 
cot i im-\-tt) : tan i (ni X'')+tan ^ (m— n). Now the firat and third tenns 
of this pioporlion are equaJ, being each equal to the square of the radius, 
(1. Cor. PL Tiig.), therefbie the lemEiining two are equal, (9. 5.) or tan i 
(m+«)xtani(m-n) = [an^(8+4;xtanj(a-ij; that is, tan J (BD 
+AD) xtan i (BD- AD)=tan i [BC+AC) xtan i (BC— AC.) 

Cor. 1. BecauBe the aides of equal lectangles axe reciprocallv propor- 
tional, tan i (BD+AD) : tan i (BC+AC) : : tan + (BC— AC) : tan i 
(BD-AD). 

Cor. 2. ^ce, whan the perpendicular CD falls within the triangle, 
BD4.AD=AB,thebase; and when CD foils without the triangle BD— ' 
AD=AB, therefore, in the first case, the proportion in the last corollary 
becomes tan + { AB) : tan J^ (BC+AC) : : tan i (BC— AC) : tan i (BD- 
AD) ; and in the second case, it becomea by inversion and allemation, tan 
i (AB) : tan i (BC+AC) ; : Ian i (BC— AC) : tan i (BD+AD). 




SCHOUUM. 

The preceding proposition, which is very useful in spherical trigonome- 
tlj, may be easily remembered ftom its analogy to llie propoution in plane 
tngonometry, that the rectangle under half the sum, and half the difference 
of the sides of a plane triangle, is equal to the rectangle under half the 
sum, and half the difference of the segmenu of the base. See (K. 6.), also 
4th Case PI. Tr. We are indebted to Napier for this and the two foUow- 
ing theorems, which are so well adapted to calculation by Logarithms, 
ttuit they must be considered as three of the most valuable propodlions in 
Trigonometry. 
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SPHERICAL TBIGONOMEIVT. 



PROP. XXX. 

^ a perpendicular be drawn from an angU of a spherical triangle to lieoppoede 
tide or base, lAt line of the mm of the angles ai the base ie lo the sine of their 
difference as the tangent rf half ihe bate to the tangent ^ ka^ the difference 
of its segments, tcAoi the perpendicular falls within ; but at the co-tangent of 
Aa^the bate lo Ihe co-tangent of h^f the Mm of the segments, when Ihe per- 
pendicuiar fails without the triangk : >And the sine of the sum of Ihe two sides 
is to the sine of iheir difference as ihe co-tangent of half the angle contained by 
the tides, to the tangent of half the difference of the angles which the perpen- 
dicular makes with the same sides, what it falls Within, or to the tangent of half 
the sum of these angles, when it falls without Ihe triangle. 

If ABC be a ipheric^ triangls, and AD a perpendicular to tha baw BC, 
nt (C+B) : nn (C-B) : l tan ^ BC : tan ^ (BD-DC), when AD fUb 
within the triangle i butnn(C-(-B) :8in(C— B) :: cot^BC :coti(BD 
-f-DC), when AC falla without. And again, 

A 
A 




Bin (AB+AC) : sin (AB- AC) ; r cot J BAG : tan J (BAD-CAD), 

vheo AD fells within ; but when AD blla without the triangle, 

an (AB+AC) : sin (AB-AC) : : cot J BAG : tan ^ (BAD-l-CAD). 

For in the triangle BAC (27.), tab B : tan C : : ain CD : sin BD, and 
therefore (E. 6.), tan C+tan B ; tan C— tan B : ; ain BD-f ain CD : am 
BD— Bin CD. Now^ (by the annexed Lemma) tan C+tan B : tan G— 
lanB:: ^(C+B) : flin(C-B),and6inBD+BinCD : sinBD-^ainCD 
! : tan J (BD+CD) t tan i (BD -CD), (8. PI. Trig.), therefore, becauM 
tatioi which are equal to the Bam6 ratio are equal to tmo another (11. 8.), 
■b (C+B) : nn (O-B) : : tan * (BD+CD) : t»i i (BD-GD). 




SPHERICAL TRIGONOHETRT. »S 

Now when AD ia within the tiiangle, BD-{-CD = BC, and thenSote nn 
(C+B) : sin (C— B) : : tan ^ BG : tan ^ (BD— CD). And again, when 
AD is without the trianglo, BD— CD=BC, and therefore sin (C-|-B) : aia 
(C— B) : : (an ^ (BD-f CD) ; tan j- BC, or because the tangenU of aoj 
two arcs are reciprocally aa their co-tangenta, m (C4-B) : bid (C— B) : : 
cot J- BC : cot f (BD-j-CD). 

The Bccond part of the proposidon is next to be demonatr&ted. Because 
(28.) tan AB : tan AC : : cos CAD : cob BAD, tan AB-j-tan AC : Ian 
AB— too AC : : cos CAD-f-cos BAD i coa CAD— cos BAD, But 
(Lemma) tan AB+lan AC : tan AB-tan AC ; ; ain (AB+AC) : sin 
(AB — AC), and (L cor. 3. PI. Trig.) cos CAD+cos BAD : cos CAD- 
co9 BAD : : cot i (BAD+CAD) : tan i (BAD-CAD). Tlierefore (11. 
5.) Bin (AB+AC) r sin {AB— AC) : : cot i (BAD+CAD) : tan i (BAD 
-CAD). Now, when AD is within the triangle, BAD+CAD=BAC, 
and therefore Bin (AB+AC) :ain(AB— AC) : : cot ^BAC : taiii{'(BAD 
-CAD). 

But if AD be without the triangle, BAD — CAD=BAC, and tberdbn 

sin (AB+AC) : sin (AB-AC) : : 

cot i (BAD+CAD) : tan ^ BAC ; or becauae 

cot i (BAD+CAD) ; tan i BAC : : cot i BAC : 
tan i (BAD+CAD), ain (AB+AC) : sin (AB-AC) : : oot^^ BAC : 
tan i (BAD+CAD). 

LEMMA. 

The sum of the langenlt of any two arcs, U to the difference of their tmgenti, of 
the tine of the turn of the arcs, to the tine of their difertnce._ 

Let A and B be two arcs, tan A+tan B : tan A ~tan B : ; nn (A+B) 
: (A— B). 
For, by § 6. page 234, sin Axcm B+cos Ax«n B=Mn (A+B), and 

therefore dividing all by cch A cos B, ■ r 4 -= = r— ^— n, that 

° ■' cosA ' coaB gobAxcobB 

, , ain A . , , „ ain (A+B) - 

IS, oecause . j =tan A, tan A+tan B= ^ — ■ — ~. In the same 

' COB A ' ' coa AxcoaB 

mimner it ia proved that tan A— tan B= ;^ 4r- Therefore tan A 

cobAxcosB 
+tan B : tan A-tan B : : an (A+B) ; on (A~B). 

PROP. XXXI. 

7%e tme of half the sum of any twoangke of a spherical fimffle is to the sine 
of half their difference, as the tangent of half the side adjaceta to these angles 
is to the tangent of half the difference of the sides opposite to them ; and the 
cosine of half the sum of the same angles is to the cosine of half their differencet 
at the tangent of half the side adjacent to them, to the tangent of hagtht ran 
of the sides opposite. 

Let C+B=3S, C— B=aD, thebaMBG=i2B,aiid the difienoM of 
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the BegmanU of the bwe, or BD— CD=2X. Then, because (30.> ^in 
(C+B) : sin (C-B) : : tan i EG : tan ^ (BD-CD), sin 2S ; sin 2D : : 
tan B : lan X. Now, sb 2S=8m (S+S) =2 sin S xcos S, (Sect. UI. cor. 
PI. Tr.). In the same manner, sin 2D=2 ain Dxc<» ^- Therefore sio 
8xcwS:ainDXcoaD:: tanfi : tan X. 





Again, in the spherical triangle ABC it has been proved, that ain C-f- 
Mn B : BID C— Bin B : : sin AB^-sin AC : sin AB-sin AC, and since sin 
C+Bin B=2 sin i (C+B)+co8 i (C - B), (Sect. III. 7. PI. Tr.)=2 ain 
SxcoB Dj and sin C— ain B=2 cos } (C-f B)X8in i(C— B)=2 cob S 
Xain D. Therefore 2 sin SxcosD : 2cOHSxsinD :: ein AB-f-sin AC 
: Bin AB— sin AC. But (3. PI. Tr.) sin AB-fsin AC ; sin AB-sin AC 
: : tan i ( AB+AC) : tan i ( AB - AC) : : tan 2 ; tan i, I being equal to 
i tAB+ AC) and A to i (AB— AC). Therefore ein S xcos D : cos 8 x 
. T\ - «.. u tan X sinDxcosD ,tanA 

aa D : : tan 2 : lan A. Since then = =■■ -^~s~ s ; and 

tanB suiSxcobS tanZ 

cos S Vain D, .... , . , tan X lan A 

(an Dl'xcoH S Xcos D _ (ain D )' 
(ain S)»xcos 8XC0S D ~ (ain S)'' 

R,.t fS9 1 ^»^(BP - ^^) _ taDi(AB+AC) tan X tan S 

^""^ ^^^> taai(AB-AC) " tan^BC ' ^"^ *"■ I^^ = ii^' 

_ tanSXtan A tan X _ tan A __ tan & ' 

~ (tanB;?~'"'^uir¥ ~teF2'-("WBp- 
„ . tan X , tan A (sin D)^ . (tan A)' (sin D)' , lan A 

But i — 6 X . — = = ; - o., ; whence j sf. = . - v -t , -^ ; and — =, 

tan B '^ tan 2 (sin S)' ' (lan B)» (sin S)" tan E 

= -r-^orMnS:sinD:: tanB: tftnA,thatifl,sin(C-j-B) :Bin(C— B) 

: : tan i BC : tan j- (AB - AC) ; which is the first part of the proposition, 
tan il ca " " ~ ' " " 



tan 2 sm Sxcos D' ■' tan A cog S X Bin D ' 

„„i ■ tanX BinDxcosD , , . , - ,. . tanX 

iaiTB ~ • in ' pv S" ' *'*"**™* ^7 muluphcation, - — g- x 

lan 2 _ (cos D)* 
tan A ~ (coe S)' ■ 
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Bat it WM ftlreadj shewn that ^^ = tan ^x ten A ^j^^j^ ^ 
UnX tonl ^ f tan I)" 
UwS ^ MBA ~ (unB)*' 
„ tan X tan S (mb DV" . . . . 

J^ow = X , — r = ; 5:3. M nMJu«t been ■hewn. 

lan 11 Ian A (coa o) 

^i, t^ <"* ^)* (tan Z)" ^ , con D tan » 

S -. CM D : : inn B : Inn X, that is, cob (C+B) : uw (C— B) : : Ian i BC : ' 
tan j- (O-f-B) ; which k tb« aecontt pan of tita propcwiliofi. 

Cob. 1. Bj applying ihiti propoeition to the triangle supplemental to 
ABC (II.) and by cOnsideHng, that the sine of half the sum or half the ()if- 
rerenceofibeBupptpraentH of two arcs, ia ihu aame with ihesineof half the 
eum Of half [hediffefenceorihearcB themaelvee: and (hat ihe lameia true 
of the coBineB, and of the tang-ents of half the sum or hn.irihB difference of 
the Biipplementa of two area : but rhnt the tenant of half the wipplament 
of an arc is the anrnti with the cotangent of half the arc itself; it will lbl> 
low, that [be sine of half the snm of any two sides of a sphericnl triaagk, 
is to ihe sine of half their difference as the cofangeni of half the angle eoa- 
tained between iberti^ to the tangent of half the difference of the angles 
opposite to them : and also that the cosine of half the sum of ihetie eides, 
is to tbe cosine of half their difference, as the cotangent of half Ihe angl* 
poniained between ihem, to the tangent of half the sum of the angles op- 
posite to them. 



I. siai(A+B):eini(A-B)::lanic:tani.{«-J). 
II. c«l + (A + B) : cos J (A-B):: tan ic: tan }(«+*). 

III. sia ^ {a-f i) : sin J (a-*) : : tan i C ; tan * (A— BK 

IV. co*i(s-t-A) : co»i{a-4) : : tan * C . Van i (A+B). 
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SFBERMAL TRK3QN0HBTRT. 



PROBLEM I. - 

In a riglit angkd spherical triangle, ef Ike three sides and lifee aaffltt, onjKw* 
bevtg given, besides the right angle, to find the elher. three. 

This problem has sixteen cases, llie solulioos of wbkl) ;ue contained 
in the ToUowipg table, where ABO is any spherical triangle r^it aisled 
at A. 



«T.«, 


WtPOHT. 


«>LOT,0H. 




BCaodJJ, 


AC. 
AB. 

C. 


Risiti BC:; sin B : rin AC, (19) 
R:coaB::ianBC:tan AB, (21) 
R : cos BC : : tan B : cot C, (20) 


1 
3 


^ai^G. 


AB. 

BC. 
B. 


R:ein AC::iaBC;tanAR, (18) 
cos C : R : ; tan AC : tan BC, (81 ) 
R:cosAC::sin C:cosB, (23) 


4 
S 
6 


4C&ndB. 


AB. ■ 
BC. 

C. 


tan B ; ta(i AC::R;Qia AB, (18) 
•in B: Bin AC ; : B i sin BC, (19) 
cos AC : ccB B : ; B : sin C, (23) 


7 
8 
9 


A.C and BC 


AB. 
B. 

C 


CM AC : C08 BC : : R : COB AB, (22) 
■in BC :3in AC:: R : ain B, (19) 
tan BC : tftn AC : ; R : CO* C, (21) 


10 

n 

la 


AB and AC 


BC. 
B. 

C. 


R;coeAB::co8AC:coaBC, (22) 
Bin AB : R ; : tan AC : tan B, (18) 
iin AC : R : : tan AB : tan C, (18) 


18 
M 
14 


BandCt 


AB. 

AC. 
BC. 


Bin B:coBe::H:co« AB, (23) 
Bin : COB B : : R : cos AC, (28) 
tanB:cotC::R:co«BC, faoi 


18 
18 
1« 
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SFHBMGAL TRIGONOBIBTWr. 



TABIX for iklerBiiniiig the BirectionB of the Sidaa ftAd Aitf^ iaand b^ 
jjBa preceding rute*. 



AC nnii B of the aame atfteiion. 

If BCiWo, AB and B oTthft same aSbclion, oiherWisB Sit- 
fefeni, (Cor. iS.) 

If BC^M", C and B of the «iihe ofibciion, otherwise diffe- 
rent. , (IS.) 


1 


AB and C art of the same affection, (l4.) 

If ACandCnreoftbesameaffection, BC/90°; otherwise 

BCZM", (Cor. 15.) 

B and AC are of the same affection, (14.) 


4 

5 

6 


Ambiguous. 
Ambiguous. 

AmWguoue. 


, 7 
8 


When BC i 90°, AB and AC of the same ; otherwise of dif- 
ferent affeciion, IS-) 
AC ami B of the same affection, 14.) 
When BC .i 90°, AC and C of the same ; otherwise o dif- 
ferent affection, (Cor. IS.) 


10 
11 

ra 


BC.il 90°, when AB and AC are of the same affecUon, 

* (1. Cor. 16.) 
B and AC of the same affection, (14.) 
C and AB of the same affection, (14.) 


13 
14 

14 


AC and B of the aame affection, (14.) 
When B and C are of ths same affection, BCil 90°, other- 
wise, BC790°, (15) 


15 
16 

16 



The cases marked ambijfuouB are those in which the thing sought has 
two values, and may either be equal to a certain angle, or to the supple- 
ment of that angle. Of these there are three, in all of which the things 
given are a side, and the angle opposite to it j and accordingly, it is easy to 
ehew that two right angled spherical triangles may always be found that 
have a aide and the angle opposite to it the same in both, but of which the 
. remaining sides, and the remaining angle of the one, are the supplementa 
of the remaining sides and the remaining angle of the other, each of each. 

Though the affection of the arc or angle found may in all the other cases 
be determined by the rules in the second of tho preceding rabies, it is of use 
to remark, that al! these rules except two, may be reduced to one, viz. that . 
when the thing f avid by the ruiea in the first iabU is other a tangent or a eoiau ; 
and when, of the langenU or eotinei employed in the eomjmtatim af U,ome etily 
UMgs l9 m aitiue p*gU, the angle reguiMd it abo stote. 
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a6D SPHERICAL TRIOONOMETRT. 

ThuB,iii thel&thcue, when cos ABis founil, if C be &n obtuse &ngle, 
becnuse of cos C, AB raust be obiuse ; and in caw 16, if eiitier B or C be 
obiuse. BC is greater than 90", but if B and C are either both acute, w 
both obtuse, BC is less than 90°. 

I( IB evident, that this rule dors not R-pply when that which is found is 
the line of on arc ; and ibis, besides the three ambiguous cases, happens 
also in other two, viz. the lat and 1 lib. The ambig-uily ia obviated, in 
these two cases, hy this rule, thai the aides of a spherical right angled tri- 
angle are of the same afieciion with the oppoeiie angles. 

Two rules are therefore auflicieni to rcmova the ambiguity in all the 
Otata of the light angled liiangle, in which it can possibly be removed. 
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It may be UMfut to oxpreM the Bame tolutiona aa in the annexed table. 
L«t A be at the right angle aa in the figure, and let the side apponta to it 
be a ; let i be the aide opposite to B, and c the aide oppoatte to C. 



o,..,. 


«....T. 


..L.T,... 




niaiB. 


c. 


■in 1 = on « X m B. 
tan « = M . X to. B. 
cotC=coBa xtan B. 


1 
3 
3 


iinda 


B. 


tancsnn hxtutC. 
cn.B=<».JX"nO. 


4 
S 
6 


iudB. 


■ e. 
a. 
C. 


-»' = 1^B- 
. „ CO.B 


7 

8 

1 


• udi. 


B. 
0. 


c..0=!51-'. 
mn. 


10 

u 

IS 


t«Dd>. 


a. 
B. 
0. 


unB = !^. 

_ tane 
tanC = -7-r- 


18 

u 

14 


BandC. 


c. 
i. 

a. 


ooflC 
'=«'' = irB- 

•uiC 
cotC 


1« 
1< 
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aPH&RICAL TBfOONOItfn'RT. 



la my ohSfm angkd tpftenKU triangle, ^the ^ne ridei and ihrte mgUt, «qr 
three being given, it it required to find the other tttree. 

In thia Tahle the rererencei (c. 4.}, (c. 8.), &c. Kre lo the caaes in the 
preceding Tablo, (16.), (27.), Ace. to the pr^Kiattiohs In Spherical Trigo- 
nometry. 



...». 


•000 HT. 


.OLOTIO... 


1 

Tvondee 

AB.AC, 

and the in- 

2cludeduig:k 

A. 


One of the 

other anjht 

B. 


ed, on AB. 
R ; WW A : : tan AC : tan AD, 
(c. 3.) ; therefore £D is knoWn, 
and Bin BD : ain AD : : Ian A : 
tan e, (27.); B and A afe of 
the snine or diffeitent affection, 
according as AB ia greatM a 
lew than BD, (16.). 


The third 
•id» 
BC. 


Let bli the perpendicular CD firom 
one of the unknown angles on 
tbe Mde Afe. 

R : cos A : r tan AC 1 tan AD, 

and cos AD : cos BD : : COB AC 
: COB BC, (36.) ; accordiiig as 
the M^menu AD and DB are of 
the same er different affection, 
AG(UidCBwAbe«f ttatame 
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TABLE continued. 



atoN. 


■ODon. 


-^.»,o». 


3 

AftndAC^ 

and 

AC, 
the side ba- 

IWMBth«n. 

4 


The ride 
BO. 


Prom C iha esiremity of AC neai 
the side aoiiphi, let fall the per< 

R : eoe AC : : tan A : cot ACD, 

and coa BCD : cob ACD : : fan 

AC: tan EC, (28.). BC ii Ie»l 

as the angles A and BCD are 
of the eame, t» diffeieM itSve- 
lion. 


angle 
B. 


one of the given angles on tbe 
opposite side AB. 
B : cos AC : : tan A : oot ACD, 
(c.S.)i therefore the angle BCD 
ia riven, and sin ACD : sin BCD 
:: COB A: COB B, (25); Bond 
A are of the same ot differ- 

fallj Tiriibin or without the tri- 
angle, Ihai is, according as ACE 
IB greater or less than BCD, 
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sntmsoAh TanoMOMmiT. 

TABLE oonUamd.' 



atTiv. 


-W-.T. 




B 

TvOHdM 

4CudBC 

tnduiaiick 

•ppMiteto 

Ba 

1" 


Ttwaogla 

oppgntato 

the ochtir gi 

wnaid* 

AC. 


^n fiC .- ain AC : : sin A : sin B, 
(34.) The affacHon of B is un- 
biguouB, unl«M it can be d«t«r- 
minad bj ihia rule, that accord- 
ing M AC + BC ia greater or 
leu tha» 189° A + B is greater 
or leu than 180°, (10.) 


TlwangU 
ACB 

AC and BC. 


From ACB ihe angle sought draw 
CD perpendicular toASj that 
R : cos AC ; : lui A : cot ACD 
(c. 3.) ; and Un BC : tui AC : : 
CM ACD : cos BCD, (28.) ACD 
:t BCD = ACB, and aCB ii 
ambiguous, becaun of tba am. 
biguous sign + or — . 


Tbe third 
■Kb 
AB. 


the angle C, contained bj the 
gi«n sides, upon the aide AS. 
R : cos A : : tan AC : tan AD 
(C.a.)i COsAC:co. BC::C0i 
AD:co«BD,(2«.) 
AB=AD±BD, whewfow AE 
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SPHERICAL ■raiaONOMETBT- 
TABLE conliauad. 



oppofite to 



The aide 



other 
given aiir 
gle A. 



Sin B : Bin A : : sin AC : ain 
(24.) ; ihe sffeciion of BC ii 
certain, except when it can be de- 
letmined by ilii« rule, that accord- 
ing aa A+ B is greater or less than 
180", AC+BC is tAao greater 
leBslban 180°, [10.)- 



given 
A,B. 



From the unknown angle C, draw 
CD perpendicular to AB ; then 
B . ™ A : : ion AC , iBii AD, 
(c 2.) ; tan B : lan A : : sin AD ;| 
Bin BO. BD isambigQous; and 
therefore AB = AD ± BD may 
have four values, soma of which 
will be excluded by this condition, 
that AB muHi be lew than. '30°. 



Bidea, 
AB, AC, 



angle 
ACB. 






F)»in the angte required, C.drav CD , 

Srpendiculat 10 AB., 
'coeACiitan A : cot ACA 
[c. 3.1, cos A : COS B 1 ; «in ACO ■ 
sin BCD, (25,)- Tba affection of 
BCD is uncertain, and therefore 
ACB = ACD ± BCD, has four 
values, some of which may be ex- 
cluded by the condition, that ACB 
is less than 180°. 

Fiom C one of the angles not requir 
ed draw CD perpendicular to AB 
Find an arc E sucli that tan i AB 
taniCAC+BC):.laniCAC- 
BC) : tan i E ; then, if AB be 
greater than E, AB i« the sum, and 
E the difference of AD and DBj 
but if AB be leeo than E, E is thd 
sum and AB the difference of AD, 
DB, (29.). In either case, ADandj 
BD are known, and lan AC : tan 
AD : ! R : «» 4^ 
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SPHERICAL TBIQONOMETRT. 
TABLE continued. 



19 


strmit. 


^.HT 


■OLMIOM, 


Thothne 
anglM 
A, B, C. 


One of the 
tddea 
BC 


Suppose the Buppleraeoti of the 
tbree given angles, A, B, C, to 
be a, b, c, and to be the aides of 

the lul case, the angle of this 
triangle, opposite to the side a, 
and it will be the supplement of 
the side of the given triangle op- 
posite to the angle A, that is, of 
BC, (II.) ; and therefore BC is 
found. 



In the f(»egoiDg table, the rules are given for ascertkining the affection 
of the arc or angle found, whenever it can be done : Most of these rules 
are contained in this one rule, which is of ^neral application, viz. that wAen 
tiu iMng /maid u tiiher a tangent or a amne, and of the tangetUi or coeima 
ai^hyed is tie eompvtation of it, eilAer one or thru belong to obluee aagUt, the 
mgle found is alto obluie. This rule ia particularly to be attendwl to in 
coao fi and T, where it removes part of the ambiguity. 

It may be necessary to remark with respect to the 1 1 th CEue, that the 
Begmenta of the base computed there are those cut off by the nearest per- 
pendicular ; and also, that when the sum of the sides u leas than 1S0°, 
the least segment ia adjacent to the least side of the triangle ; otherwise 
tp tt»e greatest, (17.)- 



SPHERICAL TRIGONOMETRY. M7 

The last table iciay also be conveniently expre«Md in Ihe following 
manner, denoting- the aide opposite to the angle A, b; a, to B by b, and to 
C by e ; and also tfae segments of the base, w of opposite angle, by a 





OIYIN. 


»vaMT- 


•aLDTIOH. 


1 

2 
3 

4 

6 
7 


Twosidea 
h and c, aod 
the angle 
between 
them A. 


B. 


Find X, BO that 
tanz=tanixooe A; then 


•*"" «n{<-.) ■ 


• 


innd I, as above, 
thDn.00. ««»'X«-(^) 




Angles 

AandC 

and 

sidei. 


a 


Rnd I, so that 
COt«=C0s*X'»n A: »*»» 


B 


Find I, as above, 

tTnnnrn«F C0sAX8m(e-*) 




Sides 

aandb 

and 

angle A. 


B , 


, „ siniXsinA 


"^" Bina 


C 


Find X, so that 
cot2=c08iXtan A: then 


^ 


Find at, so that 
tanz=tan bx<^-f*i vAnnt 
y, BO that 

coaax««* 
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SPHERICAL TRIGONOMEtRY. 
TABLE continued. 



BtTBH. 


«,»... 


MLDTtOH. 


a 

TheanglM 
g AaadB 
udtha 
rddo'i. 
10 


• 


«i.6xrinA 


'"'' linB 


' 


rind«,80lhat 
tMi«=lanlxc«A; and y, w 
Ital 

BinTX"inA 

•""^ STB— 

«=.±y. 


O 


Find «, so that 
cotz=coa6x>'^^i ftitdalaoy 

WttML 

m.X"»B 
'">'- M.A 
.=.±y. 


» a,i,.. 


A 


L.tM-M-<=<. 


. .. »/«ii(ti-l)X-to(*<-< 


^8m6x«ne 


U A,B,C. 


a 


LttA+B-K:=a. 


. , V«»*8X™(*S-A 
^«n Bx«ri C 


«/niiBX«i>0 
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APPENDIX 

TO 

SPHERICAL 

TRIGONOMETRY, 

CONTAIKUtS 

NAFIEB'S EULE3 OF THE CIRCULAR PARTS. 



The Tute of the Cirealar Parts, inrenwd bj Natibr, w of great uh in 
Spbeiical Trigonometry, bj reducing all the theorema emplojed in th« 
•olution of right angled triangles to two. These two are not new propoei- 
turns, but are merely enunciations, which, by help of a particular arrangs- 
meat and claBsiGcation of the parts of a tiidngte, include all the six propo- 
•ilion«, with their corollaries, which have been demonstrated above from 
the 18th to the 28d inclusive. They ue perhaps the happiest example (A 
VtificiAl meniory that Ib known. 



DEFINITIONS. 



1. If in a aphvcicol triangle, we set aside the right ongrlo, and conBderontr 
the fiva remaining paits (rf'tbe triangle, via. the three ndei and tb4 two 
oblique angle*, then the two Mdes which contain the right angla, and 
the complements of the other three, namely, of the two angles and the 
hypoienuw, ue called ibe Ciraiiar ParU. 

Thus, in the triangle ABC tight an^ed at A, the circular parts are AC, 
AB with the complemenu oT B, BC, and C. These parts ore called 
nroulai ; bec&iwe, when thay ate named in the natural older of tbrir 
■UDOBsaion, they go round the triangle. 

S. When of the five circular parts any one is token, for the middle port, 
then oS the remaining four, the two which ore immediaiely adjacent to 
it, on the ri^ht and left, are called the adjacent parts I and lAeoihwtwo, 
each of which is separated firom the middle by an adjacent port, aia call- 
ed opposite ports. 

Tbui in ths right angled triangle ABC, A, being the right anria, AC, AB, 
M«--B, W<!-q^ M^^ «ra th» cucdlar paiH, by DeL L ; ui4 if 
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any one, as AC, be reckimed the middle part, then AB and 90°— C, which 
we contiguous to it on different wdeB, are called ailjacent parts ; and 90° 
— B, 90° — BG aie tbe opposite parts. In like manner if AB is taken lor 




the middle part, AC and 90°— B ara the adjacent parte : 90°— BC, and 
90° — C are the opponie. Or if 90°— BC be the middle part, 90° — B, 
ago — C are adjacent ; AC and AB opposite, &c. 
This arrangement being made, the rule of the circular part is coalained 

in the fbllowtiig 

PROPOSITION. 

In a right angled iphtricai triangle, Iht rectangle under the radius and the tine 
of Ae middle pari, is equal to ike rectangle undtr the tangents of the adjacent 
parts ; or, to the rectangle under the cosines of the oppositt parts. 

The truth of the two theorems included in this enunciation may be 
easily proved, by taking each of the five circular parts in succeasiou for 
the middle pari, when the general proposition will be found to coincitfe 
with some one of the analogies in the table already given for the resolution 
of the cases of right angled spherical triangles. Thus, in the triangle ABC, 
if the complement of the hypotentue BC be taken as the middle part, 9U° 
— B, and 90° — C, are the adjacent parts, AB and AC the opposite. Then 
the general rule gires these two theorems, Rxcoe BC=cot BxcotC; 
oJid RxcosBC=cosABx™s AC. The former of these coincides with 
the cor. to the 20ib ; and the latter with the 22d. 

To apply the foregoing general proposition, to resolve any case of a right 
angled spherical triangle, consider which of the three quantities named 
(the two things given and the one required) must be made the middle term, 
iu order that the other two may be equi-distant from it, that is, may be 
both adjacent, or both opposite ; then one or other of the two theorems 
contained in the above enuDciatiOn will give the value of the thing re- 

SufqiOBe, for example, that AB and BC are given, to find C ; it is evi- 
dent Uat if AB be made the middle part, BC and G are the opposite parts, 
and therefore RXsin AB=sin CXsiii BC, for sin C=cob (90° — C), and 

cos (90°— BC)=ain BC, and consequenUy sin C= "" * ■ 

Again, suppose that BC and C are given to find AC ; it Is obvious that 
C ia in the middle between the adjacent parte AC and (90^— BG), there- 
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fore RX<»« C=lan ACxcot BC, or tan AC=-^^!^=eo«C+tan BC ; 
because, as has been shewn above, o^=tan BC. 

In the samo waj may all ihe other casea be resolved. One or two tri&b 
will alwajB lead to the knowledge of the pari which in any ^vrn case ii 
to be aeeumed aa the middle pari ; and a htlle practice will make it eaaj, 
eveo without such trials, to judge at once which ^ ihem is to be so as- 
sumed. It maj be useful for the learner lo range the names of the fir« 
circular pans of ihe triangle lounil the circumference of a circle, ai equal 
distances from one another, bj wbicb means the middle part will be imme- 
diately determined. 

Besides the rule of the circular partt, Napier derived from Ibe last of Ihe- 
tbree theorems ascribed lo him above, (achol. 29.] the solutions of all itaa- 
casea of oblique angled triangles. These solutions are as follows : A, B, 
C, denoting the three triangles of a spherical triangle, and a, b, e, the stdas 
opposite to them. 



o sides b, e, and ibe angle A between tl 
To find the angles B and C. 
ni(b-c ) 
n i (b+c)- 

«u>i(B+C)=cotiAx^|{^. (31.) cor. 1. 
To find the third side a. 
ainB:siaA::BiDi:Binii- 



a i (B_C)=cot i Ax "' ! rZ v C31)CM.1. 



Qiven Uie two udes b, c, and ttie angle B opposite to one of th«n. 

To find C, and the angle opposite to the other aide. 

njli:unc::sinB:HnC. 

To find the contained angle A. 

cot i A=tan i (B-C) x ^ ^ j^^j - (31.) cor. 1. 

To find the third side a. 



JII. 

Oina two angles A and B, ajid the side a between tUenn 

To find the otbei two aides ih &- 
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u. *(»-.)=«» j.xjji|j^|. (»J.) 
■..H^)=.«*.x^{i=|> (...) 

To find tbe third anglo C. 
va a : tin e : : nn A : nn C. 

IV. 

Given tvo angle* A and B, snd ibe side a, oppoBiie to one ol ibem. 

To liod b, the tide opposiie to ihe oiher. 

nn 4- 1 'in B : : sin a : sin i. 

To find e, the ude between the given Rnglee. 

To find the third angle C. 
■in a : nn e : : sin A : Bin C. 

The other two cuet, when the three sides are given to find the angles, 
OT when the three angles are given to find (he sides, are resolved bj the 
39th, (the first of Nirisa's Fropoeiiions,) in the lanie waj at in the table 
titeadj given for the case of the oblique angled triangle. 

There ia a solution of the cose of the three sides being given, which it is 
often ver; convenient to use, and whicb is set down here, though the pro- 
position on which it depend* baa not been demonstrated. 



maiAs 



IfBai^. = l,aoda + » + e = a, 
Vein(i,-t)x gH-nr:o 



comiA 



- y/sinit'X"'" i ;»— g)) 



In like manner, if iba three angles, A, B, C an giTen to find e, Gm nd« 
lietweea A ud & - ' ■■ ■...■. 
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LBtA + B + C = S, 



Thtme thewema, on account of tha tkdUtj with which Logmrithlu an 
Applied to theni, are the most convenieoEof anylorreaolviDg the twocuoi 
to wbidi they refer. When A ie a rei; obtuM angle, Ibe Mcond theorem, 
which gives the ralue of the comne of iu half, is to be lued ; MherwiM 
the Gist theorem, giving the value of the aine of iu half i* pceferabJe. Ths 
aaoie is to be obaerved with reapect to the aide e, the reason irf which wm 
explained, Plane Trig. ScboL 



■IID or SPHUUOAI. THOOIIOMaTBr. 
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ELEMENTS. 
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NOTES 



FIRST BOOK OF THE ELEMENTS. 



DEFINITIONS. 



In tlM definitions a fev changeB haTe been made, of which it is necM- 
ttuj to give aoiiie account. One of tbeee changee reepecta the first defint- 
lion, that of a point, wbich Eucliil baa aaid to be, ' That vbicb baa no 
pans, or which has no mttgnitude.' Now, it baa been ob|ected to this deli- 
nilian, that it contains onlj a negative, and that it is not convenible, aa 
avBTj good definition ougbt certainly to be. I'bat it is not converiible ia 
evident, for though ever; jmint is unextended, or withotit magnitude, yet 
every thing unextended or without magnitude, U not a point. To this it 
ia impoambla to reply, and therefore it becomes neceaaary to change the 
definition altogether, which i« accordingly done here, a point being defined 
to be, iAai to/tKh has posiiim but notmagtnfiide. Here the affirmative part 
includea all that ia eaaential to a point, and the negative part includ«B 
ev«y thing that is not eMsnttal to it. I am indebted for this definition tfl & 
fiiaoid, by whoaa judioioiu and learned remaika I hate often pitied. 



U. 

ARet the second definition Euelid hoe introduoed the Mowing, " the ex- 
" tremitiea of a line are pdnta." 

Now, this is certainly not a definition, but an inference from the defioi- 
tiona of a point and of a line. That which terminatea a line can bava no 
breadth, as the line in whiob it ia has none ; and it can have no length, as it 
would titit then be a termination, but a part of that which it ia aupposed to 
terminate. The terrnination of a line can therefore have no magnitude, and 
having neceosarily position, it ia a point. But as it is plain, that in all this 
ve are drawing a conseijuence from two definiiions already kid down, and 
not giving a new definition, i have taken the liberty of pulling it down aa 
A corollary to the second definition, and have added, iAal the inierseeliont ff 
IMeUnetniikanoiher are points, ^a this affords a good illustration of thenattira 
nfapoint, and ia an inference exactly of the same kind with the preceding. 
The same thing nearly has been done with the fourth definition, where 
tiiat which Euclid gave aa a aepaiate defioitioD ia made a coialkry to (he 
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fourth, bec&uH it ii in fact &n inference deduced &(»ii compuing the d^- 
nilioTW of ft auperBcieB and a line. 

Ab it is imposMble to exphin the relation of a Buperfidea, a line, and a 
point to ouB ivpother, and to the solid in which they all originale, better 
than Dr. Si[nson hae done, I ahall here add, with rei; Lttle change, the 
illuBiration e:iven by that excellent Geometer. 

" It is necessary to coneider a eolid, that is, a mag;nitude which has 
length, breadth, and thicknees, in order to understand aright the definitioM 
of a pcnnt, Itjie and superficiea ', for theee nil oriEe from a. solid, and exist in it ; 
The boundary, or boundaries whicb contain a solid, are calledBuperficieB,or 
the boundary wbichis common to two solids which are contiguous, or which 
divides one solid into two contiguous parte, is called a auper6cies; Thus, if 
BCGF be oueofthe boundaries which contain the solid ABCDEFGH, or 
which iB the common boundary of this solid, and the solid BKLCFNMQ, 
nod is therefore in ihe one as wellae the other solid, iiis called a superficies, 
And has no thickness; For if it haveany, this thickness must either beapart 
«f the thickneas of the solid AQ, or the solid BM, or a part of the thick- 
ness of each of them. It csnoot be a part of the ihickness of the wiM 
JBM ; beoftUBe, if this solid be removed from the soUd AQ, the superficiea 
BCOF, the boundary of the solid AG, remains sidt the same as it was. 
Nat can it be a part of the thickness of the eolid AG : because if this be re- 
jDoved liom the solid BM, the superticies BCGF, the boundary of the solid 
BM, does nevertheless remain ; therefore the superficies BCGF has no 
thickness, bur only length and breadth. 

" The boundary of a superficies is called a line ; or a line is the common 
boundary of two superficies that are contiguous) or it is that wbichdivides 
one superficies into two contiguous parts : Thus, if BC be one of Ihe boun- 
•deries which CADtain the sup«ficiea ABGD, or which is the common boun- 
dary of thistsuperfideB, 'and of the superficies KBCI<,whi<^ is contiguous 
to it, this boundary BC is called a line, and has no breadth j For, if it have 
any, this must be part either of the breadth of the superficiea ABCD <x 
«f the superficies KBCL, or part of 
«ach of them. It is not part of the 
breadth of the superficies KBCL ; 
toi if this superficies be removed from 
the supBificies ABCD, the line BC 
which is the boundary of the Buper- 
fioee ABCD remains the same aB it 
Tras. Nor can the breadth Ibat BC 
V suppoeed to have, be a part of the 
breadth of the superficies ABCD; 
becauae, if this be removed from the 
superficies KBCL, the line BC, which 
is the boundary of the superficiea 
KBCL, does nevertheless remain : Thwefore the line BC has no breadth. 
And because the line BC is in a superficies, and that a superficies has 
no thjoknese, as was shown j therefore a line has ndther breadth nor thick- 
ness, but only length. 

" The boundary of a line is called a point, or a point u a common boun- 
dary or extremity of two lines that are contiguous : Thus, if B be the ex. 
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tremity of the line AB, or the common extremity of the two lines AB, KB, 
this exiretfiity is called a pcinl, and has no leD^h : For if it have tny, tbb 
leogth must either be part of the — — 

le^th of the line AB, or of the lice 
KB. It is not pert of the lengih of 
KB i for if the line KB be remored 
from AB, the point B, which ia the S 
extremity of the line AB,reroftinB the 
aame as it was ; Nor is il part of the 
length c^ the hne AB ; for if AB be 
renraved from tbe line KB, the point 
S, which la the extremity of iba line 
KB, does neverthelefsremain : There- 
fore tbe point B has no lengrb ; And 
becauise a poiot is in a line, and a 
Ufle has neither breadih oor thicknesB, therefore a point baa no lenrih, 
Iveadth, nor thickneea. And in this maimer the defioitioQ of a point, line, 
aad euperficiee are to be imderBtood." 
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III. 

£(iclid baa defined a straight line to be a tine which (as we tmnslale it) 
" lies evenly between its extreme points." This definition is obviously 
fiiuliy, the word evenly standing as much in need of an explnnation as the 
wold straight, which it is intended to define. In the original, however, it 
must be confessed, that this inaccuiacy is at least less atrihing ihan in our 
tranelation ; for the word which we render evenly is cgxri, t^wUly, and is ac- 
cordingly translated tx itquo, and eguaiiler by Commandinti and Grp^ry, 
The definition, therefore, is, that a straight line is one which lies equally 
between its extreme points : and if by this we understand a line ibat lies 
between its extreme points so as to be related exactly alike to the spaca 
on the one side of it^ and to the space on the other, we have a definition 
that is perhaps a little too metaphysical, but which certainly contains in it 
the esaenlial character of a straight line. That Euclid look the definviioD 
in this sense, however, is not certain, because be has not attempted to 
deduce from it any property whatsoever of a straight line ; and indeed, it 
■houtd seem not easy to do so, without employing some reasoDings of a 
more metaphysical kirul than he has any where admitted intohia Elements. 
To supply tbe defects of bis definition, he has therefore introduced tha 
Axiom, that Iwo straigil lines cannot inciose a tpaee ; on which Axiom it is, 
and not on his definition of a straight line, that his demonstrations are 
founded. As this manner of proceeding ia certainly not so regular and 
•cieniific as that of laying down a definition, from which the prapenies of 
the thing defined maybe logically deduced, I have substituted another defi- 
nition of a siraigbthnein the room of Euclid's. This definition of asiraighl 
line was suggested by a remark of Boscovich, who, in his Noies on Ihft 
philosophical Poem of Professor Slay, says, " Rectam lineam recta! con. 
" gruere totam toti in infinitum productum si bina poncta uoius binis al< 
" udtu ooognuLiHt [Met ex tpn sdmodum dan rectitudinia idea qtiant 
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" habentuB." (3up|dein«Dtum in lib. S. $ 6M.) New, that 'wbieh Mr, 
Bo*covich would consider as an inference from our idea of straigiitnesa, 
sesoia iiaelf to be the essence of that idea, and to aSbrd the beat eriterion 
for judging whether any given line be eiraight or not. On this principle 
we hare given the definition above, J/ there be two Unet lokiek cannot ooii^ 
eideintaiopoiitl*,wilhottl coineiiing aUoge&a; eackof Ihemis ctUed a atrmgkt 

This deGniiion was otherwise expreeied in the two tbrmer editions ; it 
was eaid, tliat lines are stra^hi lines which cannot coincide in part, unifa* 
out coinciding altogether. This was liable to an objection, viz. that it de- 
fined straight Hues, but not a straight tint; and though this in truth la but 
a mere cavil, it is belter to leave no room for it. Tho definition in ibe form 
now given is also more simple. 

From the same definiiion, the proposition which £acfid gives as an 
Axiom, that two straight lines cannot inclose a space, follows as a neces- 
sary consequence. For, if two lines inclose a spRce, they must intereeot 
one anoiher in two points, and yet, in the intermediate part, lousi not ctnn- 
cide ; and therefore by the definition they are not straight lines. It follows 
in the same way, that two stmight lines cannot have a common segment, 
or cannot coincide in part, without coinciding aliogelher. 

Alter laying down the definiiion ofa straight line, as in the first Edition, 
I was fcvoured by Dt. Beiri of Glasgow with the perusal ofa MS. contain- 
ing many excellent observations on the first Book of Euclid, suob as might 
be expected from a philosopher dislinguished for ibe accuracy as well as 
the extent of his knowledge. He there defined a straight Une nearly as 
has been done hero, viz. " A strAighi line is that which cannot meet nno- 
" ther straight line in mora points than one, otherwise they perfpctly coinoidv, 
" ftnd are one and the Mime." Dr. Reid also contends, that this must havs 
been Euclid'a own definition ; because, in the first proposition of the 
eleventh Book, that itiiihor argues, " that two straight tines cannot ha^e a 
"common segment, for this reason, that a airalghi line does not meet a 
" straight line in more points than ohp, otherwise ihey coincide." Whether 
this amounts to a proof of the definiiion above having been actually 
Euclid's, I will not take upon me to decide ; but it is certainly a proof 
(hat the writings of that Geometer ought long since to have suggested Ibk 
definiiion to his commentators ; and it reminds me, that I might have learn- 
ed from these writings what 1 have acknowledged above to be derived fhUB 

There is another characteristic, and obvious properly of straight Kites, 
by which 1 have often thought that they might be very conveniently dafin- 
•d, viz. that the position of the whole ofa straight line is determined by ths 
position of two of its points, in so much That, when two points ofa straigrbt 
line continue fited, the line itself cannot change its position. It might 
therefore be said, that a alrargM line U one in wkkh, if tke pBsition of ftM 
povU» be determi7ied,'the potilion of tke whole line is determined. But this de^ 
finilion, ttioiigh it amount in fact lo ihe same thing wiih that nlrpady given, 
is rather more abstract, and not so .^Hsily made the foundation of rnamn, 
ing. I therefbra thought it beat to la.jr it aside, and to adopt the d 
piven in the text. 
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Tbs aotoiticr"^ ^ pki^e " ^''m fi^in Dr. ffimBon, EwUd's being' bafch 
(ft th« same iDJectiona with his (fefitiMon of a Btraigtt fine ; for, ho sayB, 
thai a jJwie aftperficies it one which " ties evenly bettraen its exiretne 
" fine'' Theilefece* of tbis definiiion are completely remored in that wlueh 
Dr. Sinuon has given. Another definition different from both might Invk 
reen adopted, viz. That those superficies aro called plane, which are such, 
that if three points of the' one cdtncid* with Cbree points of the other, the 
whole of the one must coincide with the whole of the other. This defini- 
tion, as it resembtea that of a straight Bne, afa«ady ^v^i might,' perhape, 
have beeh introduced with some ad^anta^ ; but as the piirpoeeB of de- 
monstration cannot be better answered than by that in the text, it has been 
t&uught best to make 116 &rtber alt^Tatidn: 



in Euclid, the gensr^ definition ofa plane snels is i^eed before that (^ 
■; rectilineat an^te, and is tseaot to eoin prebend iboee an^es which are 
formed by the meeting of the other lines than straight lines. A plane 
angle is said to be " the «iclinaiion of two lines to one another which 
" meet together, bnt «** Oo' if 'bo same direction." This definition is 
omitted here, bec*^6 that the angles ftirmed by the meeting of Curve lines, 
thoiigti they "^y become the BubjeCt of geometrical invratigation, certain- 
ly do not-**]<"i^ ^ th6 Elements ; for the angles that must Erst ie consi- 
jef'ed fijfe those made by t"he itWersection of stiaight lines with one ano^ 
[tier. The angles formed by the contact or interseetion of a slrsight line 
aiid a circle, or of two circles, or two curves of any kind with one an*- 
(titit, could produce nothing butTierplexity to beginners, and cannot possi- 
bly be understdod till the' jnoperties of rectilineal angles have been fully 
expluned. On this ground, I am of Opinion, that in an elementary trea- 
tise tt may feirly be omitted. Whateveris not useful. Should, in explaining 
the elements of a science, be kept out rf si^ht ahogetber ; for, if it does not 
asiqiBt the prioress of the uodaistandiDg, It will certainly retard it. 



AXIOMS. 



AMOKdlbo AkiAms lbeMtutV»beAi- Aurieontf twtiMtWitiona. ■ 1%« 
lOttt Aliom in Euclid is, tfadt " two stiUiAt lines oamiot'inclose a space f 
which, having become a corollary to our definition of a straight line, ceases 
rfosutm lobe nuiked Wi^ Mlf«rident propoationa. It, is tliereforb re- 
moved from among the Axtoms. 

The inh Axiom irf Euclid is, ibar " if aistnight fine meiitS'twO stnurblt' 
" bnei, M &■ to make the twointsriof ar>gles'on the's^me sid«<^ itthkeii 
•■ together Idw than tWO right arrglei; these straight lines faeiitg continually 
" praducsd, 111011 at length meet upon that side on which an fbran|;lei( 
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" which ut lew than two ligbt angles." IneteNl of this {xopoaition, 
whicb, though true, is by no meaDE aelf-evident ; another thai appeared 
more obvious, and betui sntiiled to be accoiinied.tji Ajf-nn, bcia been in- 
troducwl, m. " that two stnight Imee, which intersect one Mjpiber, can- 
" not be both pwallel lo ihe same straight line.". On thie •u^tpct, hoW' 
pvet, a fuUai explanation ia necewarj, for which see the note on thv^oth 
Frop. 

PROP. I. and v. a I. ., 

. Thofirata^dfifthpropoeidonBorthefirst book' are the foundation of tjl 
thatfoUowB with rwpect lo the coioparisoa of tri^n^ea. Thp first ia <Ie- 
inonatratad by what u called the method of superaposition, that ia, by. lay- 
ing the one triangle upon the other, ai^d proving that (hey must coincide. 
To this loiiie objections have been made, as if it weie uageometrical to 
suppo«e one figure to be removed from its place and applied to another 
figure. " The laying," says Mr. Thomas Bimeon in hm Elemenia, " of 
" one figure upon another, whatever evidence it may afford, ia a meehimioai 
" connderation, and depends on no poelulate." It is col clear what Mr. 
Simson meant here by the word meiMmkal .- but be probably intended only 
^o say, that the method of a uperapositiun involves the idea of motion, which^ 
bel<Hige rather to mechanics than geoinetij ; foe I think it is iropoMible 
that Buch a Geometer as he was coiild mean to aagert, that the evidenc© 
derived from this method is like thai which acieea (run the use of instru- 
mentOf and of the some kind with what is furnished by. e^iiijeiience and ob- 
■ervation. The demon«tratioos of the fourth and eighth, as ti>«y are given 
by Euclid, are as certainly a process of pure reasoning, dependw solely 
on the idea of equality, as established in the 8th Aziooi, as uny (Wi^ id 
geometry. But, if still the removal of the triangle from iis place be codhh 
dsred as creating a difficulty, and as inelegant, because it involves an idea, 
that of motion, not essential to geometry, this defect may be entirely re- 
niedied, provided thai, to Euclid a three postulates, we be allowed toa,dd 
the following, viz. T4al if there 6e two ejual itraighl lines, imd if anyjigvre 
whaiaoevtT hie eoiutituied on tke one, a figure every mat/ equal to it may be eomli- 
tuteJ on the, other. Thu»if ABand DE be two equal straight lines, and 
ABC a triangle on the base AB, a triangle DEF every way equal lo ABC 
may be auppoaed to be constituted on DE as a base. By this it is not 
meant to aSBWt that the method of describing the triangle DEF is actually 
known, but merely that the triangle DEF may be conceived to exist in 
all respectB equal to the triangle ABO. Now, there is no truth whatso- 
ev« that is belter entitled than this to be ranked among the Postulales or 
Anoma of geometry ; for the straight. lines AB and DE Iteing every way 
eq(ia],tberecan.b« nothing beloDgmg to the one that may not also beloofr 
t<i the other. - . , . . . 

. On the 8liei\gth of this Postulate the fi«t proposition is thus demoBSti&ted 
If ABC,DEP be two triangles,Buchthatth6twosides AB,«id AiDof 
lb».ona areMualiQ the two ED, DP of the othe», and the. angle BAG 
oontauiedby thaside* AB, AC of the ope, equal to ti» anrie EDF, cw^- 
Uined by the sidea.ED, DP of the otbar ^Jha trianelM ABC and EDF ar* 
ayeiywayaqu*;., ,.,, , ..... :.T^. 
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On AB let a triangle be constituted every way equBl to the triangle DEF; 
then if thiB triangle cointade with the triangle ABC, it iB evident that uie 
proposition it true, for it is equal to DEF bv hypotheWB, and to ABC, ». 
ciiuse ilcoiocideB with it ; wherefore ABC, DEF are«(ual to one aoothw. 
But if it doea not coincide with ABC, let it have the poation ABG ; and 6m. 
suppose G not to fall on AC ; then the angle BAG is not equal to the angle 



BAG. But lh« «iigl« BAG i. eq.iij to tta anik. EDF, tlmrfore EDF 
■inti ABC uo not «Jal, and Ihoy are ■.l.o «i»al '/^'■"""'T; ^i^"5^ 
impOHHible. Therefore the point G must 6iU "POP ^^ i "9"' " "V*" "^ 
AChut not at C, then AG i. not egml to A<5 ; tat AG i. "I""' " DJ. 
therefore DP .nd AC are not equal, and the; are al«j equal iy .upfMitioo, 
»liich ii impoemble. Therefore Gj»..i coincide with C, ano 'ta '"W 
AGB with "he triangle ACB. lot AOB » e.erj way equal toDEH, 
therefore ACB and DEF ere alao every way equal. 

By help of the aame poalulate, the third may aUo be very eaaily do- 

TTiBC be an i».cil« triangle, in which AB, AO are th. T"! -a- i 
the angle ABC. ACB oppoeite to ibeee sides are also equal. . 

Draw the straight to EF equal to BC, uid suppo«. that». Et the tri- 
angle DEF is conatituted every way equal to the mangle *?^Jg'JJ 
haling DE equid to AB, DP to AC, the angle EDFto the angle BAO,th. 

angle ACB to the angle DFE, dto. 





mu t. ' . np is Mual to AB, and AB is equal to AC, DE ^eqpal 
T5" ^rthe«" t^»», OT is equal to AB. And h«»u.. St is 

'^l T4 Si ilo Suta aiig e FDE to the angle BAC, th. angl. 

^ U ^L"^ 1 Sgh DFE.^ Bo. tb. »gl. ACBi. y-, b, by- 
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NOTES. 



potb»Bi>, equftl to the wg^ DFE ; therefore the aoglea ABC, ACB are 
equal to one ojiotber. 

Sucb demoiiEtntioQi, it miut, however, be Acknowledged, treapan 
ngBiDst a lule which Euclid hae unirormlj adhered to ^trougbout the Ele- 
meniB, except where ha waa forced b; oeceeeitjr to depart from it; This 
rule is, ihat nothing ia ever supposed to be done, the manner of doing which 
has not been already taugbt, so that ihe ooD^troction is denved ^tbei di- 
rectly from the three poetulritaa laid down in the beKinnin^, or from prO' 
blems alreckdy radueed M those poatulatea. Plow, this rule w not esMntial 
to geometrii^ demonBtration, where, for the purpoee of discoveriog tbe 
propeiUes of figures, we are certainly at liberty to supnoee any figure to be 
eonsiructed, oi any liiie to be drawn, tbs exietence of which doe« not in- 
volve Bp impossibility. ' The only \\ae, therefore, of Euclid's rule is to 
guard against the iniroductioo of impoajtible h,ypothesea, or the taking Sat 
granted that a thing may exist which in faci implies contradiction \ fi^wa 
such auppositioDB, ^Jm conclueionB might, no doubt, be deduced, and the 
lula is, therefore useful in as much as it answers the purpose of excluiUng 
tium. But tUo foregoing poatulalum could never lead to eu[rpoae the 
KCtual existence of any tmng that is impossible j for it onl/ assumes tbe 
Axistenco of a figure equM and mtsilar to one a.Iready existing, but in adif- 
fattat part of space from it, at having oiie of its sides in an aesignetf posi- 
tion. Ah there is no impossibility in the existence of one of these ^ur^ 
it is evident that theie can be none in ibe existence ot\b^ Qtbei. 

PROP. XIV. THtOR. 

It is niinntinl to the truth of this proposition, that the atmight lioM 
drawn to the prant within the triangle be drawn from tbe two extremities 
of the baae ■, for, if they be drawn from Other points of the base, their sum 
■nay exceed tbe sum of tbe sides (rf the triangle in any ratio that is lee* 
than that of two to sne. This is demonstrated by Pappus Alexandrinus 
in the Sd Book of h« Mathtmaticat ColUetimu, but the demonstration is of a 
kind that does not belong to this place. If it ha required simply to show, 
that in certain cases the aum of the two lines drawn tothe point within the 
triangle may exceed the sum of the sides of the triangle, the demonstra- 
tion is easy, and is given nearly as follows by Pappus, and also by Proclus, 
in the 4ih Book of his Commentary on F.ucLd. 

Let ABC be a triangle, having I he angle iit A a right angle : let D be 
any point in AB ; jran GD, then CD will be greater than AC, becauee in 
the triangle ACD the angle CAD is greater than the angle ADC. Fiwa 
DC cut off'DE equal to AC ; bisect CE p 
inF,andjoinBFj BFandFDaregreater ^^ 
than BC and CA. 

Because CF is equal to F£, CF and FB 
ve equal to EF and FB, but CP ^nd FB 
aT« greater than BC, therefore EF and FB 
are greater than BC. ToEFaodFBadd 
EB, and to ^G add AC, which is^qual to 
ED by construction, and BF and FD will 
be gieater than BC and GA. 
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NOTES. 2«S 

ft is eridant, duit if the angle BAC ba obtuse, tb« Bame reuooins b»J 
be applied. 

1^18 profMisilion is ft inScient nndicatian of Euclid for having demon- 
aUnted the llth proposidoc, which iorae ttSeet to connd«T as seV-evidont ; 
for it proves that the circunrataDce on which the truth of that proposition 
depends is not obvious, boi that which at first sight it is supposed to be, V% - 
tb&t of the one mangle being included within the other. For this reason I 
cannot agree with M. Clairaut, that Euclid demonstrated this propontion 
only to avoid the cavik of the Sophists.. But 1 must, at the same time, ob- 
aervB, that what the French Geometer haa said on the subject has certain- 
Wbeen miaundorstood, and in one respect, unjustly censured by Dr. Simeon. 
The exact trdnslatitm of his words is as follows : " If Euclid has taken the 
" trouble to demonstrats, that a, triangle included within another baa th« 
"sum of it sides leas than the' sum of the sides of the triangle in which it 
" is Included, we are not to be Burprised. That Geometer had to do with 
" those obstinate Sophists, who made a point of refusing their assent to th« 
" moat evident truths," &c. (Elements de Geometrie par M. Clairaut. 
Pref.) 

Dr. Simson supposaa M. Clairaut to mean, by the piopoeition which he 
enunciates here, that when one tiiangle is included in another, the sum of 
the two sides of the included triangle is necessarily leasiban theeumof the 
two Hides of the triangle in winch it is included, whether they be on the 
oarae base or not. Now this is not only not Euclid's preposition, as Ot. 
Simson reffiarks, but it is not true, and ia directly oontraiy to what has 
juat beetk demonstrated from R'oclua. But the feet seems to be, that M. 
Clairaut's meaning is entirely different, and (hat be iatenda to speak not of 
two of the sides of a triangle, but of aJl the three ; so Ibat his proposition 
is, " that when one triangle is included within another, the sum of all the 
" three sides of the included triangle is less than (be sum of all the three 
" sides of the other," and this is without doubt true, though I think by no 
means self-avidant. It must be acknowledged also, that it is not exactly 
Eoelid'a propoailioii, which, however, it eomprehenda under it, and la the 
general theorem, of which the other is oidy a pajticular case. Therefore, 
though M. Clairaut may be blamed for inainiaming that to he an Axiraa 
which requires demonstration, yet he is not to he accused of mietalDn^ n 
felse prf^Hteition for a true one. 

PROP. VIU. PROB. 

Thomaa Simson in his Elements has objected to Euchd's demcmstration 
of this propoation, because it contaiiw no proof, that the (wo drclea made 
use of in the construction of the Problem must cut one another ; and Dr. 
Bimson on the other hand, alwaya unwilling to acknowledge the smallest 
blamiah in the works of Euclid, contends that the demonstration is peifeot. 
The truth, however, certainly is, that the demonstration admits o eoae 
improvement ; for the limitation that is mode in the enunciation of any 
Problem ought always to be shewn to he necesnrily connected with the 
eoDstruOtion of it, and this is what Euclid has neglected to do in the pre- 
sent instance. The defect may easily be supplied, and Dr. Simson him- 
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f«ct in bia nou ob dlia ^apamtixm, tfaou^ Iw deniM it 

Bocaiue Uiftt of the thiee Btratght liaw DF, FQ, QFL any two are gre&t 
er than the third, bj bTpolheBis, FD is Ism thui FO and OH, ttiat i>, 
thaji FH, and thereTore the circle described from the centre F, with iha 
diitaiura FD oust meet the line FE between F nnd H ; tuod, for the U» 




reuon, the circb described firom the centre O at the distance GH, miut 
meet DO between D and G, aod therefore the one of these cucIm cao- 
Dot be wholljrwithin the other. Neither can the one be whoUy without 
the other, because DF and OH are greater than FO ; the tiTo circte 
must therefore intersect one another. 

PROP. XIX. and XX. 

Euclid has been guiltv of a slight inaccuracj in the enunwtioDS of 
these propositions, bj omitting the condition, that the two aCrai^t Jines on 
which the third Une Jails, making the alternate angles, 3k. equal, miUt 
be in the same plane, withowt which they cannot be parallel, as is evident 
from the definition of parallel lines. The only editor, I believe, who has »- 
marked this omission, is M. db Foix Due db Casdallb, in his tnuul&- 
tionofthe Elements published in 1666. How it has escaped the notice of 
subsequent commentators is not easily explained, unless because tbej 
thought it of Lttle importance to correct an wror by which nobody was 
likely to be mialed. 

PROP. XXI. 

The subject of parallel lines is one of the most difficult in the* Elements 
of Oeometiy. It baa accordingly been treated of in a great variety of di^or- 
ent ways, oF which, perhaps, there is none that can be said to t^ve pvat 
entire laiis&clion. The difficulty consists in converting the 27th and 28th <d 
Euclid, or in demonstrating, that parallel straight lines, at such as do not 
meet one another, when they meet a 'third line, make the alternate angles 
with it equal, or, which comes to the same, are equally tncHaed to it, and 
main the extstior angle equal to the inteiior and opposite. In oidai lo ds- 
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nonctrata this pnqxMitioii, EncGd auumedit m ut Axiom, that "if a 
'' Btraight line meet tvo Btrcdght lines, so as to make the iDtericn angles od 
" the same side of it less than two right angles, these atraight lines being 
'* continually produced, will at length meet on the side on which the angled 
" are that are leas than two right angles." This propoeition, however, is 
Dot self-endent, and ought the less to be received without proof, that, aa 
Proclus has tdiseived, the converse of it is a proposition that ccofes*«lly 
requires to be damonstrated. For the converse of it is, that two slniighl 
Unea which meet one another m^ke the interior angles, with any third Ime, 
less than two right' aogles ', oi, in other woi^s, that thd two interior angles 
of any triangle are loss than two right angles, which is the ITtb of the 
F^TBt Book of the Elements : and it should seem, that a propoeition can 
sever rightly be taken for an Axiom, of which the converse requires a de- 
monstration. 

The methods W wbieh Oeometeia have attempted to remove this 
blemish from the Rlementa are of thiee kinds. 1. By a new definition of 
panllel linea. 2. By introducing a new Axiom concerning parallel lines,- 
mare obvious than Euclid's.. 3. By reasoning merely &om the definition 
of parsUels, and the properties of hnes already demomtrated without thq 
ftMumption of any-new Axiom. 

1. One of the definitions that iaa heen subatituteil for SucUd's is, that 
Mtiaight lines are parallel, which preserve always the same distance ftom 
one another, by the word distance being understood, a perpendiculH drawn 
ta one of the lioee &om any point whatever in the other. If these perpendicu- 
Uis be«very where of the same length, the straight lines are called parallel. 
This is. the definition given by Wolfius, by Boscovich, and by Thomas 
SimsoD, in the first edition of his Elements. It his however a foulty defi- 
nitioD, for it conceals an Axiom in it, and takes for granted a [waper^ of 
Btrught hnea, that ought either to be laid^own asseLf-evidatt, or demons trat- 
ad, if possible, as a Theorem. Thus, if from the three poinLg, A, B, and C 
of the straight line AC, perpendiculars AD, BE, CF be drawa aU equal 
to ODe another, it is implied in the definition ^ -w. . -«, 

that the paints D, E and F are in the same ^ ^ ^ 

straight line, which, though it be true, it was 
not thebusineMof the definition to inform us 
of. Two perpendiculars, as AD and GF, ore 
>hne sufficient to determine the pontion of the - 
str^ht line DFi and therefore the definilion ou^t to be, " that two straight 
** tines are parallel, when there are two points in the one, from which the 
" perpendiculars drawn to the other ore equal, and on the same side erf' it.'.' 
This ia.tite definition of pEurallels which M; ly^raabert seems to praEar 
to all others ; >iut he acknowledges, and very justly, that it still remains a 
matter of difiicuUy to demonstrate, that all the perpmdiculais drawn from 
the one of these lines to the other are equal. {Eneyelopedie, At. ParaUek.) 
Another definition that has bean given of parallels )■) that they are lioes 
which make equal angles with a third line, toward tbaaame parts, or such 
as< make the exterior angle equal to the interior and opposiW. Vfuignon, 
Besoutfimd several other mathematicians, have adopted this definition, 
whiob, it must be acknowledged, is apwfeccljgood one, if it be lutdtn^wd 
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by it, that tlw two Udm caU«d parallel, km suoh n> amkm tqixi uig^ with 




« M»«Kn thitd line, but not with any Kne that blla itpoD them. It remaitu, 
therefore, to be demomtrated, That if AB and CD make equal auleawilk 
OH, they win do m aim with any otbet liae whaUoerer. The &SaAiao, 
therelbre, most be thus uoderelood, That parnllol lims ue sueb i» maka 
equal angles, with a txrlain third line, or, lAore simply, ham which aie per- 
peodiculai to a aven line. It must then be provM, 1. IWt atiwght hiiaa 
which are equally inclined to a certain Una or peqmndicular to a eertamhne, 
iBoatba equally iocfined to all the ether.hnee (hat &U upon them; andaJso, 
2. That two Btndgtit lines which do not raeet when produced, miiiA nakB 
equal aAglea with any thini tine that meets them. 

The toaoiwUBtioQ of the firet of these propontioM is not at all facilitated 
by thanew4«fiaitiaR,iinieasitbe prenouily shown that aU the angleeof a 
tiiangle an equal to two right anglee. 

The seoend propoMioD would bardly he Decetaarj if tiie nsw defimtimi 
were emphiyad ,' for when it is required to draw a line that abaS not aaeat 
a ^ven line, Ihia ia done by drawiog a line that shall have the mmS ■aii' 
nation ta a third line that the first or given line has. It ia known that HnM 
aodrawn cannot meet. It would no doubt bean advanta^ to harftadefr 
nitlon that is not founded on a condidon purely negative. 

2. As tDtheMathem&ticians who haverejected Gucbd's Axkim, Slid IB- 
tioduced another in its place, it is not necessary that mach ^ould be aeid. 
Clavius is one of the first in this class ; the AxkHnbemaswDNiB, " Thata. 
" bne of which the ^taints are all equidistant from a oertain atiMght line in 
" the same pbme with it, is itself a stnoghtliM." Thi) propaRttashadoM 
not, howav«r, assume altogether, as he gives a kind oTaeta^ynccd yoof 
of it, by which he endeavours looonnect it with Euetiifs dtfinitwa '^ a 
straight line, with- which jwoof at the same time ha seems att tBij inO 
BBtia£ed. His reasoning, ertter this propositiea is grantad^ifcor^it ought 
not to be granted as an Axiom), is logical and conahnn^, bniispnliKaDd 
opoose, BO as to leave a strong suspieion that the read puMOsd is by no 
means the sborteet possible. 

The method pursaedby IKmson, in his Notes in tha Find Bo^ of ihitSid, 
is not very difiei«Bt from that ofClaviua. He assumes this Axiom, "IliBt 
"aMaigbtlineeannot first come nearer to another atiaigfat&M.uidtliBii 
" go fiuihar&om it wilbout meeting iL" (Notes, dto. Engli^ Edition.) Bv 
coa^BeantisundeisHiodieonfinnablytoa i«BriiNHiIefinitioa,ihediu>- 



:,q,t,MDvG00g[C 



BfOTEB. ^ Mt 

AidomiamwA readily aassniMtmtliah itatof Cl&viiifl, from wJajch, bov-- 
ow, it is not Tery different : but it is not very happily exproi^ed, ah ffie idoK 
iMt itMKliMir nmtioA, bm«f time, ^ms to boiowrfieJta the noOti offirgt 
Wtf^gr«i^ir«r,».nd ttungmngfatlkeroS. £ventfthiaicNio«wBOy isptut- 
ed over, tUi re^aftsing irf Bimeon, Mt* thnt of Ctavtoa, is prolix, and »n- 
AMrtl7ti«irotntoiiBiilettiodor coming at the wfith. 

- TKboms STmson, in itis' Meand edition of hia El^ento, bu prosentMl 
tMtf'Alitiom in a, Ampler forni. " If two points in a straight Uhb «re poaiteid 
''lit utieqnal i^liiKCBs Mm- another nrai^ line tntiwoftDie pUae, 
* thme two fines bsin^ iadsfiiiitely ptoduMd oa tbe aid« (rfthe laaat diMaao* 
" *iH meat on* amitber.'' 

By help of this Axiom U i« etwy to prove, thut if two etn^ght tines AB, 
^O ete pAralld,' the perpend iculHTa to the one, terminated by the olber, 
-«re alt equal, and are nlso ^rpendicular to both tbe parallels. That they 
axe equal is evident, otherwiae the lines would meet by the Axiom. That 
they are perpendicular to both, is demonstrated thus : 

tf ACand BD, which are perpendicular loAB, and e<]uaItooDe another, 
be not also perpendicular to CD, from C let C£ (7_ 
be drawn at right aflgles to BD. Iltenibe- ' 
cause AB and CJS are both perpendicular to 
BD, they are parallel, and therefor^ the perpen- 
diculars AC BDd'BG «ie «<)uaf. 3ut AC ia 
equal to BD,<byhypo[hefies,)tlierefbreBEand M— 
BD are equal, which is iiryKissible ; BD is therefore at right angles to CD. ' 

Hence the propositioD, that "if a straight line foil on two parallel lines, it 
" makes ttM aJteniate angles equal," ie easily derived. Let FH and G£I be 




fOtfpcndietilar'to Cl>, ttien llw? iviU he par«ilel to one Aootber, and i^ at 
Xigbt anglu to AB, and ther^e FO and HE are equal W <n)e aAoUMt, 
tty th&tast ^opoiilion. Wherefore in the tiiajsglps EFG, EFH, tbe ud«« 
MB a|id£F are equal to the sides GF a»d FE, each to. each, andalvo the 
^did isde y^F-totbe third side KQi tberefor^'Uie angle HBF iaequailw 
^eaagle ^FG,'andlbey ore alternate an^AS. - 

Tfais lUBlhod of tieoitiDg tfei« dootfiije <rf paralM lines k extremely plain 
«ndc(Hici*B,and'i»perhapBasgo^ae any that can be ibllaTed,; wheiift 
nsw Axioin u aaaumad. {a Shi teM abov*, { Jttava, however, lolloweil a 
4t0trent niattaod, aiB^oyii^ as an AXKm, f That two siraigbt lines, vhi^ 
" out one another, cannot be both parallel to the samealraighllinf." This 
Aidem haa been BMunwd br Mhata, particularly by. LudUm, in tab rery 



no NOTSB. 

- It is a piopomtioD readilj flooug^ admklsd u adiniAmt, ^ Imim 
to the demonstraUcot Of EucSd'» 29th PreptM^on, «ven with moie bnvity 
than tfimson'a. 

8. All the methods aboTe-snumer&ted leave th« mBidaoowwlMtdwBati*' 
&td, M we oatumlly expeot to discover the prapenies of pataUel lines, as 
we do thou of other gBomelnci)UMitities,'hy cotnparing the definition of 
those lines, with the propeitiw of straight lines already known. The moat 
ancient writer who appears to have altecopted to do this is Ptolemy theas- 
tronomer, who wrote a trealise expw a ly on the subject of ParaHel linef. 
PracluB has preserved some account of this work, in the Fourth Book of hts 
eomnientanes : and it is curious to obeerve in it an argutnent founded an tha 
principle which ia known to the modema by the name irf the n^etMtfrcossih 

To prove, that if two parallel slraigbt lines, AB and CD, be cut by & 
third line EF, in O. and H, the two inlohor anglea AGH,CHG wlUb* 




equal to two right angles, Ptolemy reasons thus : If ^e angles AGI^ 
CHG be not equal to two ri^ht angles, let tiiem, if pOBsible, be greater 
than two right angles : then, because the lines AG and CH are not mora 
parallel than the lines BO and DH, the angles BGH, DHG are also 
^-eater than two right angles. Therefore, the four angles AGH, CHQ, 
BGH, DHG are greater than four right angles ; ,and they are also e(|aal 
to four right angiea, which is absurd. In the same manner it is shewn, 
that the angles AGH, CHG cannot be less than two right angles. There- 
fore they are equal to two right angles. 

But this reasoning is certainly inconclusive. For why are we to sup- 
pose that the inierior angles which the parallels make wim tha tine cutting 
them, are either in every case greater than two right angles, or in every 
case less than two right angles t For any thing that we are yet supposed 
to know, they may be sometimes greater than two right angfes, and some- 
times less, and therefore we are not entitled to conclude, because'tbeaoglei 
AOH, CHG ate greater than two right ai^es, that iherefwe ths angles 
BGH, DHG are also necessarily greater than two right angles. It 
maysafeiybe asserted, tbHefore, that Ptolemy has not succeeded in his 
Bitempt to demonstrate the proporties of parallel lines without the wmA- 
nnce of a new Axiom. 

Another attempt to demonsUrate the sain« proporitimt without theassiBt- 
ance of a new Axiom baa boaa mode by & modMil nodwtai, FVui06W)uni| 



VybAMDTof Mathanntiei in th« Untvenrity of Bologna, in kq easaj , which 
hs eottUttt, La Teori» iUkparaiick ngemmtatie dirmmttrala, piinted la his 
OfateoH Mathanatiei, M Bnsftno in 1787. 

TlK'diffic«lty« there radueed to iLpropoaitioa nearly the same wiih this, 
That if BE make an acute angia with BD, and if D£ be perpeodiculu to 
£D at aay powt, BE and D£, ^ 

if pwdaoad, will meet. To d»- ■'V 

BiOBMntte due, it is auppowd, 
-tliat BO, BC are two (mns taken 
IB' Bfi, of wlaeh Bp is gre«ter 
than BO, and ttut the perpeadi- 
«idanON,CL are drawn toBD; 
Ifara diall BL be greater tbui 
BN. For, if not, that is, if the 
per^ndiaular CL fall* either at 
N,. or. between B and N, as at 
¥ ; is the first fi these caeea the 
atigle CNB ia equal to the angle ONB, beeauae the; are hothnght anglea. 
which is tcopoesible; and, in the second, the two aogles CFNi CNF of the 
tiiangle CNF, exceed two right angles. Tberefbi^ adda our author, since, 
ax BC increaaes, BL also incritaaes, and since BC ma; be iacreaeed with- 
oal limit, eo BL maj beoome greater ihtui anj given line,Bbd therefore maj 
be greater thao BD ; where&re, Binc« the perp^idiculars to BD from poiiite 
beyond Dipeet.BC, the perj»eadicular from D necewarilj meet^it. 

Now it will be found, OQ examination, that this reasomg is no mora 
conclusive than the preceding. For, unless it be proved, that whatever 
multiple 9C is of BO, the eame is BLof BN, the indeSnite increase of 
BC does not necessarily imply the indefinite increaae of BL, or thai BL may 




b&mads tP «xceed BD. Oa i be contrary, BL may always increase, and 
yet ma^ do so in sucb a manner as never to exo«ed BD: In order ihnt the 
demonuration should be conclusive, it would be necessary to shew, that 
when BC increases by a part equaj to BQ, BL increases always by a pah 
equal toBN; but tado thiawill be found to require the knowledge of those 
Te^ properties of parallel line* that we are seeking to demonstrate. 

Leo>Ni>aG, in his Eleirtenls of Geometry, a work entitled to ihe highest 
pFaiae, for elegaace and accuracy, has delivered the doctrine of parallel lines 
without any new Axiom. He has done this in two different ways, one in 
. the text, and the other in the notes. In the former he has endeavoured to 
proye, independently of tlie doctrine of parallel lines, that all the angles of 
a triangle are equaS to two right angles ; from which proposition, when 
it is once establistiod, it is not difficult to deduce every thing with respect to 
parallels. But, tbougll his demonslration of tba properly of tn angles just 
.inentioned is quite logical and conclusive, yet it has the lauk of bemg limg . 
and indirect, proving first, that the three angles of a triangle ctinnot be 
greater than two right angles, next, that they caonol be less, and doing 
both by reasoning abundanlly subtle, and not of a kind readily apprehend- 
ed by those who are only beginning to study the Mathematics. 

The demonstration which be has given in the notes is extremely ingeni- 
ous, and proceeds on this very simfde and undeniable Axicnn, that we can- 
not compare an angle and a line, as to magnitude, or cannot have (m equa^ 



Ml NOTBS. 

^on oT anj tort batweMi ifaem. Thk Qrath ii invrirad in tita di 
between homogeneona and beterogeseouft quantities, (Gh<!. t. itof. 4.), 
which hoM long been received in Oeometrj, but led only to negative cpv- 
BcqiiencBB, till it fell into the bande of Legendre. Tb« prapeeitian which 
he deduces from it is, that if two angles of wie tiian^s be equal to tvoAii- 
gles of another, the third angles of these DinnglM an also o^umL Foi^ it 
is evident, that when two angles of a triangle are givmi, and also tfa» aida 
between them, the third ttngle ia thereby detemoned; Mtbatif AandB 
be any two angle* of a triangle, P the aide inteijaeest, aadC tbe lUid^B- 
gle, C is deleimined, ae to its magnitude, by A, B and P; and, U^dM 
fiiesB, there ii no other quantitj whatever wbMttefcnAffiMtthvoiKgiiiMd* 
of C. Tbia is plain, because if A, B and P ate gimi, tb« Klah^lc cftBba 
caiistracted,aU the triangka in which A, B and PiUb ttoe akrde, mmg tHpmi 
to one another. 

But of the quantities fa^ which C is determined, P eannM b» (»»; tar it 
it were, then C must be a/uncft'on of ibe quantitiea Aj B, P ; &at is tOM^. 
the value of C can be expreased b^ aome eombinalioo of tiie quMftilMS S, 
B and p. An equation, thereftHS, may exist betwrem tbeqtKUKifiw A, &, 
C and P ; and conseqaently the Value of P is eqtial to some <!MnbiMitioa, 
that is, tOBonreliinctioflof tbequantiliea A,band 0; but itna itfonpOMi- 
ble, F being a line, and A, B, C being anglee ; M> (ImC no finetion'of tt» 
first oftheseqnantjties can be equal to any function (rftbeoihetthiBe. Ite 
angle C must therefore be determined by the an^es A and Bakmn, vttbodt 
any regard to the mftgriitude of P, the side inteijacent. HenceiS atttriiui- 
:tea t hat bare two angiea in one e>;;iial to two in aA<ltli«r, mob to atil^ the 
■^ird angles arc afeo equal, 

Now, this bein^demonstrated, it iseasy toprorethat thethrMtUltgMaof 
any triang-le are equal to two right angles. 

Lei ABC be a ttiEtngte right ftngled- nt A, draw'AO perpMdtbdt&ria 
EC. The iriang^lea ABD, ABC biivo the nn- 
fflea BAG, BDA right angles, and. the angle 
B common to both ; therefore bj wliat bas just 
been proved, their third angles BAD, BCA are 
also ecunl. In -the s&me way it is idiewn, that 
CAD IS Biqual to CBA ; therefore tbfe two an- 
gleB, BAD, CAD a« etjual to the two BCA, ■*!- 
cBA;butBAD4-CAD (s equft.1 to ft right B 
pnglft, therefore the angles BCA, CBA are togethftr cqtol to ti tWjt Anglft, 
and consequently the three aftgl^ M the rtght artgled triangle ABC U« 
equal lo two right angles. 

AAdsinceit is proved that the oblique iiiglesiif' every right Anglca 
>riangle are equal lo one right artgle, and sinte evfery triangle «ray"fie 
divided into two right angled triangtcs,the four oblique angles 6t 'which Site 
equal to the three angles of the triangle, therefore the three an^es orfeVWy 
triangle are ecjual to two right angles'. 

'Though this method pfireating Ibe subject 13 stficHy demonstraSte,y«, 
as the raasoningin the first of thetWo precdding'^eftiohalVationsi? nftt per- 
haps sufficiently siipple to be apprehended by 'those jiist enieVing on mithe- 
inalical. studies, I shall submit lo the reader aiibtlier 'tt'e'thftd, nk fitfbte to 
the eftfte objecyon, wbich I Itho*, rVom e^fmtfertfce.lfo'l^driiflfl^'tolrfiafi. 



m 




MOTEfl. - 9«i 

Ing tfaa Elementa. It proceeds, tik« that oT the Funoli GeoiMter, by d«- 
monetrating, in the firat place, that the angles of toy tnangle «re togelbv 
equal to two right angles, and deducing from iheoce, that two lines, which 
make with a tUrd line the interim angles, hea than two right aisles, muflt 
meet if produced. The reasoning uaed to demODstiate (be first of ibeep 
propositions may be olnected toby sooae ai involving tbe ideaof motion, and 
the transference of a bne A'om one place to aRodter.. Tbie, however, v no 
more Chan Euclid baa done -Bim self on some ecotsione ; and :^eQ it funuab- 
ea so abort a road to the truth aa in the preaeDl instanoer ^nd <loe» aot im- 
p«ir the evidenee of the conclusion, it seens to be in tto re^tect inoouiateeit 
with the utpiest rigour of demonatratitHi, It ia of importance in expjaiiung 
the Elemeots trf Science, lo connect truths hy the eborlest chain posstble'; 
and tin tb&C is done, we can aevcr consid«r tbem as betog placed in their 
nofwMJ ftdar. The Maaoniog in the fifst of the fbUoiwing propoaiiioAa is eo 
(dniple, that it seema hardly suaceptible bf aUire¥ia(Hii), and it hat ibead- 
.vaniage of connecting immediately two triiliw eo much alike, ijatl ens 
might conclude, even from the bare enunciations, that they are butdiSuem 
Qaae^of the saine general theorem, viz. That all the anglea^ibout a point, 
and ell the exterior angles of any rectinneal figure, are constantly of the 
*aaine megnilude, and equal to four right angles. 

'ir, 'While one eMreiKiity of r straight line re- 
maina fixed at A, the liite Jtaelf turns about tfa«t 
jWint from the perflion ABto the position AC, H 
isWdto ^ea^ribft the angle BAG ' contained by 
-fheliline ABMsdAC 

'Cob. 9fafiiWt<im tAonta point ftom the position AG till itoomeinto 
the potation AB again, it describee angles which ttre togeihef equal to ftnr 
tijfrt Khgle*. This is AvMent fivtn thesecondOor. to the Ifith. 



All the exteriw angles of any rectilineal figure are together equal tofqui' 
right angles. 

1. Let the rectilineal figure be the triangle ABC, of which the exterico' 
angles are DCA, FAB, GBC ; these angles are together equal to four 

'irigfimtiglee. 

OtttftelineCD, iAaciJd"iathe diroction of BCfmduoed, turn aboot Ae 
poinuC till it coincide with CE, a part of the side CA, and have doecrib«d 
the exterior 'tingle I>CK or t>CA. Letitthen be Oavried along tfa«Iine 

'GA, tin it be in the itoaltion AT, that is, in chedifeoiion of <?A pi^uced, 
and the point A remaining fixed, lot it [iira about A till it describe the 

'Wtifie'FAB, '(Md tMtiricide 'wrth^ {MM t^ (he Une AB. liet it next be -car- 
ried along AB till if eonoe intvAe po«tio[iBO,-Bnd <by turning' «bnatS, 
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iM tton 

let k d««!rib6 *e angle OBC, bo 
as to coincide wilh a part of BC. 
LmiIji Let it be carried along BC 
till it cotnddte with CD, iw first 
position. Then, becauae the line 
CD haa turned about one of ita 
extremitiee till it has come into - 
the poaition CD again, it haa b^ 
the corollary to the above defini- 
tion deacribed an^lea which are 
together equal to fow right an- 

C' I ; but the angiea which it 
deacribed are the three ex- 
terior anglea of ihe triangle ABC, > 
thera&ire the extenu ao^aa of 
th« triangle ABC are equals to 
four right angles. 

a. If the rectilineal figure have any number of siilea, the propOsitioa ia 
demonatrated just as in the case of a triangle. Therefore all the exterior 
anglea of any rectilineal figure are together equal to four right angles. ' 

Coa. 1. Hence, all the interior apglee of any triangle are equal to two 
light anglea. For all the angles of the triangle, both exterior anclinteriw, 
are equal to erx right angles, and the exterior being equal (o tinir ligbt 
anglea, the interior are equal ta two right angles. 

Cor. 2. An ekterior angle of any triangle is equal totba two interior and 
. opposite, or (he angle DCA is equal to the angles CAB, ABC- For the 
angles Cab, ABC, BCA are equal to two right angles ; and the angle* 
ACD, ACB are also (6. 1.) equal to two right angles ; therefore the three 
angles CAB, ABC, BCA are eaua) to the two ACO, ACB ; and .taking 
ACB from both, the angle ACD la equal to the two angles CAB, ABC. 

CoR. 3. The interior angles of any rectilineal figure aie equal to .'twice 
as many right angles as the figure haa eides, wanting four. For ail the 
aoglea exterior and interior are equal to twice as many right angles aa the 
figure has sides ; but the exterior are equal to four right angles ; therefore 
the interior are equal to twice as many right angles as the ^gure has aidea, 
"iranling four. 

PROP. U. 



Two straight lines, which make wilh a third line the interior anglea oa 
the same aide of it less than two right angles, will meet o^ that side, if pro- 
doced far enough. 

Let the straight lines AB^ CD, make with AC the two angles BAC, 
D<i?A less than two right angles; ABandCD will meet if produced towacd 
BandD. 

In AB.take AF^^AC ; join CF, produce BA ts H, tuid through C dra.V 
C£, making the angle AC£ equal to the angle CAIi. 

Because AC ia equal to AF, the angles AFC, ACF are also equal (3. 



1.) ; Imt tlMieiUariw Mfle HAC is eqnal to the two iBtenor mi tivp^9 
ftOgtes ACF, AFC, and ihwefare it ia double of either of them, m of ACF. 
Now ACE is «jual lo HAC bj conetruction, therefore ACE is double of 
ACF, a»d iti bisected by ih« ^ne CF. In the same manner, if FG, be taken 
«qual to FC, and if CG be drawn, it ma^ be shewn that Cd biaecW the 
angle FCE, and eo on coolinually. But if from a magnitude, as the an;- 
. gla AjCE^ thece ie taken ita half, and ftom tbe remainder FCE it« 
half FOG, «ad froio the remainder GCE its half, Aic. a remainder will *t 
leng^ b« found lew tlian the gireja angle DCE.* 




fl— 3 — i — Tj : K 

- Lrt GCE be the angle, whose half ECK ia less than DCE, then a 
atniRbt Una CK ia found, whifjh fella between CD and CE, but never- 
thelMa meets th« tne AB in K. Thearefiwe CD, if produced, uiuai meet 
AB-hi ft pwnt between G-and K. ...,,,,.. 

Thia dempostraUiMi is indirect ; but this proportion, if the d«liiu(ion of 
patallela wMe changed, as suggested at p. 289, would not be neceesary ; 
and'the proof, that lines equaUy inclined to an; one line must be so to 
every Hne, would follow directly from ihe-anglea of a triangle being equal 
to two right angles, The doctrine of parallel lines would in this manilM 
be freed &:om aH difficulty. 

PROP. in. 21. I. or 29. 1. Euclid. 

If a straight line fall on .two parallel straight lioea, it makes the alterrate 
ajudea-BQUftl lo one another; the exterior equal to the interior and oppo- 
Sw JSn the samaside ; and, likewise the two interior an^es, on the same 
aide equal to two right angles. 
■ Let ibe straight line EF fall mi 
the pandlel straight linea AB, . E\ 

CD; the alteraate angles AGH, \ 

GHD ate equal, the extenor angle ■> 

EGB is equal to the interior and 
oppowte GHD ; and the two inte- 
rior angles BGH, GHD are equal 

to two right angles. _j-, ^ 

For if AGH he not equal to C H\ D 

GHD, let it be greater, then add- X 

ing BGH to both, the angles Vg. 

AGH, HGB ara greater than the 

. Pros. 1. 1 ^i-jf^ "'^■««« *? .'^T^'p*^^"!::':!! .i±",f .1^:^^^! 






fltl NOTES. 

angles D^, H<9B. But AGH, HOB bi^ sqiml W t«b i4^bE dit^ (A 
1.) ; therefim BOR, oni>tire tew than two tight BHglM, ittid (yi^^'flW 
Iln« AB, CD will me«t, by the last proposition, if pndiKied ttsmi^Br^rA 
D. fiat they do not meflt, fbr ihey are pftisRel by hy^lMfta*, ftttd tici*- 
Tore toe utgM AOH, OHD vfl not unequal, tint is, ibtyalKtititi^ifiMt 
another. 

Now the angle AOM is eqnaf to EOB, bwame (ban MO veracat, And 
it haa also been ehewn to be equal to QHD, therefore CX>B aM <}m>*arQ 
«qual. Laatlj, to each of the equat afiglea' EOB, OHD add Ae il^te 
BOH, then the two EOB, BOH are equal to the two DHO, BOH. But 
EOB, BOH are equal to two riKhtanglai. (6. l.),thenfi)ie BOH, OHD 
are aUo qqual to two right angln. 



The SlUoving proposition is placed here, becauw it is more connected 
wiih the F^ret Book than wiih Lny otHiwr It is tiheftit for expUnniOg the 
nature of Hadlev's sextant ; and, IhoUshiKroffed in the exjflafihtbrtrmv^ 
ly given of that inBtrnm^nt, it has ndt, 1 betieve, bekn hithefto deaaKlaKd dt 
a dlBtinct Geometrical Propoeition, though Very wdll «nihM to IM so wi tik- 
count of its slmplicfty and elegante, as well B8 Ha utISty. 

THEOiieM. 

'If an exterior angle of a! triangle be bisected, an<t aUo pi^V^^ iiit^rii^ 
and opposite, the angle contained by the bisecting lines i« »4"^ ''^^''^'^b 
other iliterior and oppontte ap^ qf the triangle. 

Let the exterior angle ACO of the triangle ABC be bisected by the 
straight tine C£, and the interior and opposite ABC by the straight tins 
BE, the angle BEC ia equ^l to half the angle BAC' 

The UneCE,BE will meet; for since the angle ACTTia grtaWf «4ft 
ABC, the half of ACD is greater than the half Of AtfC, tbatfe; fiG» 
is greater than EBC ; add 
ECB lo both, and the two 
angles ECD, ECB are 
greater than EBC, ECB. 
But ECD, ECB are equal 
to two right angles ; there- 
fore ECB, 'EBC are less 
than two rightangles, and 
theiefivethelinesCfi, BE 
nnut meetontbesameHide 
of BC on which the trian- 
gle ABC is. Let them meet in E. 

Because DCE is the exterior angle of the triangle BtJE,' it rs'e«ifthiV) 
the two angles CBE, BEC, and therefore twice the angle DCS, ^alrW, the 
anjifle PCA is ecpal to twice tha angles GEE ctod BEC ,- But tffice the 
angle CBE is equal to the ttij^e ABC. therefore the angle DCA is tm$\ 
lo the angle ABC, together with twice the single B^C ;' iUuttha jidliAi th- 




NOTES. aST 

gla DC A being the exterior angle of the triangle ABC, i« equal to the two 
angles ABC, CAB, wherefore the two angles ABC, CAB are equal to 
ABC and twice EEC. Therefore, taking away ABC from both, there 
remains the angle CAB ec|iial to iwice the angle BEC, or BEC equal to 
the half of BAC. 



BOOK II. 



Tbk Demonatrationa of this Book are no Mheiwiw changed than hy in- 
troducing into them eome characters similar to those of Algebra, which is 
always of great use where the reasoning turns on the addition or subtrac- 
tion of rectangles. To Euclid's demonstrations, others are sometimes add- 
ed, as Scholiums, in which the properties of the sections of lines are easily 
demonstrated by Algebraical formulas. 



DEFINITIONS. 



The definition which Euclid makes the first of this Book is that of equal 
circles, which he defines to be " those of which the diameters are equal." 
This is rqecteii from among the definitions, as being a Theorem, the truth 
of which IB proved by supposing the circles applied to one another, so that 
their centres may coincide, for the whole of the one must then coincide with 
the whole of the other. The converse, viz. That circles which are equal 
have equal diameters, is proved in the same way. 

The definition of the angle of a segment is also omitted, because it does 
not relate to a rectilineal angle, but to one understood to be contained be- 
tween a straight line and a portion of the circumference of a circle. In like 
manner, no notice is taken in the 16th proposition of the angle comprehend- 
ed between the semicircle and the diameter, which is said by Euclid to be 
greater than an acute rectilineal angle. The reason for these omissions haa 
already been assigned in the notes on the fifth definition of the first Book. 

PROP. XX. 

It has been remarked of this demonstration, that it takes for granted, that 
if two magnitudes be double of two others, each of each, the sum or differ- 
ence of the first two is double sf the sum or difference of the other two, 
which are two cases of the Ist and 5th of tha 6th Book. The justness of 
88 
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this ninark cannot b« denied; and though the cobm oTtbe PropOBitiiHis bera 
rafsiTed to are the aimpleit of anj, yet the truth of them ought not in strict' 
nCM to be Bsaumed without proof. The proof is easily given. Let A and 
B, C and D be four magnitudes, aiich that A=2C, and B=2D ; then A 
+B=2(C+D). For since A=C+C, and B=D+D, adding equals to 
equals, A+B=(C+D)+(C+D)=2(C+D). Soalso, if A be greater 
than B, and therefore C greater than D, since A=C-|-C, and B=D+D, 
taking equals from equaU, A— B=(C— D)+(C— D) that is, A— B=2 
(C-t>). 



BOOK V. 



Thb sobject of proportion has been treated so differently bv those who 
have writlBii on elementary geometry, and the method which Euclid has fol- 
lowed has been so ofien, and ao inconsiderately censured, chat in these notes 
it will not prehaps be more necessary^o accouni for the changes that I hare 
made, than for those that I have not made. The changes are but few, kdcL 
relate to the language, not to the essence of the demonstrations ; they will 
be explained after some of the definitions have been particularly considered. 

DEF. in. 

The definition of ratio given here has been greatly extolled by some aa- 
thorsi but whatever value it may have in the eyes of a metaphysician, it 
has but tittle in those of tbegeomeier, because nothing concerning the pro- 
perties of ratios, can be deduced from it. Dr. Barrow has very judiciously 
remarked concerning it," that Euclid had probably no other design in mak- 
" ing this definition, than to give a general summary idea of ratio to begin- 
" ners, by premising [his metaphysical definition to the more accurate defi- 
"nitiona of ratios that are equal to one another, or one of which is greater 
" or less than the other ; I call it a metaphysical, for it is not propOTly a ma- 
" thematical definition, since nothing in mathematics depends on it, or is de- 
" duced, nor, as I judge, can be deduced, from it." (Barrow's Lectures, 
Lect. 3.) Dr. Simeon thinks the definition has been added by some unskil* 
ful editor ; but there is no ground for that supposition, other than what ari- 
ses from the definition being of no use. We may, however, well enough 
imagine, that a centoin idea of order and method induced Euclid to giro 
some general definition of ratio before he used the term in the defimton of 
equal ratios. 

DEF. IV. 

This definition is a little altered in the expression ; Euclid has it, that 
" magnitudes are said to have a ratio to one another, when the legs can be 
^< muuipUed so as to exceed the greater." 



DEF. V. 

One oftbe chief obstacles to the ready understanding of the 6th Book of 
Euclid, is the difficultj that moat people find of reconciling the idea of pro- 
portion vbich they have already acquired, with the account of it that is 
given in this definition. Our first ideas of proportion, or of proporiionality, 
are got by trying to compare together the magnitude of external bodies ; 
and though they be at first abundantly vague and iocorreol.lhey are usually 
rendered tolerably precise by [he study of arthimelic ; from which we leara 
to call four numbers proportionals, when they are such that the quotieot 
vhich arises fi'om dividing (be first by the second, (according to the com- 
mon rule for division], is the same with [be quotient that arises from divid- 
ing the third by ibe fourth. 

Now, as the operation of arithmetical division is applicable as readily to 
any two magnitudes of the same kind, as to two numbers, the notion of pro- 
portion thus obtained may be considered as perfectly general. For, in aiith- 
. metic, after finding bow often the divisor is contained in [be diviiiend, we 
multiply the remainder by 10, or 100, or 1000, otany power, as itia called, 
of 10, and proceed to inquire how oft the divisor is contained in this new 
dividend ; and, if there be any remainder, we go on to multiply it by 10, 
100, &c. as before, and to divide the product by the original divieor, and so 
on, the division sometimes terminating when no remainder is left, and some- 
times going on adinjimtum, in consequence of a remninder being left at each 
operation. Now, this process may easily be imitated with any two mag- 
mtudea A and B, providing they be of the same kind, or such that the one 
can be multiplied so aa lo exceed the other. For, suppose that B ia the 
least of the two ; take B out of A as oft as it can he found, and let the quo- 
tient be noted, and olsotheremainder, if there beany; muhlply this remain- 
der by 10, or 100, &c. soaa to exceed B. and let B be taken out of the quan- 
tity produced by this raulti plication as oft as it can be found ; let the quotient 
be noted, and also the remainder, if there be any. Proceed with ibis remain- 
der as before, and so on continually ; and it is evident, that we have an opera- 
tion that is applicable to all magnitudes whatsoever, and that may be perfbrm- 
«d with respect to any two lines, any two plane figures, or aoy two sohds, &c. 

Now, when we have two magnitudes and two others, and find [hat the 
filet divided by the second, according to thia method, gives the very same 
series of quotients that the third does when divided by the fourth, we say of 
these magnitudes, as we did of the numbers above described, that the first 
is to the second as the third to the fourth. There are only two more cir- 
cumstances necessary to be considered, in order to bring us precisely to 
Euclid's definition. 

First, It is known from arithmetic, that the multiplication of the succea- 
■ive remainders each of them hy 10,ia equivalent to multiplying the quantity 
to be divided by the product of all those tens; so that multiplying, forin- 
Hance, the first remainder by 10, the second by 10, and the third by 10, is 
the same thing, with respect to the quotient, aa if the quantity to be divided 
had been at fint multiplied by 1000 ; and therefore, our standard of the pro- 
portiouality of numbars may be expressed thus : If the first multiplied any 
numbeioftimesby 10, and then divided by the second, gives the lame quo- 
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tient aa when the third it multiplied aa oftao by 10, and then divided by the 
fourth, the four magnitudes are propor^onals, 

Again> it ia evident, that there is no neceasicy in these muldplicatione foi 
con&iing ourBelvea to 10, or the powers of 10, and that we do so, in arilb- 
meUc, only for the conveniency ofthe decimal notation ; we may ther^ire 
uae any multiplieia whatsoever, providing we use the aeme in both caaes. 
Hence, we have thia deEnition of proporiionala. When thoie are foui mag- 
nitudea, and any multiple whatsoever of the fiiat, when divided by the 
Mcond, gives the same quotient with the like muhiple of the third, wheo 
divided by the fourth, the four magnitudes are proportionala, oi the first 
has the same ratio lo the second that the third has to the fourth. 

Wo are now arrived very nearly at Euclid's definition ; for, let A, B, C, 
D be four proportionals, according to the definition just given, and m any 
number ; and let the multiple of A by m, tbat is mA, be divided by B ; and 
first, let the quo^ent be the number n exactly, then also, when mC is divided 
by D, the quotient will be n exactly. But when nA divided by B gives n 
for the quotient, niA=nB by the nature of division, so that when niA=nB, 
niC=nD, which is one of the conditions of Euclid's definition. 

Again, when mA is divided by B, let the division not be exactly peribmi* 
ed.but let nbe a whole number less than the exact quotient, then nB^ 
mA, QrffiA~7f)B; and, for the 8amereason,mC7nD, wbicbisanoChei of 
the conditions of Euclid's definition. 

Iiastly, when nt A is divided by B, let n be a whole number greater than 
the exact quotient, then m A z.nB, and because n is also greater than (he 
quotient ol mC divided by D, (which is the same with the other quodent), 
therefore mC^nD. 

Therefore, uniting all these ihree conditiona, we call A, B, C, D, propoi- 
tionals, when the; are such, thatif mAynB, inC7nD;iffflA=nB, mC^s 
nD; andif f7iAZ.nB, mC/.nD, •n and n being any numbers whatsoever. 
Now, this is exactly ihe criterion of proportionality eslabhshed by Euclid in 
the 5th definition, and is derived here by generalizing the common and moat 
familiar idea of proportion. 

It appears from this, that the condition of mA containing B, whether 
with or without a retnainder, as often as mC contains D, with or without a 
remainder, and of this being the case whatever value be assigned to the 
number m, includes in it all Ihe three conditions that are mentioned in Eu- 
clid's definition ; and hence, that definition may be expressed a little more 
simply by saying, that/oar magnitudes are proportioiudt, toAoi any multtpie of 
the firil coniaitis Ike second, {with or ivithoul remainder,) at ofl as iM same mul- 
tiple of the third contaita the fourth. But, though this definition is certainly, 
in the expieasion, more simple than Euclid's, it is not, as will be found on 
trial, so easily applied to the purpose of demons [rati on. The three conditions 
which Euchd brings together in his definition, though they somewhat em- 
barrass the expresaion of it, have the advantage of rendering the demon- 
strations more simple than they would otherwise be, by avoiding all discus- 
sion about the magnitude of the remainder left, afier B is taken out of mA as 
oil as it can be found. All the attempts, indeed, that have been made to de- 
monstrate the properties of proportionals rigorously, by means of other defini- 
tions than Euclid's, only serve lo evince the excellence ofthe method follow- 
ed by the Oreek Geometer, and his singular address in the applicatioo of it. 
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The great objeclion to the other methods is, that if thej are meant to be 
■igorous, they require two demonstrations to every propoBiuon, one when 
the divisioD of mk into parts equal to B can be exactly performed, the oiher 
when it cannot be exactly performed whatever value be aesigned to m, or 
vhen A and B are what la called incommensurable ; and ibis lasl case wiil 
generally be found to require an indirect deraonstralion, oi a reduetio ad ab- 
gurdutu. 

M. D'Alembert, speaking of the doctrine of proportion, in a diacouree 
that contains many excellent observations, but in which he has overlooked 
£uclid'a manner of treating this subject entirely, has the follow in pr remark : 
" On ne peut d^monlrer que de cette raaniere, (la reduction i absurde,) la 
" plupart dee propositions qui regardent les incommensurables. L'id^e de 
" I'infini entre au moina impliciteniens dans ia notion de cee sortes de quan- 
*' titfe ; et comma noua n'avons qu'une id^e negative de I'infini, on ne peut 
" d^montrer directement, et a priori, tout ce qui concerne I'infini math6ma- 
" tique." (Encyclopidie, mot Geomttrie.) 

This remark sets in a strong and just fight the difficulty of demonstrating 
the propOBitions that regard the proporrion of incom mensurable magnitudes, 
without having iBCOuree to the reduclio ad absurdum : but it is eurprieing, 
that M. D'Alembert, a geometer no lees learned than profound, should 
have neglected to make mention of Euclid's method, the only one in which 
the difficulty he states is completely overcome. It is overcome by the in- 
troduction of the idea of indefinitude, (if I maybe permitted to use the word), 
instead of the idea of infinity ; for m and n, the multipliers employed, are 
supposed to be indefinite, or to admit of all poeaibie values, and it ie by the 
skilful use of this condition that the necessity of indirect demonstrations ia 
avoided. In the whole of geometry, 1 know not that any happier invention 
is to be found ; and it is_ worth remarking, that Euclid appears in another 
of his works to have availed himself of the idea of indefinititde with the 
same success, viz. in his books of Poiiama, which have been restored by 
Dr. Simson, and in which the whole analysis turned on that idea, as I have 
abown at length in the Third Volume of the Tranaaciions of the HoyalSo- 
cioly of Edinburgh. The investigations of these propositions were bounded 
entirely on the principle of certain magnitudes admitting of innumerable 
values ; and the methods of reaeoning concerning them seem to have been 
extremely similar to those employed in the fifth of the Elements. It is 
curious to remark this analogy between the different works of the same 
author ; and to consider, that the skill, in the conduct of this very refined' 
and ingenious artifice, acquired in treating the properties of proportionals, 
may have enabled Euclid to succeed so well in treating the still more dif- 
ficult subject of Porisms. 

Viewing in this light Euclid's manner of treating proportion, I had no 
deure to change any thing in the principle of his demonstrations. 1 have 
only sought to improve the language of them, by introducing a concise 
mode of expression, of the same nature with that which we use in arith' 
metic, and in algebra. Ordinary language conveys the ideas of the diffe- 
rent operations supposed to be performed in these demonstrations so slowly, 
and breaks them down into bo many parts, that they make not a sufficient 
impression on the understanding. Tlus indeed will generally happen when 
ihe things treated of are not lapreeented to the eenaee by Diagrams, as 
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they cannot be when we reason concerning roagnitude in geneml, as in this 
part of the Elements. Here we ought certainly to adopt the langua^ of 
arithmetic or algebra, which by its sbortneHs, and the rapidity with which 
it places objects before us, makes up in the best manner possible for being 
merely a conveniional languai^, and using symbols that have no resem- 
blance to ibe things expressed by them. Such a language, therefore, I 
have endeavoured to introduce bere ; and I am convinced, that if it shfill 
be found an improvement, it ia the only one of which thefiflh of Euclid wiD 
admit. In other respects I have followed Dr. Simeon's edition to the accu- 
racy of which it would be difficult to make any addition. 

In one thing I must observe, thai the doctrine of proportion, as laid down 
here, is meant Eo be more general than in Euclid's Elements. Itisintended 
to include the properties of proportional numbers as well as of all magni- 
tudes. Euclid has not this design, for be has given a definition of propor- 
tional numbers in the seventh Book, very different from tbat ofproportional 
magnitudes in the fifth ; and it is not easy to justify the logic of this man- 
ner of proceeding ; for we can never epeak of two numbers and two magni- 
tudes both having the same ratios, unless the word ratio have in both cases 
the same signification. All the propositions about proportionals here 
given are therefore cinderslood to be applicable to numbers ; and accord- 
ingly, in thff eighth Book, the propoaicion that proves equiangular parallelo- 
grams to be in a ratio compounded of the ratios of the numbers proportional 
to their sides, ia demonstrated by help of the propositions of the fifth Book. 

On account of this, the word guantily, rather than magnitude, ought in strict- 
ness to have been used in the enunciation of these propositions, because we 
employ the word Quantity to denote not only things extended, to which 
alone we give the name of Magnitude, but also numbers. It will be suffi- 
cient, however, to remark, that all the propositions respecting the ratios of 
magnitudes relate equally to all things of which multiples can be taken, that 
is, to all that is usually expresasd by the word Q.uantity in its most extend- 
ed signification, taking care always to observe, that ratio takes place only 
among like quantities, (See Def 4.) 

DEF. X. 

The definition of compound ratio was first given accurately by Dr. Sirason ; 
for, though Euclid used the term, he did so without defining it, I have 
placed this definition before those of dvplicate and tripticafe ratio, as it is in 
' feci more general, and as theiclatioo of all the three definitions ia best seen 
vhea they are ranged in this oriler. It is then plain, that two equal ratios 
compotmd a ratio duplicate of either of them ; three.equal ratios, a ratio 
triplicate of either c£ them, &c. 

It was justly observed by Dr. Simeon, that the expression, eompdmdrtUu, 
is introduced merely to prevent circumlocution, and for the sake principallT 
'of enunciating those propositions with conciseness that are demonstrated by 
reasoning ex <egw), that is, by reasoning firom the S2d or 23d of this Book, 
This will be evident to any one who considers carefully (he Prop. F. of this, 
or the 23d of the 6th Book. 

An objection which naturally occurs to the use of the term am^ioimdrMtio, 
■nsea b6m ila not being evident how tha ratiot desci^Md in Uw definititKi 
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detennine in any way the raUo which the; are eaid to compound, since the 
magnitudea compounding them are assumed at pleasure. It may be of use 
for removing this difficulty, to state the matter aa follows : if there be any 
number of ratios (among magnitudes of the same hind) such that the con- 
sequent of any of them is the antecedent of that which immediately fol- 
lows, the first of the antecedents has to the last of the consequents a ratio 
-which evidently depends on the intermediate ratios, because if they are de- 
termined, it is determined also ; and this dependence of one ratio on ail the 
other ratioB, is expressed by saying that it is compounded of them. Thus, 

if -=, -y;, -=r, -=, be any series of ratios, such as described above, the ratio 
^,orofAtoE,iBBaidtobecoinpoundedoftheratios-^, -rq, &c. Theratio 

=, is evidently determined by the rados -s, -ri, &c. because if each of the 

latter is fixed and invariable, the former cannot change. The exact nature 
of this dependence, and how the one thing is determined by the other, it is 
not the business of the definition to explain, but merely to give a name to 
a relation which it may be of importance to consider more attentively. 



DEFINITION n. 



This definition is changed from that of reciprocal Jlgitres, which was <^ no 
use, to one that corresponds to The language used in the 14th and 16th 
propoeitiom, and in other parts of geometry. 

PHOP. A, B, C, dec. 

Nne propositions are added to this Book on account of their utility and 

their connection with this part of the Elements. The first four of them aro 
in Dr. Simson's edition, and among these Prop. A is given immediately 
after the third, being, in fact, a second case of that proposition, and capable 
of being included with it, in one enunciation. Prop, D. is remarkable for 
being a theorem of Ptolemy the Astronomer, in bis Ms/aXi) 2uvra£if, and the 
foundation of the construction of his trigonometrical tables. Prop: £ is the 
simplest case of tbe former; it is also useful in irigonome^, and, under 
another form, was the 97th, or, in some editions, the 94th of Euclid's Data. 
Tho propositions F and O are very usefiil properties of the circle, and are 
taken from the Loci Plani of Apolloniua, Prop. H is a very remarkable pn>- 
perly of the triangle ; and K is a proposition which, though it has been 
hitherto considered as belonging particularly to trigonometiy, is so often of 
use in other parts of the mathematics, that it may be properly mnlud among 
the «leinenUi7 theorwns of OeomeUy. 
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SUPPLEMENT. 



PROP. V. and VI, dtc. 



Trk demonatmtions of the 5th and 6th propoutionB require the method 
of exhaustions, th^tia to Bay, they prove a certain property to belong to the 
^cle, because it belongs to the rectilineal figures inscribed in it, or described 
about it according to a certain law, in the case when those figures ap- 
|iroacb to the circles so nearly as not to fall short of it or to exceed it, hy 
any assignable difference. This principle is general, and is the only one 
by which we can possibly compare curvilineal with rectilineal spaces, or the 
length of curve lines with the length of straight lines, whether we follow 
the methods of the ancient or of the modem geometers. It is therefore a 
great injustice to the latter methods to represent them as standing on a fguo- 
dation less secure than the former ; they stand in reality on the same, and 
the only difference is, that the application of the principle, common to them 
both, is more ^neral and expeditious in the one case than in the other. 
This identity of principle, and affinity of the methods used in the elementary 
and the higher mathematics, it seems the more necessary to obserre, that 
some loamad mathematicians have appeared not to be sufficiently aware of 
it, and have even endeavoured to demonstrate the contrary. An instance 
of this is to be met with in the preface of the valuable edition ofthe worka 
of Archimedes, lately printed at Oxford. In that preface, Torelli, the learn- 
ed commentator, whose labours have done so much to elucidate the vrrit- 
ings of the Greek Geometer, but who is so unwilling to acknowledge the 
merit of the modern analysis, undertakes to prove, that it is impossible, from 
the relation which the rectiUneal figures inscribedm, and circumscribed 
■ about, a given curve have to one another, to conclude any thing concerning 
the properties of the curvilineal space itself, except in certain circumstance* 
which he has sot precisely described. With this view he attempts to show, 
that if we are to reason from the relation which certain rectilineal figures 
belonging to the circle have to one another, notwithstanding that those 
figures may approach so near to the drcular spaces within which they are 
. inscribed, as not to differ from them by any assignable magnitude, we shall 
be Isd into error, and shall seem to prove, that the circle is to the square of 
its diatnetet exactly as 3 to 4. Now, as this is a conclusion which the di«- 
covories of Afcbiniodes himself prove so clearly to be ftdse, Torellt arguest 
that the princij^ from which it is deduced must be false also ; and id [his 
he would no doubt be right, if his former conclusion had been fairly drawn. 
But the truth is, that a Tery gross parabgism is to be found in that p*rt of 
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' lus reasoning, where he mftkes a transitioD ftom the lalios of the amall rect- 
angles, ioscribed in the circular spaces, to the ratios of theeutns of thoee 
rectanglea, or of the whole rectilineal figures. In doing this, he takes for 
grant^ a profKiBition, which, it is wonderful, that ooe who had studied 
geometry tti the school of Archimedes, should for a moment have suppos- 
ed to be triie. The propoaition ia this : If A, B, C, D, E, F, be any num- 
ber of magnitudes, and a,b,c,d, e,y, as man; others ; and if 
A;B::a;i, 
C:T):.c:d, 

K:F ■■•■(■./, then the sum of A, C and E will be to the sum of fi, D and 
F, ae the sum of o, c and e, to the sum of S, rf and / or A+C+E : B+D 
-fF; ■.a+c-\-e: i-J-if-f/ Now, this .proposiUoQ» which Torelli suppoees 
to be perfectly general, ia not true, except in two cases, viz. either fint, 
when A : C : : a :.c, and 

A : E : : : e ; and consequently, 
B : D : : i : < and 

B : F : : i :/j or, secoDtSy, when all the ratios of A to B, C to D, E 
to F, &c. are equal to one another. To denuMisirate this, let us suppose 
that there are four loagnijudee, and four othersj 

thus A : B :: a : £, and 

C : D : : c : 1^, then we cannot have 
A+C : B+D : : a+e : b+d, unless either A : C : : a : c, and B: D : : * : 
d', at Ai C :: b: d, and consequently a: b :: c: d. 

Takaa magnitude K, such that a : c : : A : K, and another L, such that 

b -.d-.-.B -.h; am) suppose it true, that A-f-C ;.B-j-D : : 

■ i»-f-e : i+rf. Then, because by inversion ; K : A : : c : o, r~K A, B L. I 

and, by*hypotheMa, A : B : : 8 : J, and also B : L : : i : rf, eabdl 

- ex tequo, K : L : : c:d\ and consequendv, K : L : : — ' — ^ — ■* — — 

■C:D. 

Again, because A : K ; : a ; c, by addition, 

A-|-K : K r : o+c : c ; and for the same reastm, 
B-f-L : L : : 4-f-rf : d, or, by invernon, \ 

L ; B+L : : rf : i+rf. And, since it has been shewn, thai 
K : L : : e : i/j therefore, ex lequo, 

|A+K,K,L,B+L,| 

A+K : B+L : : a+c : b^d\ but by hypotheeia, 

A+C : B+D : : a+o : i+rf, therefore 

A +K ; A+C : : B+L ; B+D. 
Now, first, let K and C be supposed equal, then it is evident that L and 
D are also equal ; and therefore, since by construction a : c : ;'A ; K, we, 
have also a : c : : A : C ; and, for the same reason; i : i/ ^; B : D, and 
these analogies from the first of the two conditions, of which one is afiirmed 
above to be always essential to the truth of Torelli's proposition. 
Next, if K be greater than C, then, since 

A+K : A+C ; : B+L : B+D, by division, 

A+K : K-C : : B+L ; L-D. But, ae wa« shewn, 

K : L : : C : D, by conversion and alternation, 

K— C ; K ! : L — D ; L, therefore, ex lequo, 
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A+K ; K : : B+h : L, and Isslly, by dmaioa, 
A:K::B:L,orA:B::K:L, ihtil ifl, 
A : B : : C : D. 

Wherefbre, in this caM tba ratio of A to B in eqnal to tint of C to D^ 
tai coDBequeDtlj, the ratio of a to i equal to tbat of e to </. The Bainv 
Aaj be ihewn, if K ia lees tban G : therefore itt every can there are tan- 
ditiona neceaaary to the truth of lorelli'a proposition, which hedoearrat 
take iDto account, and which, aa is eaeityahewn, do not belong to the nffkg- 
nitudea to which he applies it. 

In consequence of this, the eonclusioFT which hd meant (o estabK^ re- 
specting the circle, folia entirely to the ground, and witti it the general in' 
lerence aimed against the modem nnalyeis. 

- It will not, I hope, be imagined, that f have taken noticr of thBse cir- 
eumstances with any design to lessen the reputation of the learned It^hon; 
vho has in ao many respects deserved welt of the mathematical eciences,- 
or to detract from the value of a posthumous work, which by its elegance 
and ewrcctness, dbes so much honour to the English editon. But I would 
mrb the sltMent against that narrow spirit whu;h seeks to inshiuate ilstitf 
even into the abstractions of geometry, and would - persuade us, that dew 
gance, nay, truth itsalf, arO' possessed ezchisively by the ancient methods Of 
demomtnnion. Tha high tone in which Toretli censures th^modero ma- 
thematica it imponng, as it is assumed by one who had studied Uie writflDgs 
of Archimedes with uncommon diligence. His errors are on that account 
tb» man dftngerooa, and require to be the mofe carefully pointed oat' 

PROP. IX. 

This enunciation is the same with that of the fhird df the lUmauio Or- ■ 
adi of Archimedes ; but the demonstration is different, though il proceeds 
like that of the Greek Geometer, by the continual bisection of the 6ib part 
> of the circumference. 

The limits of the circumference are thus assigned ; aiicT the method of 
bringing it about, not mt ha landing many quantities are neglected in the arith- 
ntelical operations, chat ihu enors shall in one caae be all on the side of de- 
fect, and in another all on the side of excess (in which I have followed Ar- 
chimedes,) deserves particularly to be observed, as affording agoodtDtiodue- 
tion to the general me^thods of approximation. 



BOOK II. 

DEF. Vm. and PKOP. XX. 

Solid angles, which are deSned here in the same aM,nn« as in Eiiefid, 
are magnitudes of a very peculiar kind, and are particukuly to beiemarked 
fbr not admittiog of that accurate comparison, one with another, vhiob b 
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commoii in the other Bubject* of g^metrical kivestigation. It cannot^ for 
•xample, be said of ona solid angle, that it ia the hol^ or ibe double o{ Kn- 
ottier solid angle ; nor did any geomeiei ever think of propoeing (he pro- 
lalam of luaecting a given solid angle. ' In a word, no multiple or (ub-mul- 
liple ofaucb an angle can be taken, and we have no way of expounding, 
even to ibe simplest cases, the ratio which one of ihein bears to anoihei. 

In this respect, therefore, a. solid angle difiers from every other raagnilude 
thftt istheaubJK'n'^niatheniaiical reasoning, all of whicb have this common 
jHTOperty, that miiliiplea and sub-multiples of them may be found. U is not 
our business here to inquire inlothe reason of this anomaly, but it is plain, 
that on account of it, our knowledge of the nature and the piopertiesiif 
_ auch angles can never be very far extended, and that our reasonings con- 
.ceining them, must be chiefiy confined to the relations of the plane angles, 
by which they are contained. One of the most remarkable of those jeiar 
tiooa is ttwl wbich is demonstrated in the 21st of this Book, and which i«, 
that all the plane angles which contain ao^ solid angle must together be 
less than four right angles. This proposition is Uie 21st of the lllhof 
Euclid. 

This proposition, however, is subject to a restriction in certain icaseq, 
which, 1 believe, was first observed fay M. le Sage of Geneva, in a com- 
muoicatioQ to the Academy of Sciences of Paris in 17K6. When the sec- . 
tioQ of th» pyramid formed by the planes that contain the solid angle is « 
^ure that has none of its angles exterior, such aa a triangle, a parallelo- 
gram, ^c. the truth of the proposition j,ust enunciated cannot be (juestion- 
i»d. But, vben the aforesaid section is a figura like that whichis annexed, 
viz. ABCD, having some angles such 
as BDC, exterior, or, as they are some- A 

times called, re-entering angles, the pro- 
position is not necessarily true ; and it ia 
{)lain, that in such cases the demonalra- 
tioh which WB-have given, and which is 
the same with Euclid's, will no longer 
apply. Indeed, it were easy to show, 
that on bases of this kind, by multiply* 
ing the number of sides, solid angles -^ 
may be formed, such (hat the plane An- ^ 
glea which contain them shall exceed four right angles by any quantity »• 
mgned. An illustration of this from the properties of the sphere is perhaps 
the simplest of all others. Suppose that on the surface of a hemisphere there 
is described a figure bounded by any number of arcs of great circles mak- 
ing angles with one another, on opposite aides alternately, the plane angle* 
at the centre of the sphere that stand on these arcs may evidently exceed 
fcur right angles, and that too, by multiplying and extending the arcs 
in any assigned ratio. Now, these plane angles contain a solid angle at 
thecenueofthe sphere, according to thedeRnitionofasolid angle. 

We are to undKstand the proposition in the text, therefore, tobetnie 

only or those solid angles in whiob the inclination of the plane angles are 

■ all the tame way, otalldu«oted toward the interior of the figure. Todis' 

tioguish this clau of lohd an^ea firom that to which the proposition does 

not apply, it is perhaps btet to make um of this oriierion, that they ore such, 
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that vhsn uij tvQ points whafsoerer axe taken in the planea that coittaJn 
Iha solid (uif le, the straight line, joining those points, fiilla wholly within 
the sdid (uigle : or thus, they are such, that a straight tine cannot meet iha 
planes which contain tbem in more' than two paints. It is thus, too, that I 
would disbnguish a pliuie figure that bas none of its angles exterior, by say- 
ing, that it is a rectilineal figure, such that a straight hne cannot meet the 
boundary of it in more than two points. 

We, therefore, distinguish solid angles into two species : ene in which 
the bounding planes can be intereccted by a straight line only in two points ; 
and another where the bounding planes may be intersected by a straight 
line in more than two points : to the first of these the proposition in the 
text applies, to the second it does not. 

Whether Euclid meant entirely to exclude the consideration of figure* 
of the latter kind, in all that he bas said of solids, and of solid angles, it is 
not now easy to determine : it js certain, that his definitions involve no such 
exclusion ; and as the introduction of any llmitaiion would considerably 
embarrass these definilions, and render them difficult to be understood by a 
beginner, I haveleftit out, reserving to this place afuller explanation of the 
difficnlty. Icannot conclude this note without remarking, with the historian 
of the Academy, that il is extremely singular, that not one of all those 
who had read or explained Euclid before M. le Bage, appears to hare been 
eennble of this mistake. [Memoiret de C Jntrf. dta Seieneet, 1756, But. p. 
77,] A circumstance that renders this still more Bingular is, that another 
tnielake of Euchd on the same subject, and perhaps of all other geometers, - 
escaped M. le Sage also, and was first discovered by Dr. Simson, as will 
pregently appear. 

PROP. IV. 

llis very elegant demonstration is from Legendre, and .is much easier 
thaa that of Euolid. 

The demonstration given here of the 6th is also greatly simpler than 
that of Euclid. It has even an advantage that does not belong to Legen- 
dre's, that of requiring no particular construction or determination of any 
one of the lines, but reasoning from properties common to every part of 
them. The simplification, when it can be Introduced, which, however, 
'does not appear to be always possible, js, perhaps, the greatest improve- . 
ment that can be made on an elementary demonstration. 

PHOP. XIX. 

The problem contained in this proposition, of drawing a Uraight line per- 
pendicular to two straight lines not in the same plane, is certainly to b» ac- 
counted elementary, although not given in any book of elementary geomo- 
try that I know of before that of Legendre. Th&soludon given here is more 
aimple than his, or than any other that I have yet met with : it alio leada 
more easily, if it be required, to a trigmometiioal computaUon. 
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BOOK 111. 

DEF. II. and PROP. I. , 

Thbig relate to aimilar and equal solids, a subject on which toislakes hava 
prevailed not unlike to that which hasjust been mentioned. Theequftlit; 
of Mlids, it ia.natural to expect, must be proved like the equa)itj of plane 
fibres, by showing that they may be made to coincide, or to occupy the 
flame sp»ce. Btit, though it be true that all solids which can be shewn to 
coincide are equal and similar, yet it does not bold conversely, that all soUds 
which are equal and aimUar can be made to coincide. Though this asser- 
tion may appenr somewhat paiadoxical, yet the proof of U is extremely 
ampla. 

Let ABC be ao isosceles triangle, of which the equal sides are AB and 
AO; from A draw AE perpendicular to the beae BC,and BC will be bisected 
inE. FroraEdraw ED perpendicular to the 
plane ABC, and from D, any point in it, draw 
DA, DB, 1X3 to the three angles of the tri- 
angle ABC. The pyramid DaBC is divided 
into two pyramids DaBE, DACE, which, 
though their equality will not be disputed, 
cannot be so applied to one another as to coin- 
cide. For, though the triangles ABE, ACE 
areequal, BE being equal to CE,EA common 
to both, and the angles AEB, AEC eqUal, be- 
cause ihey are right angles, yet if these two 
trianeles be applied to one another, so as to 
coincide, the solid DACE will nevertheless, as is evident, tall without the 
solid DABE, for the two solids will be on the opposite aides of the plane 
ABE. In the same way, though all the planes of the pyramid DABE 
may easily be shewn to be equal to those of the pyramid DACE, each to 
each ; yet will the pyramids themselves never coincide, though the equal 
planes be applied to one another, because they are on the oppomte aides of 
those planes. 

It may be said, then, on what ground do we .oonclude the pyramids ta 
be equal 1 The answer is, because their construction is entirely the same, 
^d the ccmditions that determine the magnitude of the one identical wkh 
^ose' that determine the magnitude of the other. For the magnitude oT 
the pyramid DABE is determined by the magnitude of the triangle ABE, 
the length of the line ED, and the position of ED, in respect of the plans 
ABE ; three circumstances that are precisely the same in the two pyra- 
mids, so that there is nothing that can determine one of tham to be greater 
than aiiother. 

This reasoning appears perfectly conclusive and satisfactory ; and it 
seems also very certain, that there is no other principle equally simple, oa 
which the relation of the solids DABE, DACE to one another can be de- 
termined. Neither is this a case that occars rarely ; it is one, that, in the 
•otnpahflon of magnitudes having three dimennonii preienti itself conti- 
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nuaUy ; for, thou^ two plane fibres that are equal and auQilar can alwAjii 
be made to coincide, yet, with regard to solida that are equal and aimilar, if 
they have not a certain ein^ilanty in their position, there will be fouodiait 
a* many cases in which they cannot, aa in which they can coincide. £ven 
figures described on surfacea, if they are not plane surfaces, may be equal 
and similar without the possibility of coinciding. Thus, in the figure de- 
•ciibed on the surface of a sphere, called a spherical uiaiwle, if vs suppoee 
it to be iaosceles, and a perpendicular to be drawn from ihe veitex on the 
baae, U will not be doubted, that it is thus divided iiiio twfi right angbxl 
■pherical tnanglea equal and wnulai to one another, and which, aav^tiim- 
IcM, cannot be ao laid on one another as to agise. Thewme boldiiinii^ 
numerable other instances, and ilieiefore it is evident, thala principle, man 
geneial and fundamental than that of the quality of coitUHding S^WV, 
ought to be introduced into Geometry. What thia principle is baa also ap- 
peared very clearly in the course of these remarks ; and it is indeed no 
Other than the principle so celebrated in the pluloaopby of X<eibfiitz, uader 
the name of thx turrioisNT bbason. For it was shewn, that the Kpt- 
mids DAGE and DACE are concluded lobe equal, because ew^of theip 
is determined to be of a certain magnitude, rather than of.^y Qthw,by 
conditions that are the same in both, so that there is no a^ Aeoff but |fae oqe 
being greater than the other. Tl)is Axiom roay be rendered goneral t^ 
saying, That things of which the magnitude js deteraiiiied by canditiwfi 
that are exactly the same, are equal to one pnolher ; or, it might be Bff- 
pressed thus ; Two magnitudes A and B are equal, when thefe ic ao Xftt,- 
Boa that A should exceed B, rather tt)an that B should bxc«^ A- EiiiHir 
of these will serve as the fundamental principle for comparing geametiijEf^ 
magnitudes of every kind ; they will apply in those cas«a where the coj^i- 
cideuc* of magnitudes with one another has no place ; and they .will ^p(4j 
with great readiness to the cases in which a coincidence may IfJce jfiw», 
such as in the iih., the etb, or the 26th of the iFint Rpok of t^he £!•- 
menta. 

The only objpctton to this Axjoai is, that it is somaw'l*' °f f<in«tm49- 
Mcal kind, aod belongs to the doctrine ij the tufideat raum, wtnctt ia jook«^ 
on with a suspicious eye by some philaspplfers. But this is i^ «&A (A^^ 
tion ; for such reasoning may be applied with the grealwt saifety to tha«a 
objects with Ihe nature of which we are perfectly acquainted, ai)d of vhi^ 
wej^^ve cfimpleledegnijion;, asiapure malhem^iics.. Iq pi^ysic^ ^pet- 
(tons, tits ^me principle cannot he applied with equaj sa&ity, bep^qaein 
suoh cases we have seldom a cotnpleje definition pf tl)s thing we tpftqp 
about, or one that includes all its propecties. Thus, whqn ^^Wed^prm- 
•d the spherical figureof the earth, by reasoning on a prindpU.Rf this nut, 
lie was led to a false conclusion.because be knew nothing 01 ^aiota,^ail.<)f 
^e eattb qo its axi^ which places the puriiales of that .body, though ^t 
«qual dLStances from thp centre, in circumstances very difeiept from .qu 
another. But, concerning those things that are the creatures,^ the^iniild 
altogether, Uka the objucte of roathematical investigation, ihecp 9*a be no 
danger of being misled by the principle of the Hu^cispt riesMD,.vtUiC)lf|t tl)> 
same time fumisbas w wyh the only single AiipiB. >y iu^fit wt^ »e 
can compare toge^er geometrical quantities, vhetJber tlip; bef)f mKi.ff 
tT», or of ibim #nstisiaDs. 
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Legendi^inhiBElementfl'bai made the saine remark tbalbai been jd^ 
fltatetf, Ibflt there are eoUds and other Geometrical Magnituttea, -wbich, 
ttUngh similar and equal, cannot be brought to coinci^t with one another, 
^nd tic haa distingtiished tbem by the name rf Swnfflefrieo/ Ma^iluded. H« 
hasalao giTen a veryBatigractory and ingerioiHilemonfltralion of theft^a- 
liiy of certain adids of that sort, though not so concise as thenalura of a- 
Minipl^'and dememHrjr truth would seerrt to require, and cons^qnetHly nol 
Mfth ai to reffdei' the ffxittrn propbaed above allogether unnecesBafy. 

■ But ft ctrCumsiartcefer which I cannot vety well account is, that L*gen- 
d*e,andafter him Lacroix,aBcrib6 to Simeon the fifrt mention of «rachaoMf( 
it we Stt here considering. Now I must be permitted to eayj thM no rh- 
iliarlttff this purpose is to be ftmndin any of the Wfilinga of Sitowon, which 
BaTecom6ttrrtfyltn]ow(edge. He haa indeed madfianobservation concerning 
the Geometry of Solids, which was both new and important, tiz. tbalsolidi 
may have the condition which Euclid thought sAfficient 16' detM'mine tbei^ 
qtrality, and may nevertheless be unequal ; whereas the observation made 
bore ia, that BOtids may be equal and similaT, and may yet waot the conditfdn 
(tf being abiri W coinvidte with one ahother. These jn'opositions are widd;^ 
difierem ; and how eO accwrate a writer aa Legendre shoirtd have nlistaken 
the one-for the other, ia not eady to be explained. It must be cAiserted, 
that ho does nol seetn in the leaSt aware of the observation which Simaori 
has really made. Perhaps having himself made the remark we nowspeak 
of, and on looking sUghtly into Sfmstm, having found a limilarion of the 
TiBual description of equal solids, he had without much imjuiry, set ft dowii 
ta the same with hie owii notion ; and so, .with a great dthl of candotn^i 
And some prtcii^tdtion, be has ascrilrad to SimsoA a discovery which reaffjr 
btilohged to himsejf. This at letM, seeins to be the most probtlble solutioti 
tif the difficulty. 

I have entered into a fuller discussfoh of Legendre'a nitstake fttan I 
sbtftM othcfhrise' have done, frcHi having said-, hi the lirst edition of these 
elements, irt 179ft, that I believed the non-coinci^lenco of earnHnr and equal 
ItSia in cettidH circumstances, was then rrrade for the first time: This it 
a evident #6uid httve been a pretehaioQ as ridiculous as ill-founded, if lb« 
same obBetvatKm had been made in a book Hke Simeon's, which in thiri 
country wka in Utecy body's lutAds, and which I had myself profi^ediy 
•Iudi6d with aiteWion. As I have not seeh any edition of LegSndre'S Ele- 
ments earliet than that published in 1802, 1 am ignorant whether he or I 
ttrtia the first in making the remark here referred (o. That circumstafice 
is, however, immaterial ; fbr I am not interested about- the onginaliiy of the 
nftnark, thoUghvery much interested to shbiv that I had ho inlehtioo of ap- 
propriating to myself a discovery made by another. 

Anmhet (Aeervation on the subject of those solids, whicli, witb Legendre, 
it^ BhaH' ctdl symmetrical, has occurred to me, which I did not at first 
tfaf6k of, viz. that EucUd himself certainly had theae solids in vieV when be 
firmed tais-defirftibbtashe Very improperly calls it) of equal and similar sohdi; 
He says that those solida are egtal md tiailar, which are contained under 
th« lame mmibe^ of equal and mmilat planes. Dut ibis is nOt tfue, as Dr. 
SlmsDnhassheWiiinaptLsM^ jimlabouttobequoted, because two soliifi 
iijEly easily be assignted, bou&ded by the ttame number of eqtild abd nmilaT 
iflotk, imtfSUs obrtmltty uniquid, the one being contlEaiMt withiB- tfat 
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oiba. Sinwon observes, that Euclid needed only to have added, thkt the 
equal and umilar phines must be simihily situated, to have made his des- 
cription exact. Nov/, it is true, that (kis addition would have made it exact 
in one respect, but would have rendsred it impeifect in another ; for though 
all the solids having the coniiiiona here enumerated, are equal and aimilai, 
many othets are equal and similar which have not those conditions, that is, 
though bounded by the same equal numl>er of similar planes, thqee planes 
are not similarly situated. The symmetrical solids have not their equal 
and similar planes similarly situated, but in an order and position ilirectly con- 
trary. Euclid, it is probable, was aware i^ this, and by seeking to render 
the description of equal and similar solids so general, as to oomprehend so- 
lids of both kinds, has stripl it of an essential condition, so that solids ob- 
viously unequal are included in it, and has also been led into a very illogical 
poceeding, that of defining the equality of solids, instead of proving it, as if 
be had been at liberty to nx a new idea to the word egtuU every time that 
he applied it to a new kind of magnitude. The nature of the difficulty he 
hail to contend with, will perhaps be the more readily admitted as an apo- 
logy for this error, when it is considered that Simson, who bad studied tl^p 
matter so carefiilJy, as to set Euclid right in one particular, was himself 
wrong in another, and has treated of equal and similar solids, so as to ex- 
clude the symmetrical altogether, to which indeed he seema not to have at 
all adverted. 

I must, therefore, again repeat, that I do not think that this matter can 
be treated in a way quite simple and elementary, and at the same tim* 
general, without introducing the principle of the sii^eimt reaton as stated 
above. It may then be demonstrated, that similarand equal solids are ' 
those contained by the same number of equal and similar planes, either viiii 
•imilar or contrary situations. If the word contrary is properly understood, 
this description seems to be quite general 

Simson's remark, that solids may be unequal, though contained bj^be 
same number of equal and similar planes, extends also to solid angles 
which may be unequal, though contained by the same number of eoual 
planes angles. These remarks he published in the lirst edition of his Eu- 
clid in 1766, the very same year that M. le Sage communicated to the 
Aoadamy of Sciences the observation on the subject of solid angles, men- 
tioned in a former note ; and it is singular, that these two Geometers, K^ib- 
out any communication with one another, should almost at the same timo 
have made two discoveries very nearly connected, yet neither of them com- 
prehending the whole truth, bo that each is imperfect without the other. 

Dr. Simeon has shewn the truth of bis remark, by the following reason- 
ing. 

" Let there be any plane rectilineal fi^re, as the triangle ABC, and from 
a point D within it, draw the straight hne D£ at right angles to the plane 
ABC ; in DE take DE, DF equal to one another, upon the opposite sides 
ofthe plane, and let G be any point in EF: join DA , DB, DC ; EA, ER 
EC i FA, FB, FC ; GA, GB, GC : BecAuae the straight line EOF is at 
light angles to the plane ABC, it makes right angles with DA, DB, DC, 
which it meets in that plane ; and in the triangles EDB, FDB, ED and 
DB are equal toFD and DB, each to each, and ihey contain right angles j 
thereibra the base EB is equal to the base FB ; in the same manaar EAia 
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equal lo FA, and EC to FC : and in the triangles EBA, FBA, EB, BA art 
equal to FB, BA, and the base EA is equal to the base FA ; wherefore 
the angle EBA is equal to the angle FBA, and tbe triangle EBA equal 
to the triangle FBA, and the otber angles equal to the other angles ; theia- 
fore these triangles are Bimilar : In the same manner tbe triangle EBC is 
BDiilar to ibe triangle FBC, and ibe triangle EAC to FAC; therefore tb ere 
are two aolid figures, each of which ia contained by six triangles, one of tbem 
by tbree triangles, the common vertex of which ia the point G, and their 
bases the straight lines AB, BC, CA, and by three other triangles the com- 
mon vertex of which is the point E, and their bases the name lines AB, BC, 
CA. The other solid ia contained by the same three triangles, the common 
vertex of which is G, and their bases AB, BC, CA ; and by three other tri- 
angles, of which the common vertex is the point F, and their bases the same 
straight lines AB, BC, CA : Now, the three triangles GAB, GBC, GCA' 
are common to both eolida, and the tbree others EAB, EBC, ECA, of the 
first solid have been shown to be equal and similar to the three other*, 
FAB, FBC, FCA of the other solid, each lo each ; therefore, these two 
■olids are contained by the same number of equal and similar planes : Bat 
that they are not equal is manifest, because the first of tbem is contained in 
the other : Therefore it is not universally true, that solids are equal which 
are contained by the same number of equal and similar planes," 

" Cor. From this it appears, that two unequal sohd angles may be con- 
Ouaed by the same number of equal plane angles." 

" For the solid angle at B, which ia contained by the four plane anglee 
.EBA, EBC, QBA, GBC is not equal to the solid angle at tbe same point 
B, which ia contained by the four plane angles F^A, FBC, GBA, GBC ; 
lor the last contains the other. And each of them ia contained by four 
1 Jane angles, wbich are equal to one another, each to each, or are the self- 
tune, as baa been proved : And indeed, there may be innumerable solid 
angles all unequal to one another, which are each of them contained by 
{lane angles that are equal to one another, each to each. It is likewise 
manifest, that the befbre-mentioned solids are not cdmilar, since Uieir solid 
angles are not all equal." 
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PLANE TRIGONOMETRY. 



DEFINITIONS, &c. 

TKiooNOHETKr IB defined in the text to be the applioadon of Number 
to express the relationa of the sidea and angles of triangleE. It depends, 
therefore, on the 47th of the first of Euclid, aad on the 7lh of tbe first of the 
Supplement, the two propoailionB which do most immediately connect 
together the sciences of Arithmeitc and Geometry. 

The sine of an angle ia defined above in the usual way, viz. the perpen- 
dicular drawn from one extremity of the arc, which measures the angle on . 
the radius paswng through the other ; but in strictneaa the sine is not the 
perpendicular itself, but ihe ratio of that perpendicular to the radius, forit 
IB this ratio which remaina constant, while the angle continues the same, 
thODgh the radius vary. It might be convenient, therefore, to define the 
sine to bs the quotient which arises from dividing the perpendicular just 
described by the radius of the circle. 

So abo, if i»ie of the sides of a right angled triangle about the right an- 
gle be divided by the other, the quotient is the tangent of ihe angle op- 
posite to the firat-mentioned side, &c. But though this is certainly the 
rigorous way of conceiving the sines, tangents, &c. of angles, which are 
in reality not magnitudes, but the ratios of magnitudes; yet aa this idea ia 
a little lacxa abstract than the common one, and would also involve some 
change in the language of Trigonometry, at the same time that it would 
in the end lead to nothing that is not attained by njaking the radius equal 
to unity, I have adhered to the common method, though I have thought 
it right to point out that which should in BtrictnesE be pursued. 

A propoBiliaa m ieH out in the Plane Trigonometry, which the astro- 
nomers moke UM of in order, when two sides of a triangle, and the angle 
contuned by them, are given, to find the angles at tbe base, without 
Otaking use of the sum or difference of the aides, which, in some caees, 
when only the Logaiitiuos <rf the mdes are given, cannot be conveniently 
found. 
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If, aa the greater of ami two ridet sf a, Inangle to the leu, to the radiui to Me 
tangent of a certain angle ; then viiU the radiug be to the tangent of the d^e- 
rence between that angle and half a right angle, aa the tangent of haW the 
twm of the angles, at the base afthe triangk to fiU Imgaa </ ha^ their i^- 
ferenoe. 

Let ABC be a triangle, the sides of 
-which are BC and CA, and the boae 
AB, and let BC be greater than CA. 
Let DC be drawn at right angles to 
BC, and equal to AC ; join BD, and 
because (Prop, 1.) in the right angled 
triangle BCD, BC : CD l : R : tan 
CBD, CBD is the angle of which the 
tangent is to the radius ae CD to BC, 
that is, as CA to BC, or aa the least 
of the two sides of the triangle to the 
great eet. 

But BC+CD : BC— CD : : tan i (CDB+CBD) : 
tan i (CDB-CBD) (Prop. 5.) ; 

and also, BC+CA : BC— CA : : tan i (CaB+CBA) : 
tan i (CAB— QUA). Therefore, since CD=CA, • 

tan i (CDB+CBDl : tan i (CDB-CBD) : : 
tan i (CAB-I-CBA) ; tan i (CAB— CBA}. But because tli« 
angles CDB-f-CBD=90° tan i (CDB-fCBD) : 
tan i (CDB-CBD) : : B : tan (iS^—CBD), (2 Cor. Prop. 3.) ; 
therefore, R : tan (45°— CBD] : : tan i (CAB+CBA) : 
tani(CAB — CBA); and CBD was already shewn to be such an angle 
that BC : CA : ; R : tan CBD. 

Cor. IfBC,CA, and the angle C are ^ven to find the angles A and Bj 
find an angle E such, that ECi CA : : R : tan E ; then R : tan (45°— E) 
; : tan i (A+B) : tan + (A— B). Thus i ( A— B) is found, and J (A+B) 
being given, A and B are each of them known. Lem. 2. 

In reading the elements of Plane Trigonometry, it may be of use to ob- 
lerve, that the first five propositions contain oU the rales absolutely nece«- 
sary for solving the difierent cases of plane triangles. The learner, when 
he studies Trigonometry for the first lime, may salisfy himself with these 
piopositioits, but should by no means neglect the oihers in a subsequent 
perusal. 

PROP. VU. and VIU. 

I have changed the demonstration which I gave of these propositionB in 
the fiiBt edition, for two others considerably umpler and more concise, given 
ine by Mr. Jardinb, teacher of the Mauiemaiics in Edinburgh, formerly 
one of my pupils, to whoee bgenuity and skill I am very glad to bear thu 
public testimoay. 



